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Abstract

We adapt recent tools developed for the anal-
ysis of Stochastic Gradient Descent (SGD)
in non-convex optimization to obtain conver-
gence and sample complexity guarantees for
the vanilla policy gradient (PG). Our only
assumptions are that the expected return is
smooth w.r.t. the policy parameters, that its
H-step truncated gradient is close to the ex-
act gradient, and a certain ABC' assumption.
This assumption requires the second moment
of the estimated gradient to be bounded by
A > 0 times the suboptimality gap, B > 0
times the norm of the full batch gradient and
an additive constant C' > 0, or any combina-
tion of aforementioned. We show that the
ABC assumption is more general than the
commonly used assumptions on the policy
space to prove convergence to a stationary
point. We provide a single convergence theo-
rem that recovers the O(e~*) sample com-
plexity of PG to a stationary point. Our
results also affords greater flexibility in the
choice of hyper parameters such as the step
size and the batch size m, including the sin-
gle trajectory case (i.e., m = 1). When
an additional relared weak gradient domi-
nation assumption is available, we establish
a novel global optimum convergence theory
of PG with O(e=3) sample complexity. We
then instantiate our theorems in different set-
tings, where we both recover existing results
and obtain improved sample complexity, e.g.,
O(e=3) sample complexity for the conver-
gence to the global optimum for Fisher-non-
degenerated parametrized policies.
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1 Introduction

Policy gradient (PG) is one of the most popular rein-
forcement learning (RL) methods for computing poli-
cies that maximize long-term rewards (Williams, 1992;
Sutton et al., 2000; Baxter and Bartlett, 2001). The
success of PG methods is due to their simplicity
and versatility, as they can be readily implemented
to solve a wide range of problems (including non-
Markov and partially-observable environments) and
they can be effectively paired with other techniques
to obtain more sophisticated algorithms such as the
actor-critic (Konda and Tsitsiklis, 2000; Mnih et al.,
2016), natural PG (Kakade, 2002), policy mirror de-
scent (Tomar et al., 2020; Vaswani et al., 2022), trust-
region based variants (Schulman et al., 2015, 2017;
Shani et al., 2020), and variance-reduced methods (Pa-
pini et al., 2018; Shen et al., 2019; Xu et al., 2020a;
Yuan et al., 2020; Huang et al., 2020; Pham et al.,
2020; Yang et al., 2021; Huang et al., 2022). Unlike
value-based methods, a solid theoretical understand-
ing of even the “vanilla” PG has long been elusive.
Recently, a more complete theory of PG has been de-
rived by leveraging the RL structure of the problem
together with tools from convex and non-convex opti-
mization (see App. A for a thorough review).

In this paper, we first focus on the sample complex-
ity of PG for reaching a FOSP (first-order stationary
point). We show how PG can be analysed under a
very general assumption on the second moment of the
estimated gradient called the A BC assumption, which
includes most of the bounded gradient type assump-
tions as a special case. Our first contribution is conver-
gence guarantees and sample complexity for both RE-
INFORCE (Williams, 1992) and GPOMDP (Sutton
et al., 2000; Baxter and Bartlett, 2001) under the ABC
and assumptions on the smoothness of the expected re-
turn and on its truncated gradient, Our sample com-
plexity analysis recovers both the well known O(e~2)
iteration complexity of exact PG and the O(e™*) sam-
ple complexity of REINFORCE and GPOMDP un-
der weaker assumptions than had previously been ex-
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Table 1: Overview of different convergence results for vanilla PG methods. The darker cells contain our new
results. The light cells contain previously known results that we recover as special cases of our analysis, and
extend the permitted parameter settings. White cells contain existing results that we could not recover under

our general analysis.

Reference

Guarantee Setting (our results in bold) Bound Remarks
ABC Thm. 3.4 O(e*) | Weakest asm.
Sample
complexity of . We.zaker asi.;
stochastic PG FLLS Papini (2020) (e Wider rangegf parameters;
Cor. 4.7 Recover O(e™“) for exact PG;
for FOSP
Improved smoothness constant
} 5o g Recover linear convergence for the
Sample ABC + PL Thm. 1.2 O(€™) | oot pa
complexity of ABC + (14) Thm. C.2 O(e™®) | Recover O(e™!) for the exact PG
stochastic PG E-LS + FI + ~
for GO compatible Cor. 4.14 O(e™°) | Improved by e compared to Cor. 4.7
Sample ABC + (14) Cor. C.1 O(e=*) | Weakest asm.
b E-LS + FI + Liu et al. (2020) ~, 4\ | Weaker asm.;
complexity of B O(e™) .
stochastic PG compatible Cor. F.2 Wider range of parameters
for AR Constant step size;
Softmax + Zhang et al. (2021a) O ) Wider range of parameters;
log barrier (28) Cor. 4.11 ¢ Extra phased learning step unnec-
essary
Softmax + Agarwal et al. (2021) —2
log barrier (28) Cor. E.5 O | Dmpreved By 1=
or Mei et al. (2020) 1
Iteration Softmazx (25) Thm. C.2 o)
complexity of Softmax + Mei et al. (2020) I
the exact PG entropy (128) Thm. H.2 tear
for GO LS + bijection 90 -
H P%’G Zhang et al. (2020a) O™
Tabular + PPG Xiao (2022) O )
LQR Fazel et al. (2018) linear

* Type of convergence. PG: policy gradient; FOSP: first-order stationary point; GO: global optimum; AR: average

regret to the global optimum.

** Setting. bijection: Asm.l in Zhang et al. (2020a) about occupancy distribution; PPG: analysis also holds for the

projected PG; Tabular: direct parametrized policy; LQR: linear-quadratic regulator.

plored (Zhang et al., 2020b; Liu et al., 2020; Xiong
et al., 2021). Furthermore, our analysis is less restric-
tive when it comes to the hyper-parameter choices. In
fact, our results allow for a wide range of step sizes and
place almost no restriction on the batch size m, even
allowing for single trajectory sampling (m = 1), which
is uncommon in the literature. The generality of our
assumption allows us to unify much of the fragmented
results in the literature under one guise. Indeed, we
show that the analysis of Lipschitz and smooth poli-
cies, Gaussian polices, softmax tabular polices with or
without a log barrier or an entropy regularizer are all
special cases of our general analysis (see hierarchy di-
agram further down in Figure 1).

Recently, there has also been much work on estab-
lishing the convergence of PG to a global optimum
(i.e., the best-in-class policy). This usually requires
more restrictive assumptions (Zhang et al., 2020a,

2021b), specific RL settings (e.g., linear-quadratic reg-
ulator (Fazel et al., 2018), tabular (Agarwal et al.,
2021) and softmax tabular policy (Mei et al., 2020)),
and it is often limited to exact PG. Inspired by the
sample complexity analysis of the stochastic PG for
the global optimum in Liu et al. (2020) and Ding et al.
(2021a), our second contribution is to establish a novel
global optimum convergence theory of PG when an
additional relaxed weak gradient domination assump-
tion is available. Our sample complexity analysis re-
covers the well known O(e~!) iteration complexity of
the exact PG with the softmax tabular policy (Mei
et al., 2020) as a special case and obtains a new im-
proved (5(6’3) sample complexity compared to (5(6*4)
in Liu et al. (2020), with the Fisher-non-degenerate
parametrized policy (Liu et al., 2020; Ding et al.,
2021a) as a special case. We also establish even faster
global optimum convergence theory when replacing the
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relaxed weak gradient domination assumption by gra-
dient domination in App. H. As a special case, we re-
cover the well known linear convergence rate of the ex-
act PG with the softmax tabular policy with entropy
regularization (Mei et al., 2019) in App. H. Table 1
provides a complete overview of our results.

2 Preliminaries

Markov decision process (MDP). We consider a
MDP M = {S, A, P,R,v, p}, where S is a state space;
A is an action space; P is a Markovian transition
model, where P(s’ | s,a) is the transition density from
state s to s’ under action a; R is the reward func-
tion, where R(s,a) € [—Rmax, Rmax] 1s the bounded
reward for state-action pair (s,a) ; v € [0,1) is the
discounted factor; and p is the initial state distribu-
tion. The agent’s behaviour is modelled as a policy
7 € A(A)°, where 7(a | s) is the density of the dis-
tribution over actions at state s € S. We consider the
infinite-horizon discounted setting.

Let p(7 | ) be the probability density of a single tra-
jectory 7 being sampled from 7, that is

p(r | 7) = plso) [ [ mlar | s0)P(siyr [ s,a0). (1)

t=0

With a slight abuse of notation, let R(r) =
>rso Y R(s¢,a¢) be the total discounted reward ac-
cumulated along trajectory 7. We define the expected
return of 7 as

J(m) EErpmy [R(T)] - (2)

Policy gradient. We introduce a set of parametrized
policies {my : € R?}, with the assumption that s
is differentiable w.r.t. . We denote J(0) = J(mp) and
p(7 | 0) = po(7) = p(7 | mp). In general, J(0) is a non-
convex function. The PG methods use gradient ascent
in the space of 6 to find the policy that maximizes
the expected return, i.e., §* € argsupgera J(0). We

L 706%).

The gradient V.J(#) of the expected return has the
following structure

denote the optimal expected return as J*

m:/vamwmw (3)
::/RUMVMTWWMTWMMTWMT
= ETNp(-\G) [R(T)VIng(T | 0)]

1 o oo
W E, lz V'R (e, ar) Z Vo logma(as | s¢)

t=0 t'=0

In practice, we cannot compute this full gradi-
ent, since computing the above expectation re-
quires averaging over all possible trajectories 7 ~
p(- | 0). We resort to an empirical estimate of
the gradient by samphng m truncated trajectories
T = (30»%»7"0’317"' Sy, aly_y, i) with 7f =
R(s¢,al) obtained by executing mp for a given fixed
horizon H € N. The resulting gradient estimator is

mJ (0) =
1 m H-—1 ) ) H—-1 ) )
EZ V'R(s}a}) - > Velogm(ai, | sir). (4)
=1 t=0 t'=0

The estimator (4) is known as the REINFORCE gra-
dient estimator (Williams, 1992).

The REINFORCE estimator can be simplified by
leveraging the fact that future actions do not depend
on past rewards. This leads to the alternative formu-
lation of the full gradient

V() =
E- ) <Z Vo log mo(ay | 5k)> VtR(St’at)] ; ()
t=0 \k=0

which leads to the following estimate of the gradient
known as GPOMDP (Baxter and Bartlett, 2001)

Vi J(0) =
1 m H-—1 t
m >0 (Z Ve logme(aj | %)) 7' R(st, ap). (6)
i=1 t=0 k=0

Both REINFORCE and GPOMDP are the truncated
versions of unbiased gradient estimators and they are
unbiased estimates of the gradient of the truncated

expected return Jy(0) = LR [Zt o V' R(st, at)}

Equipped with gradient estimators, vanilla policy gra-
dient updates the policy parameters as follows

Orp1 = 0+ nt§m=](9t) (7)

where 7, > 0 is the step size at the ¢-th iteration.

3 Non-convex optimization under
ABC assumption

3.1 First-order stationary point convergence

We use V,,J (0) to denote the unbiased policy gradient
estimator of VJg () used in (7). It can be the exact
gradient VJ(#) when H = m = oo, or the truncated
gradient estimators in (4) or (6). All our forthcom-
ing analysis relies on the following common assump-
tions.
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Assumption 3.1 (Smoothness). There exists L > 0
such that, for all 6,6’ € R%, we have

I8~ 16) ~ (V1(0), 0~ 6)| < = [0 6] (8)

Assumption 3.2 (Truncation). There exists
D, D’ > 0 such that, for all # € R? we have
(VTu(0), VIr(0) = VI(0))] < Dy7, (9)

IVJr(8) = V@) < D'yH.  (10)

We recall that given the boundedness of the reward
function, we have |J(0) — Jy(0)| < %VH by the
definition of J(-) and Jy(-). As such, when H is large,
the difference between J(6) and Jg () is negligible.
However, Asm. 3.2 is still necessary, since in our anal-
ysis we first prove that ||V.Jg(6)” is small, and then
rely on (10) to show that ||V.J(#)|]* is also small.

We also make use of the recent ' ABC assump-

tion (Khaled and Richtarik, 2020)? which bounds the
second moment of the norm of the gradient estima-
tors using the norm of the truncated full gradient, the
suboptimality gap and an additive constant.

Assumption 3.3 (ABC). There exists 4, B,C > 0
such that the policy gradient estimator satisfies

E [H%J(G)HQ] < 2A(J*—J(0))+B |VJIx(0)|+C,

(ABC)
for all § € RY.

The ABC assumption effectively summarizes a num-
ber of popular and more restrictive assumptions com-
monly used in non-convex optimization. Indeed, the
bounded variance of the stochastic gradient assump-
tion (Ghadimi and Lan, 2013), the gradient confu-
sion assumption (Sankararaman et al., 2020), the sure-
smoothness assumption (Lei et al., 2020), the convex
expected smoothness assumption (Gower et al., 2019,
2021) and different variants of strong growth assump-
tions proposed by Schmidt and Roux (2013); Vaswani
et al. (2019) and Bottou et al. (2018) can all be seen as
specific cases of Asm. 3.3. The ABC assumption has
been shown to be the weakest among all existing as-
sumptions to provide convergence guarantees for SGD
for the minimization of non-convex smooth functions.
A more detailed discussion of the assumption for non-

LAfter publishing this paper, thanks to Francesco
Orabona who pointed out that this ABC assumption al-
ready appeared in 1973, see just above equation 3.1’
in Polyak and Tsypkin (1973), where M is used to denote
expectation.

While Khaled and Richtarik (2020) refer to this as-
sumption as expected smoothness, we prefer the alternative
name ABC to avoid confusion with the smoothness of J.

convex optimization convergence theory can be found
in Thm. 1 in Khaled and Richtarik (2020).

We state our main convergence theorem, that we will
then develop into several corollaries.

Theorem 3.4. Suppose that Asm. 3.1, 3.2 and 3.3
hold. Consider the iterates 6; of the PG method (7)
with stepsize ny = n € (0, %) where B = 0 means

that n € (0,00). Let dg L L J(6p). It follows

that
. o1 260(1+ Ly2A)T
< — ' 7
o [HVJ(et)|| ] = "yT(2 - LBy)
LCn 2D(3 — LBn) 2 H\  H
2 LBy < o—LBy; D)7

(11)

_|_

In particular if A = 0, we have

20

E||VJO)|?] < ——2— 12

[IV7@)I] < "5 (12)
LCn 2D(3—LBn) | p m)\ . H
+2—LB77+( o—LBy D)7

where 0y is uniformly sampled from {6y, - ,07_1}.

Thm. 3.4 provides a general characterization of the
convergence of PG as a function of all the constants
involved in the assumptions on the problem and the
policy gradient estimator. Refer to App. A.1 for a dis-
cussion comparing the technical aspects of this result
compared to Khaled and Richtdrik (2020). From (11)
we derive the sample complexity as follows.

Corollary 3.5. Consider the setting of Thm. 3.4.
Given € > 0, let n = min{\/ﬁ, %, ﬁ} and the
horizon H = O(loge™1). If the number of iterations
T satisfies

T >
Z T2

(13)

M

1260 L { 1269 A 20}
max B, 5 3 (>
€ €

then ming<;<7—1 E [||w(9t>||2] — 0(&).

Despite the generality of the ABC assumption,
Cor. 3.5 recovers the best known iteration complex-
ity for vanilla PG in several well-known cases.

First, (13) recovers the O(e~2) iteration complexity
of the exact gradient method as a special case. To
see this, let H = m = oo and V,,J(0) = V.J(0)
in (7), thus Asm. 3.2 and 3.3 hold automatically with
A=C=D=D"=0and B=1. By (13), this shows
that for any policy and MDP that satisfy the smooth-
ness property (Asm. 3.1), the exact full PG converges
to a eFOSP in T = O(e~2) iterations. This is the
state-of-the-art convergence rate for the exact gradient
descent on non-convex objectives without any other
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assumptions (Beck, 2017).

Second, we recover sample complexity for stochastic
vanilla PG. From Cor. 3.5, notice that there is no re-
striction on the batch size m. By choosing m = O(1),
Eq. (13) shows that with TH = O(e~*) samples (i.e.,
single-step interaction with the environment and sin-
gle sampled trajectory per iteration), the vanilla PG
either with updates (4) or (6) is guaranteed to con-
verge to an e-stationary point. Qur sample complex-
ity matches the results of Papini (2020); Zhang et al.
(2020Db); Liu et al. (2020); Xiong et al. (2021), but im-
prove upon them in generality, i.e., by recovering the
exact PG analysis, providing wider range of parame-
ter choices and using the weaker ABC assumption (see
Sec. 4.1 for more details).

3.2 Global optimum convergence under
relaxed weak gradient domination

In this section, we present a global optimum conver-
gence of the vanilla PG when the relaxed weak gradient
domination assumption is available, in addition to the
(ABC) assumption.

Assumption 3.6 (Relaxed weak gradient domina-
tion). We say that J satisfies the relaxed weak gra-
dient domination condition if for all § € R?, there
exists > 0 and € > 0 such that

¢+ IVInO)] > 2/E(T - J0).  (14)

The relaxed weak gradient domination is an extension
of weak gradient domination® (Agarwal et al.; 2021;
Mei et al., 2020, 2021) where ¢ = 0. Equipped with
this assumption, we obtain an average regret conver-
gence as a direct consequence of Cor. 3.5 (see Cor. C.1
in App. C.3). With the same assumption, we also ob-
tain a new global optimum convergence guarantee (see
Thm. C.2 in App. C.4 for the full details).

Corollary 3.7. Consider the setting of Thm. C.2.
Given € > 0, let the horizon H = O(loge™!). If
¢ = 0, we choose the number of iterations T =
O(e73); if € > 0, we choose T' = O((¢/)"2¢~1). Then

i J*=E[J(0:)] <O O(€).
i T~ ELI(68)] < 0() +0()

Consequently, when ¢ = O(e) we have that the com-
plexity of PG to reach a global optimum is O(e=3).
Thus the relaxed weak gradient domination has af-
forded us a factor of e! improvement as compared
to the O(e~*) complexity in Corollary 3.5. The re-
laxed weak gradient domination is an assumption that

3The weak gradient domination is the special case of
the Kurdyka-Lojasiewicz (KL) condition with KL exponent
1 (Kurdyka, 1998).

is unique to PG methods. In Sec. 4.3, we show that
the Fisher-non-degenerate parametrized policy satis-
fies this assumption.

4 Applications

In this section we show how the ABC assumption can
be used to unify many of the current assumptions used
in the literature. In Figure 1 we collect all these special
cases in a hierarchy tree. Then for each special case
we give the sample complexity of PG as a corollary of
Thm 3.4. Each of our corollaries match the best known
results in these special cases, while also providing a
wider range of parameter choices and, in some cases,
improving the dependency on some terms in the bound
(e.g., the discount factor «). Finally, we show that the
relaxed weak gradient domination assumption holds
for Fisher-non-degenerate parametrized policies, thus
leading to new improved sample complexity result for
this setting.

4.1 Expected Lipschitz and smooth policies

We consider the expected Lipschitz and smooth
policy (E-LS) assumptions proposed by Papini et al.
(2019)*.

Assumption 4.1 (E-LS). There exists constants
G, F > 0 such that for every state s € S, the ex-
pected gradient and Hessian of logmg(- | s) satisty

Eanry(ls) [[Vologmo(a | s)I?] < G2 (1)
Earro(ls) [[|[Vologmo(a | s)[|] < F. (16)

N

We call the above Ezpected Lipschitz and Smooth (E-
LS), due to the expectation of a ~ my(- | s), in contrast
to the more restrictive Lipschitz and smooth policy
(LS) assumption

[Vologmg(a|s)]| <G and ||V3 log g (a | s)H < F,
L

for all (s,a) € S x A. The (LS) assumption is widely
adopted in the analysis of vanilla PG (Zhang et al.,
2020b) and variance-reduced PG methods, e.g. Shen
et al. (2019); Xu et al. (2020b,a); Yuan et al. (2020);
Huang et al. (2020); Pham et al. (2020); Liu et al.
(2020); Zhang et al. (2021b). It is also a relaxation of

*While Papini et al. (2019) refers to this assumption as
smoothing policy, we prefer the alternative name expected
Lipschitz and smooth policy, as they not only induce the
smoothness of J (see Lemma 4.4), but also the Lipschitz-
ness (see Lemma D.1). In Papini et al. (2019), they also as-
sume that E,r,(.|s) [[|[Vologmg(a | s)||] is bounded, while
it is a direct consequence of (15) by Cauchy-Schwarz in-
equality.
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the element-wise boundness of {% logmg(a | s)| and

%{;@ log mp(a | s)’ assumed by Pirotta et al. (2015)
and Papini et al. (2018)

4.1.1 Expected Lipschitz and smooth policy
is a special case of ABC

In the following lemma we show that (E-LS) implies
the ABC assumption.

Lemma 4.2. Under Asm. 4.1, consider a trun-
cated gradient estimator defined either in (4) or (6).
Asm. 3.3 holds with A=0,B=1— % and C = ~,
that is,

E[[9ns0)] < (1- %) 19 + £, an

where m is the mini-batch size, and v = —ngji%x
when using REINFORCE gradient estimator (4) or
V= C("f?%zx when using GPOMDP gradient estima-
tor (6).

Bounded variance of the gradient estimator.
Interestingly, from (17) we immediately obtain

var[9,00)] = B |[Gn00) ] - 1o

- 2
D VO v
m m

which was used as an assumption by Papini et al.
(2018); Xu et al. (2020b,a); Yuan et al. (2020); Huang
et al. (2020); Liu et al. (2020). Yet (18) needs not to
be an additional assumption since it is a direct conse-
quence of Asm. 4.1.

The (LS) and (E-LS) form the backbone of our hier-
archy of assumptions in Figure 1. In particular, (L.S)
implies (E-LS), and thus ABC is the weaker (and most
general) assumption of the three.

Corollary 4.3. The (ABC) assumption is the weak-
est condition compared to (LS) and (E-LS).

4.1.2 Sample complexity analysis for
stationary point convergence

Of independent interest to the ABC assumption,
Asm. 4.1 also implies the smoothness of J(-) and the
truncated gradient assumptions as reported in the fol-
lowing lemmas.

Lemma 4.4. Under Asm. 4.1, J(-) is L-smooth,
namely ||V2J(0)|| < L for all § which is a sufficient

condition of Asm. 3.1, with
L =]

OR_L:‘)Z (G*+F). (19)

The smoothness constant (19) is tighter by a factor
of 1 — v as compared to the smoothness constant pro-
posed in Papini et al. (2019). This is the tightest upper
bound of V2J(-) we are aware of in the existing liter-
ature (see App. A.3).

Lemma 4.5. Under Asm. 4.1, Asm. 3.2 holds with

D'GRyax

D = A (20)
GR 1

D = ==/ __ 41H 21

The coefficient D’ in (21) got improved and is tighter
by a factor of (1—+)'/? as compared to the same term
analysed in Lemma B.1 in Liu et al. (2020).

As a by-product, in Lemma D.1 in the appendix, we
also show that J(-) is Lipschitz under Asm. 4.1 with a
tighter Lipschitzness constant, as compared to Papini
et al. (2019); Xu et al. (2020a); Yuan et al. (2020). See
more details in App. D.5.

Now we can establish the sample complexity of vanilla
PG for the expected Lipschitz and smooth policy
assumptions as a corollary of Thm. 3.4 and Lem-
mas 4.2, 4.4, and 4.5.

Corollary 4.6. Suppose that Asm. 4.1 is satisfied.

Let 6o & J* — J(0p). The PG method applied in (7)

with a mini-batch sampling of size m and constant
step size

n e (o ﬁ) (22)
satisfies

25,
nT (2—Ln(1-5))

E[IIVI(60)I] <
Lvn
@Iy (- L)

2D(3—Ln(1-1

where v, L and D,D’ > 0 are provided in Lem-
mas 4.2, 4.4 and 4.5, respectively.

We first note that Cor. 4.6 imposes no restriction
on the batch size, allowing us to analyse both exact
full PG and its stochastic variants REINFORCE and
GPOMDP. For exact PG, i.e., H = m = oo, we re-
cover the O(1/T) convergence. This translates to an
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‘ Softmax with log barrier (28) ‘ _

‘ Gaussian (69) (unbounded action space) ‘ —

ABC

— ’ Softmax with entropy (128)

T

‘ Gaussian (69) (bounded action space) ‘

Figure 1: A hierarchy between the assumptions we present throughout the paper.

implication.

iteration complexity T'= O (}2) with a constant step
size n = 1 to guarantee E [||VJ(0U)||2] = O(€?). On
the other extreme, when m = 1, by (22) we have that

7 € (0,00), i.e., we place no restriction on the step
size. In this case, we have that (23) reduces to

S, Lvm

E[IVJ60)I] < gy (3D D)

Thus the stepsize i controls the trade-off between the
rate of convergence % and leading constant term %
Using Cor. 4.6, next we develop an explicit sample

complexity for PG methods.

Corollary 4.7. Consider the setting of Corol-

lary 4.6. For a given € > 0, by choosing the mini-
batch size m such that 1 < m < %, the step size
n= ZQT’Z, the number of iterations 7" such that

T s S00Lv _ ] O 5 ) for REINFORCE
- € O (=tye) for GPOMDP
(24)

and the horizon H = O ((1 — ) *log(1/¢)), then
E[|VJ(60)I] = 0(e).

Remark. Given the horizon H =
O((1—~)"'log(1/e)), we have that (24) shows
that the sample complexity of GPOMDP is a factor
of log (1/€) smaller than that of REINFORCE.

Cor. 4.7 greatly extends the range of parameters for
which PG is guaranteed to converge within the existing
literature. It shows that it is possible for vanilla policy
gradient methods to converge with a mini-batch size
per iteration from 1 to O(e~2) and a constant step size
chosen accordingly between O(e?) and O(1), while still
achieving the Tm x H = 9} (6_4) optimal complexity.
In particular, Cor.4.4 in Zhang et al. (2020b), Prop.1
in Xiong et al. (2021) and Thm.E.1 in Liu et al. (2020)
establish O (674) for FOSP convergence by using the

LS Softmax (25)

An arrow indicates an

more restrictive assumption (LS). Papini (2020) obtain
the same results with the weaker assumption (E-LS),
which is also our case. However, we improve upon all of
them by recovering the exact full PG analysis, allowing
much wider range of choices for the batch size m and
the constant step size n to achieve the same optimal
sample complexity O (6_4>. Indeed, to achieve the
optimal sample complexity of FOSP, Papini (2020);
Zhang et al. (2020b); Xiong et al. (2021); Liu et al.
(2020) do not allow a single trajectory sampled per
iteration. They require the batch size m to be either
e ! or € 2. The existing analysis for vanilla PG that
allows m = 1 that we are aware of is Zhang et al.
(2021a), which we compare with in Sec. 4.2.1 under
the specific setting of softmax tabular policy with log
barrier regularization for the average regret analysis.

4.2 Softmax tabular policy

In this section, we instantiate the FOSP convergence
results of Cor. 4.6 and 4.7 in the case of the softmax
tabular policy. Combined with the specific proper-
ties of the softmax, our general theory also recovers
the average regret of the global optimum convergence
analysis for the softmax with log barrier regulariza-
tion (Zhang et al., 2021a) and brings new insights of
the theory by leveraing the ABC assumption analysis.

Here the state space S and the action space A are

finite. For all § € RISIMI and any state-action pair

(s,a) € S x A, consider the following softmax tabular

policy

def  exp(fs,a)

mo(a|s) = : .
ZaleA exp(os,a/)

We show that the softmax tabular policy satisfies (E-
LS) as illustrated in the following lemma.

(25)

Lemma 4.8. The softmax tabular policy satisfies
Asm. 4.1 with G2 =1 — ﬁ and F = 1, that is, for
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all s € S, we have

1

| A’
1. (27)

Eavrs(l) [IVologmo(a ] 8)|*] <1— =, (26)

Earry(1s) [[| V5 logmo(a | 5)]]

IN

Remark. The softmax tabular policy also satis-
fies (L.S) but with a bigger constant (see App. E.2).

Lemma 4.8 and the results in Section 4.1 immediately
imply that all assumptions including the (ABC) as-
sumption of Thm. 3.4 are verified. Thus, as a con-
sequence of Cor. 4.6 and 4.7, we have the following
sample complexity for the softmax tabular policy.”

Corollary 4.9 (Informal). Given e > 0, there exists
a range of parameter choices for the batch size m s.t.
1 < m < O(e?2), the step size  s.t. O(e?) < n <
O(1), the number of iterations T’ and the horizon H
such that the sample complexity of the vanilla PG
(either REINFORCE or GPOMDP) is Tm x H =

o ((17—%4) to achieve E [||VJ(9U)||2} = O(e).

4.2.1 Global optimum convergence of

softmax with log barrier regularization

Leveraging the work of Agarwal et al. (2021) and our
Thm. 3.4, we can establish a global optimum conver-
gence analysis for softmax policies with log barrier reg-
ularization.

Log barrier regularization is often used to prevent the
policy from becoming deterministic. Indeed, when op-
timizing the softmax by PG, policies can rapidly be-
come near deterministic and the optimal policy is usu-
ally obtained by sending some parameters to infinity.
This can result in an extremely slow convergence of
PG. Li et al. (2021) show that PG can even take
exponential time to converge. To prevent the param-
eters from becoming too large and to ensure enough
exploration, an entropy-based regularization term is
commonly used to keep the probabilities from getting
too small (Williams and Peng, 1991; Mnih et al., 2016;
Nachum et al., 2017; Haarnoja et al., 2018; Mei et al.,
2019) . Here we study stochastic gradient ascent on
a relative entropy regularized objective, softmax with
log barrier regularization, which is defined as

Ly(0) = J(0) -

= J(9) +

AES Unifs KL(Unifa, 7o(- | 5))]
Zlogwe al|s)+ Mlog | Al

(28)

IAHSI

5The exact statement is similar to Cor. 4.7. For the
sake of space here we report a more compact statement.

where the relative entropy for distributions p and ¢
is defined as KL(p,q) &' Ezmp [ log g x)} Unif,, de-

log p(=)
notes the uniform distribution over a set xy and A > 0

determines the strength of the penalty.

Let V,,L () be the stochastic gradient estimator of
L (0) using REINFORCE or GPOMDP with batch
size m (see the closed form of ¥, L(#) in (101)). Thus
VL (8) is an unbiased estimate of the gradient of the
truncated function

Ly u(0) Ly - 0) + |A||S| Zlogﬂg a|s)+ Alog|Al.
(29)

We show in the following that V,,Lx(#) satisfies
the (ABC).

Lemma 4.10. Consider @mL,\( 0) by using either
RIENFORCE (4) or GPOMDP (6), Asm. 3.3 holds
Wi‘nhAzO,le—%andC’ =, that is,

E|[Onra@) ] < (1- ) IV @1 + 2.
(30

2
where v = 2 (1 — ﬁ) (—ﬁR‘;‘)aé‘ i %1) when us-
Roax 4 A
ing REINFORCE or v = 2 (1 w) (W + E)
when using GPOMDP.

Similar to the softmax case, we show in App. E.3 that
L (0) is also smooth and verifies Asm. 3.2. Thus from
Thm. 3.4, we have {6;},>¢ converges to a FOSP of
L (-). We postpone the formal statement of this result
to App. .3 for the sake of space.

Besides, thanks to Thm. 5.2 in Agarwal et al. (2021),
the FOSP of Ly(+) is approximately the global optimal
solution of J(-) when the regularization parameter X is
is sufficiently small. As a by-product, we can also es-
tablish a high probability global optimum convergence
analysis (App. E.4).

In the following corollary, we show that we can leverage
the versatility of Thm. 3.4 to derive yet another type
of result: a guarantee on the average regret w.r.t. the
global optimum.

Corollary 4.11. Given € > 0, consider the batch
size m such that 1 < m < W, the step size

OS3) < g = % < O(1) with L,v in the
setting of Cor. 1.1 . If the horizon H = O (25(/9)
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and the number of iterations 7' is such that

~ 1
> - @@
Tmx H > (9((1_7)1266>,

we have J* — L SST VR [1(6,)] = O(e).

This result recovers the sample complexity 6(6_6)
of Zhang et al. (2021a). However, Zhang et al. (2021a)
do not study the vanilla policy gradient. Instead, they
add an extra phased learning step to enforce the ex-
ploration of the MDP and use a decreasing step size.
Our result shows that such extra phased learning step
is unnecessary and the step size can be constant. We
also provide a wider range of parameter choices for
the batch size and the step size with the same sample
complexity.

As Agarwal et al. (2021) mentioned, the regular-
izer (28) is more “aggressive” in penalizing small prob-
abilities than the more commonly utilized entropy reg-
ularizer. We also show that entropy regularized soft-
max satisfies the (ABC) and provide its FOSP analysis
in App. G, again thanks to the versatility of Thm. 3.4.
Notice that for the FOSP convergence, only an asymp-
totic result was established in Lemma 4.4 in Ding et al.
(2021b). Thus all proofs and implications in Fig. 1 are
provided.

4.3 Fisher-non-degenerate parameterization

In this section, we study a general policy class that
satisfies the following assumption.

Assumption 4.12 (Fisher-non-degenerate,
Asm. 2.1 in Ding et al. (2021a)). For all § € R?,
there exists up > 0 s.t. the Fisher information
matrix F),(6) induced by policy mg and initial state
distribution p satisfies

F,(0) def E (s a)~ure [Vologmg(a | s)Vologmg(a|s)']

> urlyg, (FT)

where vpo is the state-action visitation measure de-
fined as

def

o0
vy (8,a) = (1=7)Esonp Z’ytﬂl’(st = s,a; = a|sg, mp).

t=0

This assumption is commonly used in the litera-
tures (Liu et al., 2020; Ding et al., 2021a). Similar con-
ditions of the Fisher-non-degeneracy is also required in
other global optimum convergence framework (Asm.
6.5 in Agarwal et al. (2021) on the relative condition
number). This assumption is satisfied by a wide fami-
lies of policies, including the Gaussian policy (69) and

certain neural policy. We refer to Sec. B.2 in Liu et al.
(2020) and Sec. 8 in Ding et al. (2021a) for more dis-
cussions on the Fisher-non-degenerate setting.

We also need the following compatible function approz-
imation error assumption®.

Assumption 4.13 (Compatible, Asm. 4.6 in Ding
et al. (2021a)). For all # € RY, there exists €piqs > 0
s.t. the transferred compatible function approrima-
tion error with (s,a) ~ v7o" satisfies

E[(A™(s,a) — (1 — y)u* " Vema(a | 8))?] < €pias,
(compatible)

where vge* is the state-action distribution induced
by an optimal policy mg~, u* = (F,(0))TV.J(0).

This is also a common assumption (Wang et al., 2020;
Agarwal et al., 2021; Liu et al., 2020; Ding et al.,
2021a). In particular, when mp is a softmax tabular
policy (88), €pias is 0 (Ding et al., 2021a); when 7y is
a rich neural policy, €piqs is small (Wang et al., 2020).

Combining Asm. (FI), (compatible) with Asm. E-LS,
by Lemma 4.7 in Ding et al. (2021a), we know that J(-)
satisfies the relaxed weak gradient domination prop-

erty (14) with ¢ = ‘ﬁ_i% and p = 4”22. Conse-
quently, we recover the average regret convergence re-
sult O(e=%) of Liu et al. (2020) in Cor. F.2 in App. F.1
with weaker assumption and allowing wider range of
parameter choices. We also have the following new
global optimum convergence result for the Fisher-non-

degenerate parametrized policy.

Corollary 4.14. If the policy mp satisfies

Asm. 4.1, 4.12 and 4.13, consider the setting
- 2
of Cor. 3.7 with € = H(Fl_— ib)lg; and p = 4&. Then
min  J*—

< .
L E[J(0:)] < O(e)+ O(\/€bias) and the

sample complexity 7' x H = 6(6_3) when €pi0s = 0
or T x H = O((€pias - €)~1) when epiqs > 0.

5 Discussion

We believe the generality of Thm. 3.4 opens the pos-
sibility to identify a broader set of configurations (i.e.,
MDP and policy space) for which PG is guaranteed
to converge. In particular, we notice that Asm. 4.1
despite being very common, is somehow restrictive,
as general policy spaces defined by e.g., a multi-layer
neural network, may not satisfy it, unless some restric-
tion on the parameters is imposed. Other interesting
venues of investigation include whether it is possible

SWe defer the definition of the advantage function A™
in App.F.
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to extend the analysis to projected PG, identify coun-
terparts of the ABC assumption for variance-reduced
versions of PG and for the improved analysis of Zhang
et al. (2021b) leveraging composite optimization tools.
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Algorithm 1 Vanilla policy gradient

Input: initialized 6y, mini-batch size m, step size 7
fort=0toT —1do
Sample m trajectories following policy 7y, from the MDP
Compute the policy gradient estimator V,,J(6;)
Update 0:11 = 0 + ntﬁmJ(Ht) and 7,
end for
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Here we provide the related work discussion, the missing proofs from the main paper and some additional
noteworthy observations made in the main paper.

A Related work

We provide an extended discussion for the context of our work, including a discussion comparing the technical
novelty of the paper to the finite sum minimization result in Khaled and Richtédrik (2020), a comparison of the
convergence theories of vanilla PG and the problem dependent constants. We refer to Algorithm 1 as the vanilla
PG with V,,J(0;) defined as either the exact full gradient (3) and (5) or the stochastic PG estimator (4) or (6).
Furthermore, we discuss future work to extend our general sample complexity analysis to other policy gradient
methods and other RL settings.

A.1 Technical contribution and novelty compared to Khaled and Richtarik (2020)

Our technical novelty compared to Khaled and Richtarik (2020) is threefold. First, Theorem 3.4 is not a direct
application of Theorem 2 in Khaled and Richtédrik (2020), which requires unbiased estimators of the gradient.
Yet in PG methods, we have to deal with biased estimators due to the truncation of the trajectories. The first
technical challenge was to adapt the proof technique to allow for biased gradients and a truncation error. This
also explains the need of Assumption 3.2. Similarly, we need to handle the same challenge for the proof of
Theorem H.2 when adapting the proof of Theorem 3 in Khaled and Richtarik (2020). Second, when considering
the results we derived in specific cases in Section 4, the difference between our work and Khaled and Richtarik
(2020) is even more significant. All cases studied in Khaled and Richtdrik (2020) (e.g., finite-sum structure)
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are not applicable for PG methods and we had to derive specific analysis for our specialized settings (soft-max
with different regularizers, expected Lipschitz and smooth policies, Fisher-non-degenerate parametrized policies).
Furthermore, our focus is on deriving explicit sample complexity, whereas the results in Khaled and Richtarik
(2020) are concerned with convergence rates in terms of number of iterations. These dimensions are where most
of the technical work was done. Without this work of developing sample complexity and studying specific cases
found in PG literatures, it was not clear at all that the (ABC) assumption proposed in Khaled and Richtarik
(2020) would be relevant in RL. Finally, we also consider the setting where the relaxed weak gradient domination
holds (Assumption 3.6 and Theorem C.2). This is an assumption that is unique to PG methods and had not
been considered in Khaled and Richtédrik (2020). Technically speaking, the proof of Theorem C.2 is unique and
required a different approach (see the arguments following (55)).

A.2 Sample complexity analysis of the vanilla policy gradient

Despite the success of PG methods in practice, a comprehensive theoretical understanding was lacking until
recently.

Global optimum convergence of vanilla PG with the exact full gradient. We refer to global opti-
mum convergence as an analysis that guarantees that J* — J(0r) < e after T iterations. The global optimum
convergence results of PG with the exact full gradient have been developed under a number of different specific
settings.

By using a gradient domination property of the expected return, which is also referred to as the Polyak-
Lojasiewicz (PL) condition, Fazel et al. (2018) show that the linear-quadratic regulator (LQR) converges linearly
to the global optimum for PG with the exact full gradient. However, in the LQR setting the function J is not
smooth, and thus does not fit into the general setting we considered in this paper. More recently, Agarwal et al.
(2021) leveraged a weak gradient domination property, also called the weak Polyak-Lojasiewicz condition which
is exactly our condition (14) with € = 0, to show that the projected PG converges to the global optimum with
a O(e2) convergence rate in tabular MDPs with tabular policies, also called direct policy parameterization. In
later work, Xiao (2022) improve this result by a factor of ¢, i.e., they establish a O(e~!) convergence rate for
the projected PG in the tabular setting when the exact full gradient is available. At the moment, we could
not adapt our general ABC structure to analyze and derive a sample complexity guarantee for the projected
PG. The same convergence rate O(e~1) is developed by Zhang et al. (2020a) by leveraging the hidden convex
structure of the cumulative reward and consequently showing that all local optima (i.e., stationary points) are
in fact global optima under certain bijection assumptions based on the occupancy measure space (Assumption
1 in Zhang et al. (2020a)). Notice that the assumptions proposed by Zhang et al. (2020a) are satisfied in the
specific case of the tabular setting. We do not cover this specific assumption in our current analysis.

The global optimum convergence analysis with exact PG is also investigated in the case of softmax tabular
policy with or without regularization. Agarwal et al. (2021) first provide an asymptotic convergence for the
softmax tabular without regularization and a O(e~2) convergence rate for the softmax tabular with log barrier
regularization. Even though the gradient domination property ((PL) or (14)) is not globally satisfied for the
softmax tabular, Mei et al. (2020) prove that it is available by following the path of the iterations with the exact
full gradient updates. Such a property is called the non-uniform Lojasiewicz inequality. Consequently, Mei et al.
(2020) show a O(e~1) convergence rate for the softmax tabular without regularization by the weak gradient
domination condition and a linear convergence rate for the softmax tabular with entropy regularization by the
gradient domination condition. Finally, Li et al. (2021) recently showed that the result of Mei et al. (2020) for
softmax tabular policies may actually contain a term that is exponential in the discount factor, thus showing
that exact PG may take an exponential time to converge.

Our Contributions. We provide a general sample complexity analysis which, when instantiated using specific
settings given in the literature, recovers the same or even slightly improved convergence rates. Indeed, from
Corollary E.5 we recover the O(e~2) convergence rate of Agarwal et al. (2021) for the softmax tabular with log
barrier regularization and improve the rate by a factor of 1 — « through a better analysis of the smoothness
constant. By leveraging the (relaxed weak) gradient domination properties which hold under the path of the
iterations (Mei et al., 2020), we recover their results. That is, we recover the O(e~!) convergence rate for the
softmax tabular without regularization in Theorem C.2 and the linear convergence rate for the softmax tabular
with entropy regularization in Theorem H.2.
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Sample complexity for FOSP convergence. The convergence rates derived for exact PG are representa-
tive of the behavior of the algorithm but do not take into account the additional errors due to the stochastic
nature of the actual algorithm used in practice. In this paper we mostly focus on the sample complexity of the
stochastic vanilla PG for FOSP convergence. The well known sample complexity for REINFORCE is O(e™%)

N 2
st. LYTE [vaJ(et) ‘
this result are surprisingly hard to find both in the policy optimization and in the nonconvex optimization litera-
ture.” Papini (2020) give a proof of the result under the expected Lipschitz and smooth policy assumption (E-LS)
in Theorem 7.1. When an estimate of the Q-function is available, Zhang et al. (2020b) also establish the same
dependency on ¢ for the sample complexity of FOSP convergence for the policy gradient theorem (Sutton et al.,
2000) under more restrictive Lipschitz and smooth policy assumption (LS). By adding an additional uniform
ergodicity assumption (Mitrophanov, 2005), Xiong et al. (2021) improve the sample complexity of (Zhang et al.,
2020b) by some factors of 1 —+ but still has the same dependency on e.

Our Contributions. We establish the sample complexity analysis for the vanilla PG — REINFORCE (4) and
GPOMDP (6). We improve the results of Papini (2020); Zhang et al. (2020b); Xiong et al. (2021) by using
weaker assumptions and allowing much wider range of hyper parameters (the batch size m and the constant step
size 1) to achieve the optimal sample complexity. Overall, for both the exact and stochastic PG, our general
sample complexity analysis recovers the state-of-the-art dependency on e under the ABC assumption.

] < €% after T iterations. However, as Papini (2020) mentioned, “formal proofs of

Sample complexity for global optimum convergence. We refer to sample complexity of global optimum
convergence as an analysis that guarantees that J*—E [J(07)] < € after T iterations. To the best of our knowledge,
there is no existing analysis that considers this type of convergence result for the stochastic vanilla PG. As for
variance-reduced PG, by using Assumption 1 in Zhang et al. (2020a) about occupancy distribution, Zhang et al.
(2021Db) establish a (’3(6’2) sample complexity to achieve the global optimum.

Our Contributions. Under the ABC assumption, the smoothness and an additional gradient domination type
assumptions (14) and (PL), we establish the faster sample complexity analysis for the global optimum convergence
in Section 3.2 and Section H. More precisely, when the relaxed weak gradient domination assumption (14) is
available, we establish (5(6*3 ) sample complexity in Theorem C.2. We also show that one wide family of policies,
the Fisher-non-degenerate parametrized policies, satisfy this relaxed weak gradient domination assumption.
When the gradient domination assumption (PL) is available, we establish O(e~!) sample complexity for the
global optimum in Theorem H.2. It remains an open question whether softmax or softmax with entropy still
satisfy the (weak) gradient domination type of assumptions for the stochastic PG updates based on the exact
PG analysis of Mei et al. (2020).

Sample complexity for the average regret convergence. We refer to the sample complexity for average
regret as an analysis that guarantees that J* — % tT:_Ol]E[J (0:)] < €. Zhang et al. (2021a) show that with
sample complexity 6(5’6), PG methods can converge to the average regret optimum by using as little as a
single sampled trajectory per iteration (i.e., mini-batch size m = 1) for softmax with log barrier regularization.
However, their setting does not use “vanilla” PG but a modified version with re-projection meant to guarantee a
sufficient level of policy randomization. Liu et al. (2020) obtain faster sample complexity O(e~*) by assuming in
addition a Fisher-non-degenerate parameterization, i.e. the Fisher information matrix is strictly lower bounded
(Assumption 4.12), and the compatible function approximation assumption (Assumption 4.13). Notice that the
softmax with log barrier regularization does not satisfy all these assumptions and they require large batch sizes
per iteration.

Our Contributions. We recover the sample complexity for the average regret convergence 6(6_6) of Zhang et al.
(2021a) in the softmax with log barrier regularization with the vanilla PG setting . Compared to their results,
we show that the extra phased learning step is unnecessary and the step size can be constant instead of using
a decreasing step size. We also provide a wider range of parameter choices for the batch size and the step size
with the same sample complexity. For the Fisher-non-degenerate parametrized policy, we also recover the sample
complexity for the average regret convergence O(e~*) of Liu et al. (2020) in Corollary F.2. Compared to their
results, we improve upon them by using weaker assumption E-LS,; allowing much wider range of choices for the
batch size m € [1; E—Z} and the corresponded constant step size 7 to achieve the same optimal sample complexity

(5 (6’4).
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Table 2: E-LS constants G, F' (Assumption 4.1), smoothness constant L and Lipschitzness constant I" for Gaussian
and (regularized) Softmax tabular policies, where ¢ is an upper bound on the euclidean norm of the feature
function for the Gaussian policy, Ry ax is the maximum absolute-valued reward, v is the discount factor, o is the
standard deviation of the Gaussian policy.

Gaussian* Softmax Softmax with log barrier
G? o 1— ﬁ X+
2
F Z 1 X
2R maxp’ Roma L
L fRese R (2- 1) g (2 \A|)+ 15T

Rmaxp max
oo ooyl \/ - ) (s + 97)

*The (E-LS) constants G2 and F are provided in Lemma 15 in Papini et al. (2019).
**When there is a “X”, it means this is not applicable directly in such setting.

A.3 Better analysis of the problem dependent constants

Throughout the paper, we also provided tighter bounds on the smoothness constants, Lipschitzness constants,
and the variance of the gradient estimators under Assumption (E-LS). Notice that the smoothness and Lipschitz
constants we consider here are properties of the expected return J(-) in (2) or the regularized expected return
Lx(+) in (28). They depend only on the assumptions and are independent to the specific PG algorithm. For this
reason, below we compare our bounds with work that studies variants of PG other than vanilla PG, where the
bounds on the smoothness and Lipschitz constants are also needed. On the other hand, for the variance of the
gradient estimators, we only consider the vanilla gradient estimators REINFORCE (4) and GPOMDP (6) with
batch size m. A resume of the improved problem dependent constants — smoothness and Lipschitzness constants,
is provided in Table 2.

Smoothness constant. The smoothness constant (19) provided in Lemma 4.4 is novel. It is tighter as com-
pared to Lemma 6 in Papini et al. (2019) under Assumption (E-LS) and Proposition 4.2 (2) in Xu et al. (2020a)
under more restrictive assumptions (LS). Compared to existing bounds, our result shows that when ~ is close
to 1, the smoothness constant (19) depends on (1 —v)~2 instead of (1 — )3 as derived in Papini et al. (2019)
and Xu et al. (2020a). Consequently, the smoothness constant for softmax derived in Lemma E.1 and E.3 are
also tighter than the one derived in Lemma 7 in Mei et al. (2020) and Lemma D.2 in Agarwal et al. (2021), which
both have the dependency of (1 —«)~3. Finally, compared to the smoothness constant in Shen et al. (2019)
and Xu et al. (2020b), our result is independent to the horizon H .

Recent works, such as Proposition 1 in Huang et al. (2020), Lemma B.1 in Liu et al. (2020) and equation (17)

in Yuan et al. (2020), have the dependency of (1 — «)~2 for the smoothness constant under assumptions (LS).
However, this is due to a recurring mistake in a crucial step in bounding the Hessian.”

Lipschitzness constant. The improved Lipschitzness constant under Assumption (E-LS) is provided in
Lemma D.1 (iii) in Section D.5. Compared to the existing bounds, our result shows that when ~ is close to
1, the Lipschitzness constant T' depends on (1 — ~)~3/2 instead of (1 — )2 derived in the proof of Lemma 6
in Papini et al. (2019) under the same Assumption (E-LS).

Upper bound of the variance of the gradient estimators. As for the result in Lemma 4.2, our bounds (18)
on the variance of the gradient estimators REINFORCE and GPOMDP are slightly tighter than the one in Lemma
17 and 18 in Papini et al. (2019), see more details in Section D.1. Shen et al. (2019) and Pham et al. (2020)
also showed that the variance of the vanilla gradient estimator with batch size m = 1 is bounded under more
restrictive assumptions (1.S). While their bounded variance depends on (1 — v)~* and they only consider the

"In a previous version of the proof in Sect. C, Xu et al. (2020a) rely on the identity V3J(0) = E, [Veg(7 | )], which
is incorrect since the operators Vg and E[-] are not commutative in this case as the density p(- | §) of E[-] depends on
0 as well. This error is recently fixed by Xu et al. (2020a) on https://arxiv.org/pdf/1909.08610.pdf in their original
paper.
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GPOMDP gradient estimator, ours (18) depends on (1 — )~ for GPOMDP or 2L for REINFORCE which
is tighter in both cases.

A.4 Future work

The main focus of this paper was the theoretical analysis of vanilla variants of the PG method. The results
we have obtained open up several experimental questions related to parameter settings for PG. We leave such
questions as an important future work to further support our theoretical findings.

One natural open question is whether the ABC assumption and the associated analysis can be extended to
the projected PG. If the answer is positive, this might improve the sample complexity analysis of the direct
policy parameterization setting in the stochastic case. Indeed, knowing that the direct policy parameterization
satisfies a variant of (14) condition (Agarwal et al., 2021; Xiao, 2022) under the proximal framework, if the ABC
assumption and the associated analysis can be extended, from Theorem C.2 which also uses the (14) condition,
then it might be possible to establish the (5(673) sample complexity for the global optimum convergence for the
direct policy parameterization and allow for a wider range of hyperparameter choices.

Similarly, we wonder if the ABC assumption and the associated analysis can be extended to the LQR setting.
The challenge here will be the smoothness assumption and whether the ABC assumption is satisfied by the
LQR when doing the stochastic PG updates. Indeed, the LQR only has an “almost” smoothness property (Fazel
et al., 2018). One needs to investigate how this will affect the current ABC analysis by extending the smoothness
property to the “almost” smoothness property.

Recently, variance reduced methods used to decrease the variance of SGD, such as SVRG (Johnson and Zhang,
2013), SARAH (Nguyen et al., 2017), SPIDER (Fang et al., 2018), STORM (Cutkosky and Orabona, 2019)
and more (Tran-Dinh et al., 2021), have been applied to PG methods, such as SVRPG (Papini et al., 2018),
SRVR-PG (Xu et al., 2020 d) STORM-PG (Yuan et al., 2020), ProxHSPGA (Pham et al., 2020), VRMPO (Yang
et al., 2021) and VR BGPO (Huang et al., 2022). Leveragmg these variance reduction technlques has led to an
overall improved sample complexity of reaching a first-order stationary point (FOSP). However, all these works
require either the exact full gradient updates or large batch sizes per iteration. It is interesting to understand
whether the ABC assumption analysis can be applied to these algorithms and possibly allow for a wider range of
hyperparameter choices, including the batch size. Furthermore, when the gradient domination type assumptions
are available, it will be interesting to see if we can obtain faster sample complexity as we did for the vanilla PG.

Another interesting venue of investigation might be whether the ABC assumption analysis can be extended to
the sample complexity analysis of (natural) actor-critic (Yang et al., 2019; Kumar et al., 2021; Xu et al., 2020c)
or natural policy gradient algorithms (Agarwal et al., 2021; Liu et al., 2020; Wang et al., 2020).

Finally we believe that the generality of Theorem 3.4 opens the possibility to identify a broader set of configu-
rations (i.e., MDP and policy space) for which PG is guaranteed to converge, notably thinking about settings
such that the constant A in Assumption (ABC) is non-zero, using additional assumptions such as the bijection
assumptions based on the occupancy measure space (Zhang et al., 2020a) to not only get improved sample
complexity for the global optimum convergence, but also allow a wider range of hyperparameter choices for the
convergence.

B Auxiliary Lemmas
Lemma B.1. For all v € [0,1) and any strictly positive integer H, we have that

H—

1 o 1
S+ < Y+t = ——.
t=0 t=0 (1=2)

Proof. The first part of the inequality is trivial. We now prove the second part of the inequality. Let

o0
ZH—I
t=0
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‘We have

o0

¥S = (t+1n T = th

t=0

Subtracting of the above two equations gives

=)+ =Dt = 1) (t1-t)y = ) 4t = %
=0 t=1 t=1 -

t=0

Finally, the proof follows by dividing 1 — « on both hand side. O

Lemma B.2. For all v € [0,1) and any strictly positive integer H, we have that

S E+1)% < a0

t=0
Proof. Let
Z (t+1)2
t=0
We have
oo
vS = (t+1)° = ZtQ !
t=0

Thus, the subtraction of the above two equations gives

1-v)8 = D+ 1)y =) 2y

Lemma B.1 2 1

S a

Finally, the proof follows by dividing 1 — v on both hand side. O

Lemma B.3. Under Assumption 4.1, for all non negative integer ¢ and any state-action pair (s;,a;) € S X A
at time ¢ of a trajectory 7 ~ p(- | §) sampled under the parametrized policy 7y, we have that

IN

G?, (31)
F. (32)

Ervpio) I Vologma(ay | 51)]]

E-piio) [|[V5logmo(ar | st)|]

IA
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Proof. For t > 0 and (s¢,a;) € S x A, we have

(15)
E- [IVotogmo(ar | s0)lIP] = Eu. [Bammy(isn) |IVologmatac |50l [s:]] < 62

where the first equality is obtained by the Markov property.

Similarly, we have

(16)
E, [HV% log mp(a | St)H] = E,, [Eat"-’ﬂ'e('lst) [HV% log mp(as | St)H ‘stﬂ < F.

O

Lemma B.4. For all non negative integers 0 < h < h’, and any state-action pairs (sp, an), (Sp/,an) € S X A
at time h and h' respectively of the same trajectory 7 ~ p(- | 6) sampled under the parametrized policy g, we
have

E, [(V@ log ma(an | sn))" Vo logme(an | sh/)] = 0. (33)

Proof. For 0 < h < I/, we have

E- [(VG log mo(ap | sn)) " Ve logme(an | Sh')}

Sh; Qh, 5h’:|:|

Shy Qh, 5h’:”

= Eamsmsh/ (VQ logﬂg(ah ‘ Sh))T/ Wg(ah/ | Sh/)VQ logﬂ'g(ah/ | sh/)dah/]

ap’

=Ea 51,5, |Eap [(Ve log mo(a, | 51,)) " Vo logm(an: | snr)

= Eah73h75h,’ (V@ logﬂ'@(ah | Sh))—r Eah, |:V9 logﬂg(ah/ | Sh')

ap’

=Eapsnsn | (Vologmo(an | 51))" [ Vema(an | Sh')dah/]

=Ea, 0.5, | (Vologma(an | sn))’ Ve/ mo(an: | Sh/)dah'} =0,

ap’

=1

where the first and second equality is obtained by the Markov property. O

Lemma B.5. For all non negative integers 0 < ¢, and any state-action pairs (sp,an) € Sx A at time 0 < h < ¢
of the same trajectory 7 ~ p(- | 8) sampled under the parametrized policy 7y, we have

2

t
Z Vo log mg(an | sn)
h=0

E, = D K. [logmo(an | sn)I]. (34)

h=0

Proof. For 0 < t, we have

2

t
Z VQ 10g ﬂg(ah | Sh)

h=0

E-

t
- ZIET {Hlogﬂe(ah | Sh)\ﬂ
h=0

t—1 t
+23 Y E [(vebgm(ah\eh))Tvglogm,(ah,\eh,)
h=0h’'=h+1
t
33
S B, [llogmolan | 5]

h=0
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O
C Proof of Section 3
C.1 Proof of Theorem 3.4
Proof. We start with L-smoothness of J from Assumption 3.1, which implies
L
JOrr1) 2 J(00) +{VI(00), Opr1 = Or) — 5 10641 — 0:|”
~ Ln? || ~ 2
= J0)+1(TI0), VT 0)) - = [Tt (@) (35)
Taking expectations conditioned on 6, we get
Ln? ~ 2
E [J(0us)] 2 J(0)+n(VI(6). VI (8) - —-Ey [wa» ]
(ABC)
= J(0) +0(VIu(0) + (VI(0) = VIu(6:)), VJIu(6:))
L 2
— - (240" = J(00) + BV (8)]* + C)
LB
= a6+ (1= E5) IV In601® - LPALT - T(6)
LCn?
— =5 (VI (0), VI (6) = VI (6:))
Q LB LCn?
26040 (1= E) 90017 - A - a60) - EGE vy (30
Subtracting J* from both sides gives
LB LC»?
(BT O)) 2 (4 L A)T = T(0)) +n (1 - 2”) IV T (@) = =55 =D (37)

Taking the total expectation and rearranging, we get
LB LCn?
E[J* = J(0,01)] + 71 (1 - 2’7) E [||VJH(9t)||2} < (L4 LiPAE[T* — J(6,)] + T” +aDy. (38)

Letting o, LR [J* — J(6:)] and r¢ R [||VJH (Gt)||2], we can rewrite the last inequality as

LB LCn?
n <1 - 77) re < (14 Ln*A)s — 61 + 7277 +nDy". (39)
We now introduce a sequence of weights w_1, wg, w1, -+ ,wr_1 based on a technique developed by Stich (2019).
Let w_1 > 0. Define wy def 1_:_”L‘;]§A for all ¢ > 0. Notice that if A = 0, we have wy = wi_1 = -+ = w_.
Multiplying (39) by wy/n,
LB wy(1 4+ Ln?A w LC
<1 - 77) wery < t(in)ét — Lo+ Jwt + Dy,
2 n n 2
Wy w LC
= —16 — 01+ <77 + D7H> wy. (40)
Ul U 2
Summing up both sides as t =0,1,--- ,7 — 1 and using telescopic sum, we have,
T—1 T—1
LB _ _ C
(1—n>2wtrt < E&)—U}T 15T+(77+D H)Zwt
2 t=0 N g 2 t=0
T—1
w_ LC
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Let W def ZtTZBl wy. Dividing both sides by W, we have,
T-1
LB77 . 1 LBT] w_1 (50 LCn H
_ == < — (1= < =20, = .
(1 5 ) OS?%ITI"I—lrt < W (1 5 ) ; wery < Wr o + 5 + D~ (42)
Note that,
T-1 T-1 Tw
. —1
W ; wy > 2 Oérir%l%lilwz Twp_1 (05 LAY (43)
Using this in (42),
LBn . (1+ Ln*A)T LCn "
_ == < )
(1 2 ) o<ter_q 't = nT do + 9 + Dy (44)
However, we have
E(IVI@)I°] = E[IVI6) ~ VIu(8) + TIu(6,)]’]

B [IV75(00)|1°] + 2B [(V T (6), VI (60) = VI (0))] + E [V (6,) = VT (00)]

(9)4(10)
< E[IVIa@)IF] + 2D + D2, (45)

Substituting r; in (44) by E [||VJ(0t)H2} and using (45), we get

LBn . 2 (14 Lnp2A)T LChn o LBn o o om
_ < LBy |
(1 5 >OS£I%III}_1E[HVJ(915)H} < R A U (2Dy™ + D"?4?H)

Our choice of step size guarantees that no matter B > 0 or B = 0, we have 1 — % > (. Dividing both sides by

1— % and rearranging yields the theorem’s claim.

If A =0, we know that {w;};>_1 is a constant sequence. In this case, Wy = Tw_;. Dividing both sides of (41)
by W, we have,

T-1
LBn\ 1 0g LCn I
— | = < — - .
<1 5 > T ;ZO re < T + 5 + D~y (46)

Similarly, substituting r; in (46) by E [HVJ((%)HQ

<1 - Lf”) E[1v.760)] (1 - Lf”) %TEE IZ

} and using (45), we get

o , LCn H LBn H 12, 2H
—+——+D 1———| (2D D .
< ptg D 5 ) 2Dy + D=y
Dividing both sides by 1 — @ and rearranging yields the theorem’s claim. O

C.2 Proof of Corollary 3.5

1 1 €
VLAT®’ LB’ 2LC

Proof. Given € > 0, from Corollary 1 in Khaled and Richtérik (2020), we know that if 7 = min {
and the number of iterations 7" satisfies

o 12001 maX{B’ 1260 A 20}

- 2 e €2

we have

20(1+L*A)T  LCy
wI(2—LBy) ' 2—-LBp = ¢



Rui Yuan , Robert M. Gower , Alessandro Lazaric

It remains to show
<2D(3 — LBn)

DRAH ) JH < 2
o_LpBy )7 =€
Besides, our choice of the step size n < ﬁ implies that 5— 5 L B < 1, thus

(2D(3 — LBp)

D/QH H< 6D D/QH H.
2 1y TP 1 < (6D + D?y") y

Finally, it suffices to choose H such that

2log e !
< —= H> 208 O(loge™1),
logy—1

to guarantee that ming<;<7—1 E [HVJ(Gt)HQ} = O(e?), which concludes the proof. O
Remark. When ~ is close to 1, the horizon has the following property.
o 2loge ! _ 0 loge~? .
logy~* 1—v

Remark. When A = 0, by following the same analysis of Corollary 3.5 applied to (12) in Theorem 3.4, choosing

the parameters proposed in Corollary 3.5 guarantees that E [HVJ (Ou)]] ] O(€?).

C.3 Average regret convergence under the relaxed weak gradient domination assumption

When the relaxed weak gradient domination assumption (14) is available, it is straightforward to obtain the
average regret to the global optimum convergence under the setting of Corollary 3.5.

Corollary C.1. Suppose that Assumption 3.1, 3.2, 3.3 and 3.6 hold with A = 0. Given ¢ > 0, let n =
min {ﬁ, ﬁ} and the horizon H = O(loge™!). If the number of iterations 7' satisfies

T > 1200L max {B, E} , (47)

- 2 €2

then J* — L STV E[J(8,)] = O(e) + O(€).
Proof. From the remark of the proof analysis of Corollary 3.5 with A = 0, we know that

E[IV.7(00)I°] = E:ENVJ90H} ().

From Assumption 3.2, we get

B [IVau0017] - 0@ (48)
t=0

Nl =

Besides, from (14), we obtain that

/ 2
Thus, by (48) and (19), we have
g (48) 2 2 (L 2p -« 2
T; IV a@)IP] = @2+ o) z?gﬁ ()

- 2 T-1 2
> ME<ﬁ—;§jmm> zm(ﬁ—;iﬁw@ﬂ,
t=0

t=0
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where the last two inequalities are obtained by applying Jensen inequality twice. By using (a + b)? > a® + b?
with a,b > 0, we conclude that J* — % th701 E[J(6:)] = O(e) + O(€). O

C.4 Global optimum convergence under the relaxed weak gradient domination assumption

In this section, we present the new global optimum convergence theory under the relaxed weak gradient domi-
nation assumption (14).

Theorem C.2. Suppose that Assumption 3.1, 3.2, 3.3 and 3.6 hold. Given ¢ > 0, define ¢ s.t. if ¢ = 0, set
d=c¢ if € >0, set 6 = €. Suppose that PG defined in (7) is run for T' > 0 iterations with step size (n:):
chosen as

4 T <L or t<tgy
m:{—b 2 if 7 > iy dt>t (50)
W=t L1 Z s and t>to
with to = [§] and b = max{255,2BL, ud}. If J* —E[J(6,)] > 6 for all t € {0,1,--- , T — 1}, then
. ud(T — 1) . 12LC  26Dy" 12()2(2b— LB)  2€
— < N T4 _ -
J*—E[J(07)] < 16exp( 5 (J* — J(6)) + 35T -- p; + 250T + e (51)

otherwise, we have

. . _
te{o,lrf.l}.I}T_l} J*—E[J(0)] <o

Remark. Similar to the exact full gradient update in Thm. 3.4, notice that for the exact full gradient update,
we have Asm. 3.2 and 3.3 hold with A = C = D = 0 and B = 1. Thus under the smoothness and the weak
gradient domination assumption (i.e., ¢ = 0), we have

J*—EJ(07)] < 16exp (—"(T%‘”) (J* — T(00).

With T = Llog (1), we have J* — E[J(fr)] < e. Thus we establish O(e!) convergence rate for the number of
iterations to the global optimal. We recover the same rate for the softmax tabular policy in Theorem 4 in Mei
et al. (2020) where the smoothness assumption holds and the weak gradient domination condition (14) holds on
the path of the iterates in the exact case.

Proof. From (14), we obtain that

() +IVIa(0)]? >
= |VJIu(0)|” = 2u(J* = J(0))? — (¢)%. (52)

> 2u(J* — J(0))

(¢ +IVIu(O)])®
2

Let t € {0,1,---,T — 1}. Using the L-smoothness of J from Assumption 3.1,

L
T =T (O) <= J(0) = (VI(0), 0001 = 00) + 5 1001 — 00l

JH = J(6) = (VI (00, Vi (61)) + LT”? H%J(@)HZ. (53)
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Taking expectation conditioned on #; and using Assumption 3.3 and 3.6,
) \ Lt o [l 2
E¢[J° = J(01)] < T =J(0) —ne (VI(0r), VI (6:)) + TEt HVmJ(et)H

< I =J0) =0 (VIu(0:) + (VI () — VI (6:)), VIu (6:)) +

+LT’“2 (2A(J* —J(0,) + B|VIu 0| + c)

= (LAY = T(6) — (1 - LB
— Nt <VJ(9t) — VJH(Ht), VJH(H,:»

< (LAY (7 - 700 g (2~ LB (7 = IO e (1 E5 ) (€2

Lr]75 C
2

) 1T @)1 +

G (9500~ 910, 9 7 (00)
< LAY IO g (2 LB (= T 4 (1 51 ) (€2
+Ln2t20 + Dy
< (LA 0 = 60) = B = 3602 4w (1- 51 (€2
+Ln2§C DA (54)
where the last line is obtained by the choice of the step size 1 < % with b > 2LB.
Taking total expectation and letting 7 E[ J(6;)] on (54), we have
rey1 < rp+ LAnir, — 37“1%7}2 + (1 - Lgm> (¢) + %nt +n. Dy, (55)

If there exists ¢t € {0,1,---,7 — 1} such that 7, < §, then we are done. Alternatively if r, > § for all t €
{0,1,---,T — 1}, from (55), we have

3ud LB LC
T ST LAntzrt - %ntrt + Nt (1 — Qm) (g/)2 + 777t2 + ﬂthyH
LB LC
< -t (1- 250 ) @2 + ZE02 Do, (56)

where the last line is obtained by the choice of the step size n; < % with b > 25—(;4. Here 1 — pomy > 0 as gy < %

with b > pd. We notice that (56) is similar to (145). The rest of the proof is similar to the one of Theorem H.2.
If T < X n, = 1. From (56), we have

Tk
) LC D~yH 2h—LB
rr < (1 — N) rr—1+ —= + i + (6/)2

b 202 b 202
@ (1’”;)5>Tro+<§b€+DZH+2b_LB )?::(1)
< exp (—MZT) ro + 21;;?1) + D/Z;{ + 2b2;5LbB (¢') (57)
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If7T > 5, as g, = 3 when ¢ < to, from (57), we have

- 1dto +LC+D7H+2b—LB(,)2
X
Mo = PTG 216b ua 2u0h
LDy LB,
< 59
= eXp( ) 26b w6 T e ) (59)
where the last line is obtained by ty = [g} > %
For t > t,
2
e =
7 ( bt to)
From (56), we have
2b
=5+t —to—2 2LC 2D~H
T4 #5% P Te—1 + 3 + " T
E‘i’ — 1o u252(%+t—t0) ué(ﬁ+t—to)
2(€')? LB
+ () 1- . (60)
ué(ﬁ—ngt—to) ué(i—g+t—to)

2
Multiplying both sides by (Z—g +t— to) , we have

2oy 2r< 2 ) (Bt —t—2)r +%+2DWH 2oy
% 0 S o 0 o 0 t—1 125? 6 I 0

2(¢')2 (2b— LB
+ +t—t

o 77
(B ito—1) r e 2O 2D (2
=\ 0 Tt—1 1252 0\ o 0
2(e')? [2b— LB
—to) . 1
+=5 5 it (61)

2
Let wy def (i—lé +t— to) . We have

< +2LC+2D7H 2b+t . +2(e’)2 2b—LB+t . (62)
Wery =~ We—1Tt—1 1262 10 i 0 10 10 0])-

Summing up for t =ty + 1,--- ,T and telescoping, we get,

QOLC(T —t oD~H I\ /2 2?2 - /20— LB
wrrrt S U}to’l"to + 5252 0) + v Z ( —|— t— to) + (/115) Z ( + t— to)
t=to+1

1o t=to+1 po po
402 OLO(T —ty)  4bD(T — to)y"  DA¥
— oz T T g (1262 T (T = 10)(T = to+1)
2(e)2(2 — LB)(T —to) ()2
= FEA@ )T 10+, (63)

Dividing both sides by wr and using that since

= 2b+T t 2>(T to)?
wr = ,u6 0 fel 0) >
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we have
42 2LC(T —to)  4bD(T —to)y  DyH
< T — T — 1
rr > M252'LUT Tgo + Mg(sng /1’252wT ,U(sz( tO)( to + )
2(")2(2b — LB)(T — to) (€")?
T — T — 1
+ ,U/262wT + /J/(SU)T( tO)( to + )
462 2LC 4bD~H 2D~H 2(e"2%(2b — LB 2(€')?
252 5Tt T 555 + 55 - - (62)2( )+ (€) (64)
p?é6*(T —to) p6*(T —to) — p?6*(T' —to)  pd p?6*(T —to) 10

N2
By the definition of tg, we have T'— ty > % Plugging this estimate and notice that % = ¢/ by the definition
of §, we have

1642 N ALC 4+ 8bDyM  2DyM  4(¢)*(20 - LB) | 2¢
T = 126272 T'to 1262T 10 1262T 1
T2<% 16b2 L ALC 10D~ N A(¢)*(2b— LB)  2€
= 28T T'to 1262T 10 1262T 0
(59) 1662 T -1 LC D~yH "2(2b— LB
< 222(eX (—N()> ro + + 2 +<6) ( ))
u262T 2b 2110b o 2040b
4LC N 10DyH 4(¢)2(20— LB)  2¢€
u202T 10 u202T 1
7> b H 7\2
Zus wo(T —1) 8LC 16D~y 8(¢")*(2b — LB)
< 16 -
= P ( % ot s T s 1262T
ALC  10DyH 4(€)2(2b—- LB)  2¢€
u202T 10 u202T 1
ud(T — 1) 12LC 26D~y 12(¢')2(2b— LB)  2¢
= 1 S — =,
6 exp ( 5% ro + [25°T s 20°T + i (65)
It remains to take the maximum of the two bounds (58) and (65) with b = max{%, 2BL, ud}. O

C.5 Proof of Corollary 3.7

Proof. From Theorem (.2, when H = O(loge™!), the dominant terms in (51) are ,}225%(’; and 276' To guarantee

that

min _J* —E[J(6;)] < O(e) + O(€),

te{0,1,--,T}
it suffices to choose T'= O(6~2¢~!) such that ;35%% = O(e). Thus, by the definition of §, when ¢ = 0, we have
T = O(e3); when ¢ > 0, we have T = O((¢/)"2¢~!). Otherwise, from Theorem C.2, notice that § < € + €', we

have min J* —E[J(6:)] < O(e) + O(¢'), which concludes the proof. O
te{0,1,--- , T—1}

D Proof of Section 4.1

D.1 Proof of Lemma 4.2

Note that a similar result to Lemma 4.2 is given as Lemma 17 and 18 in (Papini et al., 2019). More precisely,
Lemma 17 and 18 in (Papini et al., 2019) provide an upper bound of the variance of the PG estimator similar
to the following result
Var [@mJ(E))} < z
m
We derive a slightly tighter bound
v—[[VJu @)

Var [ﬁmJ(H)] < —
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~ 2
This tighter bound is crucial for our work since it results in a tighter bound on E {HVmJ (H)H ] which still fits
the format of (ABC). Here is the proof for Lemma 4.2.

Proof. Let g(7 | 0) be a stochastic gradient estimator of one single sampled trajectory 7. Thus Vind 0) =
LN g9(ri | 0). Both V,,,J(6) and g(7 | §) are unbiased estimators of Jy (6). We have

m—1 2
E[H@m,](ﬁ)‘ﬂ = E ;ggml@)
- . 9
_ E %Z (7: | 8) — VI (6) + VT (6)
=0
1m—l 2
= 9T @F +E || (o7 16) - V()
=0
= VIO + 5 S E[lo(r 1) - VIu )]
1=0
= VIO + -E [lgri | 0) = VIn(0)]]
o E|lg(r 10)I* = 1V (0)]?]
= |VIu®) + ) (66)

m

where the third, the fourth and the fifth lines are all obtained by using VJg(6) = E[g(7; | 6)]. It remains to
show E. [Hg(T | 0)||2] is bounded under Assumption 4.1.

If V,,J () is a REINFORCE gradient estimator, then

H-1 2
1
E-[lg(r1o)?] © )3 Vologm(as | s:)
t=0
2
R]'Q'ﬂax -
< - ZO Vologmg(ay | s¢)
61 Rl
= (1_32§ZE [11V0 1oz o | 50)]1]
(31)  HG?*R?
< G Rmax’ (67)
(1—n)?

where the second line is obtained by using |R(s¢, at)| < Rmax-

Finally, the ABC assumption holds with

~ 2 (66)4(67) 1 HG?*R?
< - — - "Pmax
B [[Fnso)f] LT (1) 1w + L R

If @mJ(H) is a GPOMDP gradient estimator, then
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2

H-1 t
6
ol {HQ(T | 9)”2} © E. Z t/2R (s, az)y t/2 (Z Vo log mg(ay | Sk)>
| It=0 k=0
H-1 k 2
| \t=0 k=0 k=0
R2 H-1 k 2
< 9 Ta; Y AEL ||| Velogma(ar | si)
k=0 k=0
H-1 k
(3 Riax K 2
= 1_a : v Z E. [”VQ log mo(ar: | sir)ll }
k=0  k'=0
(31) 2R2
< G Rmax Z ’)’ k +1
G2R2
< = Tmax (68)
(1—7)*

where the second line is from the Cauchy-Schwarz inequality, the third line is obtained by using |R(s¢, a¢)| < Rmax
and the last line is obtained by Lemma B.1.

The above together with (66) imply that ABC assumption holds with

el|ewof] L (1= 2 ) v+ 2R

D.2 Proof of Corollary 4.3

Proof. 1t is trivial that Assumption (LS) implies (E-LS). Now we show that (E-LS) is strictly weaker than (LS).

Consider a scalar-action, fixed-variance, Gaussian policy:

U\}ge"p{_; (a—GUTQS(S))Q}’ (69)

where 6 € R?, ¢ > 0 is the standard deviation, and ¢ : S — R¢ is a mapping from the state space to the feature
space.

mola]s) = N(a 9T¢(3),02)

From Lemma 15 in Papini et al. (2019), the Gaussian policy (69) under the condition that the state feature vectors
are bounded satisfies (E-LS). That is, under the condition that there exists ¢ > 0 such that sup,c5 ¢(s) < ¢.
One does not require that the actions are bounded for the Gaussian policy. This is not the case in Xu et al.
(2020a) in Section D under assumptions (L.S).

Besides, from Lemma 4.2, we know that Assumption (E-LS) implies (ABC). This concludes the claim of the
corollary. O
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D.3 Proof of Lemma 4.4

Proof. We know that

v 2 VeE, [Z V' R(st, ar) (Z Vo log mg(ay | Sk)ﬂ

t=0 k=0
Vo /p(T | 6) thR(st,at (Z Vo log mo(ay | sk)> dr
t=0 k=0
= /VGP(T 10) (Z V' R(st, ar)
+ (T | 9) 3 tR(St,at) (
Jreioy R

. T
— / (1]0)Velogp(r|6) (Z’y R(st,at) (Z Vo logme(ag | sk)>> dr

D

k=0
¢
ZV% log 7 (ay | sk)> dr

0

t

T
V@ 10g71'g(ak | Sk)>> dr

k=0
[e'e] t
Jr/p(T | H)nyt’R,(St,CLt (ZV log mg(ay | Sk)> dr
t=0 k=0
-
= E, |Vglogp(T|0) <27 R(st,ar) (ZV(; log mg(ay, | sk)>>
k=0
+Er D7 R(st, ar) (Z Vi log mo(ay, | 51@))1
=0 k=0
t T
(:) Z VG logﬂ'e (7% | 975/ (Z’y st,at) (Z V@ logﬂ'g(ak | 3k)>>
t'=0 k=0
@®
[e'e] t
+E, Z’VtR(Stvat) <Z Vi log mg(ax | Sk)>] : (70)
t=0 k=0
@

We now bound the above two terms separately. The second term can be bounded easily. That is,

12

IN

th IR (s8¢, at)] <Z HVZ log 7 (ag | s;ﬁ”)}

t=0 k=0
oo t
RS (32 (155t 1)
t=0 k=0
(32

2) e
< FRmax »_7'(t+1)
t=0

IN

FR
= IR (71)
(I=7)
where the second line is obtained by using |R(s:, a:)| < Rmax and the last line is obtained by Lemma B.1.
To bound the first term, we use the following notation . def (@0, 1, -+ ,x) with {z;}+>0 a sequence of random

variables. Similar to the derivation of GPOMDP, we notice that future actions do not depend on past rewards
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and past actions. That is, for 0 < ¢t < ¢ among terms of the two sums in (D, we have

. T
E. | Vglogmg(ay | s¢) mth(st,at) (Z Vo log mg(ag | sk)>
k=0

T
t
= Esozt’vao;t’ Vo log ,/Te(at’ | st’) ")’tR(St, at) <Z Vo log 7T9(ak | Sk))
k=0

.
t
=Es00.00-1) |Bay |Vologmg(ay | sv) Y R(s¢, ar) <Z Vo log m(ar, | 5k)> 50475 Ao:(t/ —1)

k=0

=E

S0:4/5@0: (¢ —1) ]Ea‘t/ |:V9 logﬂ—e(a’t’ | st’)

. T
st,} 'R (st,ar) (Z Vg logmo(ax | 5k)>

k=0

-
t
=Esy0 0.1 /Te(at’ | 5¢1)Vologmg(ar | spr)day - ¥ R(st, ar) (Z Vologms(ax | Sk))
k=0

.
=Esy 00,01 /Vfﬂfe ay | sp)day -y R(se, ar) (Z Vo log o (ay | 5k)>

k=0

T
t
= ]ESO:t’vaO:(t/—l) VQ/ﬂ'g(at/ | St’)dat/ .rth(st,at) (Z VQ logﬂ'g(ak | Sk)>

k=0

L =1

—0, (72)

where the third equality is obtained by the Markov property. Thus, D) can be simplified. We have

, [ t ]
@ ey E, ZVe log mg(ay | 6y) (Z’th St,ay) (Z Vo log mg(ay | sk)>>

t’'=0 k=0

[e%s} t N
= E, thR(suat <Z Vo logmg(ay | Oy > (Z Vo logmo(ay | sk)> ) (73)
t=0

t’'=0

Now we can bound (D) easily. That is,

2

t
Z Vo logmg(as | Oy)

t'=0

(73) e
IO < Er D> 2 IR(sta0)]
t=0

2

o] t
< Rmax Z ’Yt]ET Z v@ 1Og o (at’ | 075')

t'=0
o] t
34
2 Ruae Y 1" Y Er [IValogmo(ar | 6))F]
t=0 t'=0
(31) ) > ;
< GRuax YV (E+1)
t=0
G*Ranax
= 7 [tmax 74
1= ™

where the second line is obtained by using |R(s¢, at)| < Rmax and the last line is obtained by Lemma B.1.
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Finally,
T+ R
v2J(0 < (G + F).
V2] T @+ F)
O
D.4 Proof of Lemma 4.5
Proof. From (5), we have
o) t 2
IVJ(O) —VJIg(0)> = |E, lz Y R(s¢,at) <Z Vo log my(ay | s@)}
t=H k=0
I [eS) t 2
< B || D0 AP R(se an)y'? (Z Vg logmo(ay, | 5k)>
| llt=H k=0
- 2
< E; (Z ’th(st,at)2> Z vy Z Vo log mg(ak | skr)
t=H k'=0
- 2
Rl‘n X
S —max ’Y Z Z V@ logﬂg(akr ‘ Sk/)
k=H |lk=0
(1) Rmaxv
W Rau” 3, Z E. |V logma(ar | 50|’
k=H k=
G1)  GQ2R2
< Rmax’y Z k + 1
G2R2  ~2H 2
= T Tmad NPk 414 H)
-7 =
1 G2R2. ~2H
= (—+ H) = Tmax ] 75
(1 -7 (1=7)? ()

where the second and third lines are obtained by Jensen and Cauchy-Schwarz inequality respectively, the fourth
line is obtained by using |R(st, at)| < Rmax and the last line is obtained by Lemma B.1.

Thus

Next, by inequality of Cauchy-Swartz we have

(VTu(0), VIu(0) = VJO) < [[VIu@IVJIu(®) - VIO

(10) o
< VI (9)] - D'y

D/GRmax H
< W’Y ) (76)
where the last line is obtained by Lemma D.1 (iii). Thus
(76)  D'GRuax
D = —.
(1—7)3/2
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D.5 Lipschitz continuity of J(-)

In this section, we show that J(-) is Lipschitz-continuous under Assumption 4.1.

Lemma D.1. If Assumption 4.1 holds, for any m trajectories 7; and § € R?, we have
(i) Vi J(0) is L,-Lipschitz continuous if conditions (L.S) hold;

~ 2
(ii) The norm of the gradient estimator squared in expectation is bounded, i.e. E [HVmJ(G)H } <2

(iii) J(-) is I-Lipschitz, namely |[VJ(0)|| < T with I’ = (fi“)‘gjg. Similarly, we have |[VJg(0)|| < T for the

exact policy gradient of the truncated function Jg(-) for any horizon H.

Furthermore, if V,,.J(6) is a REINFORCE gradient estimator, then Ly = 1;—7-“};‘% and I'y = ‘FGR““ VA omax s jf

?mJ( 0) is a GPOMDP gradient estimator, then L, ( “‘)5‘ and I'y =T.

Remark. The Lipschitzness constant proposed in Lemma D.1 (iii) is novel. See Section A.3 for more details.

The results in Lemma D.1 (ii) match the special case of Lemma 4.2 when the mini-batch size m = 1. It also
implies Assumption (ABC) but with a looser upper bound, which is independent to the batch size m. We include
a proof for completeness of the properties of a general vanilla policy gradient estimator. Notice that the bound of
E [
i

n (Xu et al., 2020a) and equation (17) in (Yuan et al., 2020) under more restrictive assumptions (LS).

N 2
‘VmJ(G) H } with GPOMDP gradient estimator is a factor of 1 —+ tighter as compared to Proposition 4.2 (3)

The result with GPOMDP gradient estimator in Lemma D.1 (i) was already proposed in Proposition 4.2 in (Xu
et al., 2020a), but not with REINFORCE gradient estimator. We include a proof for both gradient estimators
for the completeness.

Proof. To prove (i), let V,,.J(6) be a REINFORCE gradient estimator. From (4), we have

1

%ZZ <Z'y R(si, al, >V310g7fe(ai | st)

v (©n10)]

=1 t=
1 [ A Wty o
< mZ(Z ‘ |R<Si~ai/)) > [IVilogmo(ay | s}l
=1 t’=0 t=0
Rmax 1 m H-1

<

— HVG log 7 ( at | st)||
=0

.
—

(L2 HFRuax
S - 7=

< Rmax- In this case, Ly = HERmax

where the third line is obtained by using |R (s}, a},) T
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Let ¥V, J(6) be a GPOMDP gradient estimator. From (6), we have

m H-1 t
-~ 1
[ = A3 S w3 whosn )|
M= =0 k=0
1 o= o ¢ o
< =D D ARGk (Z 175 log mo (s | sz>|\>
i=1 t=0 k=0
R m H-—1 t ) )
S 9 SRl O LSNP
i=1 t=0 k=0
(1.9) -1
S FRmaX v (t + 1)
t=0
Lemma B.1  FR, ...
< T (78)
(1=7)
where similarly, the third line is obtained by using ’R st at)‘ < Rumax- In this case, L, FRuiay

R C=mE

To prove (ii), let g(7 | §) be a stochastic gradient estimator of one single sampled trajectory 7. Thus @mJ(H) =
LS 9(7i | 6). Both V,,,J(6) and g(7 | §) are unbiased estimators of Jp(6). We have

e [[¢ns0)] < & [ls101).

If V,,J(0) is a REINFORCE gradient estimator, from (67), we have r,= \/ﬁlcfgmax If V,,J(0) is a GPOMDP
GRounax
()2

gradient estimator, from (68), we have I'y =

To prove (iii), we have

~ 00 t 2
vrer 2 |E, lz 7R (st ar) (Z Vo log mo(ay | u)]
t=0 k=0
2
< E; Z’YWRS ar)y'/? (ZVglogw(;(aklsk))
L t=0 k=0
') 00 k 2
< E, <th73(5t,at)2> S AR Velogma(ar | si)
L t=0 k=0 k'=0
R2 00 k 2
max k
< ﬁET kz:%)v Z Vo logmg(ar: | si)
(34) 0o k
= T S E [IValogma(an | el
k: k'=0

(31) G2?R2 e A
< max k 1
S T > V(K +1)

k=0
G*R?
_ max’ 79
(I=9)? 79)

where the second and third lines are obtained by Jensen and Cauchy-Schwarz inequality respectively, the fourth
line is obtained by using |R(st, at)| < Rmax and the last line is obtained by Lemma B.1.

Thus,

GRmax
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Similarly, we also have

. GRmax
[VJuz(@)] < I with T = T
for the exact policy gradient of the truncated function J(-) for any horizon H. O

D.6 Proof of Corollary 4.6

Proof. From Lemma 4.4, we know that J is L-smooth. Consider policy gradient with a mini-batch sampling of
size m. From Lemma 4.2, we have Assumption 3.3 holds with A =0, B=1-— % and C = v/m. Assumption 3.2
is verified as well by Lemma 4.5 with appropriate D and D’. By Theorem 3.4, plugging A=0, B=1— % and

C =v/m in (12) yields the corollary’s claim with step size 7 € (0, L(lil)> O
D.7 Proof of Corollary 4.7

1—L

m

Proof. Consider vanilla policy gradient with step size n € (O, i 1 )) and a mini-batch sampling of size m.

We have
(23) 260 Lvn
E||VJ00)|*| <
vseor] = - Ly(-2)  mE-Ln(i- )
2D (3—Ln(1— ) 2, H\ H
n D
*( 2-In(-7) )7
< o Lm, (6D + D"*y") 1,
nT m
where the second inequality is obtained by m <1withne <0, L(111)>

To get E {||VJ(9U)||2] = O(€?), it suffices to have

26 L
o, Lim

2 > 7
o) = nT m

(80)

and
O(?) > (6D+ D*y") 4" (81)

respectively. To make the right hand side of (81) smaller than €2, we need Hy* = O(€?). Thus, we require

1-ou(() (2

To make the right hand side of (30) smaller than €2, we require

2 em

Lvn
= < —. 2
= 2Lv (8 )

€
7§7
m 2

Similarly, for the first term of the right hand side of (80), we require

nl = 2 T —
Combining the above two inequalities gives
4760 < < sz
er = "= 2y
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This implies

8(50LV
Tm . 85
> B (55)
The condition on the step size n € <0, L(11—1)> requires that the mini-batch size satisfies

e2m < 1 . < 2v

— —_— m —.

2Ly — L(1-%) e
To conclude, it suffices to choose the step size n = % = ;2727 a mini-batch size m between 1 and 2—3,
the number of iterations T' = % and the fixed Horizon H = O (log (%) / log (l)) so that the inequali-

¥

ties (81), (82), (83), (84) and (85) hold, which guarantee E [||VJ(9U)||2} = O(e).
Thus, the total sample complexity is

8dgLv1 1 ~
Tmxcn = 08 () _ 5y

log (%) €t

More precisely, from Lemma 4.4, [ = max (G? + F). When using REINFORCE gradient estimator (4), from

(1-7)2
22
Lemma 4.2, v = % Thus, when + is close to 1, the sample complexity is

800 H2G2R3, (G*+ F)  80G>R3, (G2 + F) (log (1))* V)2 e
S L SIS o () )

In this case, we can choose the mini-batch size m € [1; 2—;’], ie. from 1to O (H(l - 7)*26*2) and the constant

step size n = EQLT/ varies from O ((1—)?) to O (H~(1 — ~)*€?) accordingly.

G2R2

When using GPOMDP gradient estimator (6), from Lemma 4.2, v = T Thus, when « is close to 1, the

sample complexity is

2153 2 860G2R3 (G2 + F)log (L
MO Rl C 1) _ 0GRl CLIN0EL) _ g (1) 1= o).

(1 —7)5et B log (%) (1 — )€t

(87)

In this case, we can choose the mini-batch size m € [1;2%], i.e. from 1 to O ((1 —~) ®¢?) and the constant

step size n = §2Tm1/ varies from O ((1—7)?) to O ((1 —v)%€?) accordingly. O

Remark. Comparing (87) to (86), we have that the sample complexity of GPOMDP is a factor of log (1/¢)
smaller than that of REINFORCE.

E Proof of Section 4.2

In this section, 6 € RISIMI and denote 6, = (0s,a)aca € RIMI. We also use the following notations

Toal0) ¥ mp(als)  and  m(0) L m(-|s) € A(A) € RMI

E.1 Preliminaries for the softmax tabular policy
Recall the softmax tabular policy given by

d:ef eXp(es,a)
Za/eA exp(es,a’)

Ts,a(0) (88)
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From (88), for any (s,a,a’) € S x A x A with a’ # a, we have immediately the following partial derivatives for
the softmax tabular policy

%M = Ts,a(0)(1 — 75,0(0)), (89)

Omeal0)

m = 77570‘(9)71'570‘/ (0) (90)
05,0l

Notice that for s’ € S with s’ # s, we have T,G) = 0. From (89) and (90), we obtain respectively the gradient
of s 4(#) and the Jacobian of 74(0) w.r.t. 6 1

.
6750(50) = Diag (m,(0)) — m.(0)m(0) T < H(r,(6)), (52)

where 1, € R4 is a vector with zero entries except one non-zero entry 1 corresponding to the action a. Now
from (91) and (92), we obtain respectively the gradient and the Hessian of log 7 o(0) w.r.t. 05 given by

0logms,a(60) bg&f;iva(e) 1, - m(0), (93)
0?log ms o (0) B
Tl - (. 0)) (94

E.2 Stationary point convergence of the softmax tabular policy

First we provide the proof of Lemma 4.8.

Proof. For any state s € S and any 6 € RIS from (93), we have

Earmo(-ls) [||V910g7rg(a|s)||2] = Eanm(ls) [1+|st(9)ll2—2ws,a(9)}
= 1+ m(0)° -2 7al6)?
acA
2
= 1—|ms(0)ll
1
< 1—— 95
A )

where the last line is obtained by using Cauchy-Schwarz inequality in the following

2 2 1 ? B 1
O = Y a0 > (Z ﬂs,aw)) -

Thus we have G2 =1 — \7¥|'

Besides, from Lemma 22 in Mei et al. (2020), we have [[H(ws(6))|] < 1. Thus from (94), we have
HV% log mg(a | s)|| < 1. Taking expectation over action, we have

Eonro(1s) [[[Vilogmo(a| s)[]] < 1.
Thus we have F' = 1. .
Remark. Without expectation, for any (s,a) € S x A, (95) becomes

IVologms(a|s)|* = 1+ [ms(0)[* - 2msa(0) < 2, (96)
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where the inequality is obtained by
7@ = > mea(0)? < D meald) =1 (97)
acA acA

with 7, 4(0) € [0,1]. T his means, the softmax tabular policy satisfies (LS) condition with a bigger constant
G? =2 instead of 1 — 7 and F' = L.

Lemma 4.8 immediately 1mphes that J(-) with the softmax tabular policy is smooth and Lipschitz as following.

Lemma E.1. J(-) with the softmax tabular policy is (173%3‘2 (2 \AI) smooth and 1-— I—il-Lipschitz.

(1 —5)372

Proof. From Lemma 4.8, we know that Assumption 4.1 is satisfied with G? = |7 and F' = 1. Thus, J(+)
with the softmax tabular policy is smooth and Lipschitz.

Indeed, from Lemma 4.4, we obtain the smoothness constant ( s <2 — ﬁ) for J(-); and from Lemma D.1 (iii),
we obtain the Lipschitzness constant “‘S*B;/Q VI- @ AI for J(-). O

Now we can provide the formal statement of Corollary 4.9.
Corollary E.2 (Formal) For any accuracy level e, if we choose the mini-batch size m such that 1 < m < 3—2”7

_ B 1
the step size n = &2 with L = (1 sy (2 - W) and

2Ll/

2
% for REINFORCE
v =

% for GPOMDP

the number of iterations 7" such that

85073?[1“(17%)(27%) -H for REINFORCE
Tm > 3 (177);164 1 e
= 860R%a (1 1hr) (2 1) ’

for GPOMDP

and the horizon H = O ((1 — )~ log(1/e)), then E [||VJ(9U)||2} = O(€?).

Proof. From Lemma E.1, we know that L = (71%;“;;‘) (2 — ﬁ)

From Lemma 4.2 and 4.8, we know that

H(1- gy ) Riax

)2 for REINFORCE
S WL ~
L HLeme for GPOMDP
(1-7)
Plugging in L and v in Corollary 4.7 yields the corollary’s claim. 0

E.3 Stationary point convergence of the softmax tabular policy with log barrier regularization

First we provide the proof of Lemma 4.10.
Proof. Let g(r | 8) be a stochastic gradient estimator of one single sampled trajectory 7. Thus V,,.J(0) =
LS g(7i | 6). Both V,,.J(f) and g(7 | #) are unbiased estimators of Jp (6).

From (29), we have the following gradient estimator

o~

A
mIA(0) = Vi J(0) + TATST Z Vo logmsq(6). (99)

<
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For a state s € S, from (93), we have

A dlogmsq(0)
P MWHE:
B >\1|A\ 7 )\WS(G)
|A||S] S
A (L4 )
- m.(0) ), 100
5 (-0 (100
where 14| € R is a vector of all ones. Thus we have
-~ (99)+(100) = A 1
VL (0 = Vind(0) + — | — — |7s(0 , 101
where 1 € RISIIAI and
[778(9)]563 = [71'81(9)§ ey 778\5\(9)] € RISIAI

is the stacking® of the vectors 7, (6).

Next, taking expectation on the trajectories, we have
~ 21 o N A1
E||Vula@)| | = Vimd (0) + — (= — [m(0
{ /\( ) ( )+|S| |A‘ [ﬂ—( )]ses

HVJH(H) + |SA| <|ix| - [ws(e)}ses) + o (0) = VI (6)

2

T

N 2
IVLu(0)|° +E [HVMJ“’) N WH(G)H ]

E[llg(ri 1) = VIu(0))]

VL@ + —
= VL)
E ot 160+ 2 (Fr = (mO)].es) ~ 7900 3y (7 - [0 co) [
+
E [Hg(ﬁ | 0) + |§*\ (|i\\ [775(0)]563>H2]

= (1= 2) VL) +

2% [lgtr | 1] +2 | 2 (= [ 0)),co) |

1 2
< 1—— L 0 102
< (1-5) 19Bam + o (102)
In particular, we have
A ( 1 2 [SIAL_, 181 A2 1
& (G- o)) = 5 ( wist) = 2 (- ). (103)
s (G- moles)| < 5 (B 273 s\
where the inequality is obtained by using ||, (6)||> < 1 in (97).
As for E [||g(7'1 | 9)||2], if @mJ(Q) is a REINFORCE gradient estimator, from (67), we have
E[llg(rn 10)I°] < HeRs, _ HRhns (1 ) (104)
' (1-7)? Q-y2
8Here vectors are columns by default, and given z1, - - - ,T|s| € Rl we note [z1; ... 5 28] € RISIAL the (column)

vector stacking the x;’s on top of each other.
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where the equality is obtained by Lemma 4.8 with G% = (1 - \T{I)

Combining (102), (103) and (104), we have that the REINFORCE gradient estimator %mLA(Q) satisfies (ABC)
assumption with

E [H%mLx(a)HQ} < (1— ) IV L (6 )II2+% (1— |A> ((HRI%" +|§|)

If @mJ(H) is a GPOMDP gradient estimator, from (68), we have

2R e (1-
E [llg(r | 0)I*] < f’fg;‘; = (1(_7)3 ) (105)

Combining (102), (103) and (105), we have that the GPOMDP gradient estimator V,,Ly(6) satisfies (ABC)
assumption with

el = (-2 - 5) (e )

Thus V,, L (0) satisfies the (ABC) assumption for both REINFORCE and GPOMDP gradient estimators, which
concludes the proof. O

We also verify that Ly(-) is smooth and Lipschitz in the following lemma.

. 2 . .
Lemma E.3. Ly(-) is ((713:“—,:3‘2 (2 = ﬁ) 4 |S|> smooth and \/ (1 — M%) (f_“‘—;;‘g I+ %)—Llpschltz.

Proof. For the smoothness constant, first, from Lemma E.1, we know that J(-) is (172_7,;3‘2 (2 \AI) smooth.

It remains to show the regularizer R(6) & |Aﬁ$| Yosalogm(al|s) is ﬁ—smooth. From (101), we have

A 1
VRO) = (M' - [ws(m]seé,).

From (92), we have
92R(0) A A

= ||-= < 2
|5 - -] < &

where the inequality is obtained by using ||[H(7(#))|] < 1 from Lemma 22 in Mei et al. (2020).

Since g;ﬁ%(;)/ =0 for s # s', we have that [|[VZR(6)|| < \%I’ which yields the smoothness constant of Ly(+).

For the Lipschitzness constant, from (101), we know that

2

wner = v (G- o))
< 2o (G- o))

Lemma 1 (1_ j”) (R?nax HIS <A| [ws(e)]ses>

ERN A ETRE
= ) (E ) oo

2

2
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o < oo ) (3

The truncated gradient assumption in the case of Ly y(-). As Ly(0) and Ly g (6) use the same regular-
izer, the bias due to the truncation does not affect the regularization. Besides, from Lemma 4.8, we have that
Assumption (E-LS) holds. Thus, from Lemma 4.5, Assumption 3.2 holds for Ly (6) and Ly () with the same
constant D and D’ in Lemma 4.5 and the constant G in Lemma 4.8. That is,

Thus,

O

Dy™, (107)
DA (108)

(VL g (0), Lxa(0) — Lx(0))]
VL u(0) — LA(O)]

D'Roox 1

D = — /11— — 1
=\ T (109)
R 1 1

D = max — 4+ H 1-——). 110
1—7\/<1—7 ) (1) (H0)

Similar to Corollary E.2, now we can provide the FOSP convergence of Ly ().

IN N

with

Corollary E.4. Consider the vanilla PG (either REINFORCE or GPOMDP) applied in Ly(-). Let dg E

LY — Lx(6y) with L} def maxgera Ly (6). For any accuracy level €, if we choose the mini-batch size m such that

. 2 .
lgmg%Z,thestepsmen:%WlthL:(i%(Q—ﬁ>+ﬁand

2(1- &) (2Raes + ﬁs—‘) when using REINFORCE

vV = 1 Rlznax )‘2 ) (111)
2(1— ) (25 + W) when using GROMDP
the number of iterations 7" such that
850Ll/ _5 —
T > 20— o((1-7) ), (112)
and the horizon H = O ((1 — ) log(1/e)), then E [||VL>\(9U)||2} = O(e?).
Proof. From Lemma E.3, we know that L = (71{‘%3‘2 (2 - ﬁ) + \%I
From Lemma 4.10, we know that
1 HR2 .. A2 .
L 2(1-— Tl (1;7)2 + m) when using REINFORCE
1 Rinax A2 : ’
2(1- &) (e + E) when using GPOMDP
Plugging in L and v in Corollary 4.7 yields the corollary’s claim. O

E.4 Sample complexity of high probability global optimum convergence for the softmax tabular
policy with log barrier regularization

In this section, we provide the sample complexity to reach a global optimum convergence of the expected return
J(+) in high probability for the softmax tabular policy with log barrier regularization.
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Before the results, we introduce the stationary distribution

o0
%y def
dps(T") = Esgmp(),rmp(-In) l(l SR ACEDIR
t=0

where 7* is the optimal policy. We refer to ‘ @ H Lf dp.: ()
o0

= maXscs as the distribution mismatch coefficient
p(s)

of m under p (Agarwal et al., 2021)”. We assume that the initial state distribution p satisfies min, p(s) > 0. This

assumption was adapted by Agarwal et al. (2021) to ensure that the distribution mismatch coefficient is finite.

Corollary E.5. For any accuracy level € > 0, any probability accuracy level § € (0,1) and any starting state
distribution p, consider the vanilla PG (either REINFORCE or GPOMDP) applied to Ly(-). If we chose the
horizon H = O ((1 — )" log (1/€pt) log (1/8)), the batch size 1 < m < z%-— and the number of iterations T

8(L3—Lx(60))Lv
52¢k

(I—y)e d

such that T'm > , the regularization parameter A = —Hﬁr an
> N B
P oo

opt

A (1 =)

oty = = o (113)
T~ iAo
with L, v in the setting of Corollary E.4, then we have an upper bound of the sample complexity
o (4
|8|4|A|4 ‘ dp(0 )H
Tmx H=0 ?_lloo 1og (1/€) log (1/6) (114)

82e1(1 — )10 ’

guarantees that J* — J(67) < e with probability at least 1 — 4.

The above high probability global optimum sample complexity holds with a wide range of parameters (e.g. batch
size m and step size 7)) thanks to Corollary E.4.

We need the following result to link the stationary point convergence of Ly(-) to the suboptimality gap con-
vergence J* — J(-) when the norm of the gradient of a stationary point and the regularization parameter \ are
sufficiently small.

Proposition E.6 (Theorem 5.2 in Agarwal et al. (2021)). Suppose 6 is such that ||[VLy(0)| < m, then
for every initial distribution p, we have

2\ || d,(0*
J*—J(O) < —‘ p(%7) ‘ (115)
L=7ll 7 lw
By leveraging Proposition E.6, we now derive the proof for Corollary E.5.
Proof. From Corollary E.4 we have that E [||VL>\(9U)||2] < 0€2,p,
Thus, there exists to € {0,--- , T — 1} s.t. E [||VL,\(9%)||2} <E [||VL,\(9U)H2} <5,
From Proposition E.6, we know that if ||V Lx(60:,)|| < €opt, we have
2X || d,(6%)
*—J(0,) < —— || = e
J J( to) = 71- ~ ‘ P ‘Oo €
Thus, we have
P(J* = J(01,) <€) = P(IVLr(0r,)]| < €opt) - (116)

9For simplicity, we assume that the sampling for the initial state distribution is the same as the initial state distribution
appeared in the expected return J(-). There is no difference, compared to our results, to impose a different initial state
dp (™)

..

distribution p # p for the stochastic vanilla PG. In this case, the distribution mismatch coefficient will be ‘
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Consequently, we have

P = J(0) 2 €6) = 1—PB(J —J(B,)<e)
1— P(HVL/\(HT/O)” S 6opt)
= ]P’(HVL)\(GtO)H > 6opt)

= P(IVE)IP 2 &)

E[IVLA@:,)I7]

2
Eozott

< 4 (117)

IN

(by Markov’s inequality)

Since tgym < T'm, we conclude that the upper bound of the sample complexity is

o4
. S|4|Al d,(97)
8(.J* — J(6o))Lv e o
xH =0 FZei(1 — )10 log (1/€¢)log (1/4)

Remark. Following the proof of Corollary E.5, we can also deduce the iteration complexity of the exact full
gradient updates for the global optimum convergence.

Indeed, from Lemma E.3, Ly(+) is smooth. From Theorem 3.4, we know that with the number of iterations

1260 L o
T > =0|—F 118
B egpt ((1 - '7)462> ’ (118)
we have minp<s<7—1 VL (8,)]° < €2, for the exact full gradient updates.

From Proposition E.G, we have ming<;<p—1 J* — J(0;) < €.

Compared to the iteration complexity in Corollary 5.1 in Agarwal et al. (2021), ours (118) is improved by a
factor of 1 — « thanks to an improved analysis of the smoothness constant in Lemma F.3.

E.5 Sample complexity of the average regret convergence for softmax tabular policy with log
barrier regularization

By leveraging Proposition E.6, we now derive the proof for Corollary 4.11.

Proof. We define the following set of "bad” iterates based on a technique developed by Zhang et al. (2021a)

A
I+ dieq0, T 1) | IVIAG)] > —— 119
{rew | Ivno0l > g5 (119)
with
o (=1)e

?

’ oo
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We have
1 1 1
J*—TZJ(&) = TZJ*—J(@)JFTZJ*—
t=0 tel+ tegl+
|I+| 2Rmax .
< 5 = Z J
t¢1+
+ 7t *
S |I7| . 2Rmax + |I | . 2\ dp(e )
T 1—7v T 1—7v p .
+ *
< IIT] 2Riax N 2) ||d,(6%)
- T 1—-v 1-=7f] »p |«

: It 2R max
200 7] 2Rmax
T 1—7v

where the second line is obtained as [J(+)| < Bmax

It remains to bound |[I*|. In fact,

T-1
IVLA@)IF > 3 IVLa(6n)]
t=0 telt
1|22
>
T ASPAP

Thus, we have

It ASPIAP 1
‘—T| < |||| ZHVL,\@t

16’

%H ISPAR 1 42
T ZHVL (04l

(120)

Thus, we have

S gy 3R L |spiap ) 1o

Z e T VI +e

Taking expectation over the iterations on both side, we have

T-1 32R e || 222 >H SI2lAPE | T
. 1 (l)l)+(l>§) max 1
7o 7 L EVG) s Tt_OE[HVLA O]+

It suffices to have 7 ZtT:_Ol E [HVL,\(Gt)HQ} < (1 —7)3€? to guarantee that J* — + tT 01 [J(0:)] < O(e).

and the third line is obtained by Proposition E.6.

(121)

(122)

(123)

(124)

(125)

From Corollary 4.7, consider the batch size m such that 1 < m < (127% =0 (W) the step size

o) <n= A=—cdm o O(1) with L,v in the setting of Corollary E.4 . If the horizon H = O <M> and

2Lv
the number of iterations T is such that

8(J* — J(6p))Lv ~ 1
Tt > M i = 0.

we have 7 ZtT;Ol E {HVLA (Gt)||2} < (1 —7)3€, which conclude the proof.
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F Proof of Section 4.3

First, we give the definition of the advantage function A™ induced by the policy 7y appeared in the transferred
compatible function approximation error in Assumption 4.13. To do this, given a policy m, we define the state-
action value function Q™ : S x A — R as

00
P def
Q (S,CL) = Eat~7r(-|st),st+1~77(~|st,at) [Z ')/tR(St,Clt)
t=0

SOZS,CLOZCL‘| .

From this, the state-value function V™ : S — R and the advantage function A™ : § x A — R, under the policy
m, can be defined as

V™ (8) € Eprnio) [Q7(s5,0)],

A" (s,a) def Q7 (s,a) — V7™ (s).
Before presenting the sample complexity of the average regret convergence and the proof of Corollary 4.14 for

Fisher-non-degenerate parametrized policy, we need the following result to show that Fisher-non-degenerate
parametrized policy satisfies the relaxed weak gradient domination assumption.

Proposition F.1 (Lemma 4.7 in Ding et al. (2021a)). If the policy 7y satisfies Assumption 4.1, 4.12 and 4.13,
then

% + |V JIu (8)] > %F(J* — J(0)). (126)

Remark. Here we use the weaker assumption (E-LS) instead of (LS) compared to the original Lemma 4.7
in Ding et al. (2021a). The relaxed weak gradient domination property still holds. The proof essentially follows
the same arguments and thus is omitted here.

F.1 Sample complexity of the average regret convergence for Fisher-non-degenerate policy

Consequently, it is straightforward to obtain the average regret to the global optimum convergence under the
setting of Corollary 4.7 for Fisher-non-degenerate parametrized policy.

Corollary F.2. Assume that the policy my satisfies Asm. 4.1, 4.12 and 4.13. For a given € > 0, by choosing

€2m

2Ly

the mini-batch size m such that 1 < m < E—Z, the step size n = the number of iterations 7" such that

O(+2) for REINFORCE
Tm > 8504]“ - (1=m)tet (127)
€ O(@=ya) for GPOMDP

and the horizon H = O ((1 — )~ 'log (1/e)), then J* — 1 tT;(Jl E[J(8:)] = O(e) + O(y/€bias)-

Remark. The sample complexity (5(6‘4) of the average regret is also shown in Theorem 4.6 in Liu et al. (2020).
However, Liu et al. (2020) use the more restrictive assumption (LS) and require large batch size m = O(e=2).
We improve upon them by using weaker assumption E-LS, allowing much wider range of choices for the batch
size m € [1; %] and the constant step size 1 to achieve the same optimal sample complexity O (674).

Proof. From Corollary 4.7, we know that E [HVJ(GU)Hz} = O(€?). However, from Proposition I.1, we know that

Assumption 3.6 is satisfied. Thus, by doing a similar analysis as in Corollary C.1, we conclude the proof. O

F.2 Proof of Corollary 4.14

Now we provide the proof of Corollary 4.14.

Proof. From Proposition F.1, we have that Assumption 3.6 holds. Also because of Assumption (E-LS), we have
Lemmas 4.2, 4.4 and 4.5 hold. Finally, by Corollary 3.7, this directly concludes the proof. 0
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G FOSP convergence analysis for the softmax with entropy regularization.

In this section, we study stochastic gradient ascent on the softmax tabular policy with entropy regularization,
which is

J0) % 50) +H() (128)

where H(6) is the “discounted entropy” defined as

def =
HB) = Erepilo) lz —vtNlog s, a, (0)] .
t=0

Using the same technique to derive the full gradient of the expected return (3), we have

VJ(0) = VJ(0) = AE, |Viegp(r |6) > ~'logms,q,(0)| — AE, lz V'V log 7, a, (9)]

L t=0 t=0

Y vJ6) - AR, > Vologmea, (0) Y~ log e, a, (9)] —AE, | Y 4'Volog s, a, (9)1
Lk=0 =0 t=0
[ oo t 0o

= VJ(O) = AE. | Y +'logms,q,(0) (Z Vo logms, ay (9)) —\E, [Z 'V log s, a, (9)1

Lt=0 k=0 t=0
_ 0 t
©) lz 7 ( (st,a1) — Alog ms, 4,(0)) (Z Vo logms, ay (9)) — AVylogms, q, (9))] . (129)
t=0 k=0

where the third line is obtained by using the fact that for any 0 < ¢ < k, we have
E, [log 7s, o, (0) Ve log m(sk, ar)(0)] = 0. (130)

Equation (130) is derived by following the same proof technique of Lemma B.4.

Thus, the stochastic gradient estimator of V.J(#) with mini-batch size m is

7t <log7rsz'7a (Z Vologmy a1 9)) + Vo logmyi 4 (9)) . (131)

Notice that V,,.J (+) is the unbiased gradient estimator of the truncated function

H-1
Z v (R(s¢,at) — Nog s, a, (9))] ) (132)

t=0

We show that V,,J(-) satisfies the (ABC) assumption as following.
Lemma G.1. The stochastic gradient estimator (131) satisfies Assumption (ABC) with

a[ewioff] = (1-2) oo+ ST L S (1 ) A

m(1 —v)? m(1—~?) Al m(1—=7)?

Proof. Let g(r

0) be a stochastic gradient estimator of one single sampled trajectory 7 of VJg (). Thus
Vi J(0) =

|
LS g(ri | 0). Both V,,,J(#) and g(7 | #) are unbiased estimators of Jg (6).
Similarly, let G(7 | 0) be a stochastic gradient estimator of one single sampled trajectory 7 of V.Jg(#). Thus
- (
m

0
Vi (0) = S (| 9), and VmJ(0) and §(r | 8) are unbiased estimators of J (6).
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Similar to (66), from (131) we have

=
<D
3
/Er
=
"
Il

E {Hﬁmj(e) V() - vJH(o)HZ}

- 2 S 7 7 ?
_vin +1E“]va(9)VJH(9)H]

= ||V Ju () 4E [Hnlm > (§(ri | 6) = VIu(6))

|

(1= 2 ) [wre] + & gt 1o (134)

_ |[viu®) 2+%E [Hg(n |9)—vJH(9)H2]

It remains to show E, |:||§(T | 9)“2} is bounded. From (131) we have

ED@@|@W]:ET[

s2E[wvmW}+sz[

H-1 t H-1
g(t]6)—A Z v log s, a, (6) (Z Vg log 775,67%(9)> - A Z 7'V logms,.q, (0)

t=0 k=0 t=0

|

2

0) (Z Vg log wsk,ak(a)>

k=0

H—-1 2

+2X°E ||| > +'Vplog s, a,(60)
t=0

(1= )R [ t |

< 2 2E || Y 4 log s, 0, (0) | Y Velog s, a, (6)
(1 - ’7) +=0 k=0
@©

H-1 2

+2NE ||| ' Vologm, o, (0)| | (135)
t=0

@

where the last inequality is obtained by Lemma 4.2 with GPOMDP estimator and the constant G2 = ﬁ
provided from Lemma 4.8.

Now we will bound (D and ) separately.

From Lemma B.5, we know that

::

-1

® = VE [[|Vo10g s, 0, (O)]]

Lemma 4.8 -1
< <1 A> 72

t=

< - 72 - |A|> . (136)

H_
Il
<
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As for @), we have

H-1 ¢ 27
@ S H Z ’YQtE (log ﬂ-St,at (0>)2 Z V@ IOg 7T5k7ak (9)
t=0 k=0 ]
H-1 t 2]
< H Y*E | (log Ts, .a, (6))2 ZV@ log 75, a,, (0)
t=0 i k=0
H-1 r ¢
< HY 7'E|(logme,a ()’ (t+1)) [|Velog FSk,ak(G)IIQ]
t=0 L k=0
(96) H-1 )
< 20 Y APt +1)°E [(log .0, (0))°]
t=0
H-1
< 2H[A] Y AH(E+1) (137)
t=0
4H|A|
7(1 — ) (138)
where (137) is obtained by using
E (10 70,0, (0))°] = Eu, | 3 moral0) log e, al0)) ]| < JAL
acA
and the last line is obtained by 72! < 4% and Lemma B.2.
Combining (134), (135), (136) and (138) yields the claim of the lemma. O
By adopting Lemma 14 in Mei et al. (2020), we show that j() is smooth as following.
2N R 1 A(4+8log |A])
Lemma G.2. J() 1S ((1—7)2 (2 — m) aF ﬁ)-smooth.
Proof. From (128), we have
J(0) = J(0) = AE. | Y ~'logms, q, (9)] .
t=0
From Lemma E.1, we know that J(-) is ((75_“‘7;3‘2 (2 - ﬁ))—smooth.
From Lemma 14 in Mei et al. (2020), we know that E. [Y>°,° " log 7, a, (0)] is (%))—smoo‘nh.
Combining the two smoothness constants yields the claim of the lemma. O

From Lemma G.1 and Lemma .2 we can also establish a similar FOSP convergence as for Corollary 4.7.

Corollary G.3. Cousider the vanilla PG updates (131) for the softmax with entropy regularization (128) .

For a given € > 0, by choosing the mini-batch size m such that 1 < m < 3—2”7 the step size n = €m the horizon

2Lv>
H =0 ((1—-~)""log(1/€)) and the number of iterations 7" such that

8(50LV

Tm> —3— = O((1 =) %) (139)

with
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and

V=

2(1-dy) R 222 < B 1>+8H|A|)\2

-  a-m\ Ja) -

then E {HVJ(GU)HQ] — 0(&).

Remark. The sample complexity Tm x H is O((1 — ) 8e*) instead of O((1 — )% *) as in Corollary 4.7
due to the (1 — v)~3 dependency on the smoothness constant L and the (1 — +)~* dependency on the bounded
variance constant v.

Proof. From Lemma G.2, we know that

From Lemma G.1, we know that

V=

2(1- ) Riw o2 (1 - 1> | SHIAX?
(1=7)° (1=72) [Al)  (1=7)°

Plugging in L and v in Corollary 4.7 yields the corollary’s claim. O

H Global optimum convergence under the gradient domination assumption

As Fazel et al. (2018); Mei et al. (2020) did for the exact policy gradient update, relying on the following gradient
domination assumption, we establish a global optimum convergence guarantee and the sample complexity analysis
for the stochastic vanilla PG.

Assumption H.1 (Gradient domination). We say that a differentiable function J satisfies the gradient dom-
ination condition if for all # € R?, there exists p > 0 such that

SIVIH@I® > (7 = 1)), (PL)

The gradient domination condition is also known as the Polyak-Lojasiewicz (PL) condition (Lojasiewicz, 1963).
Equipped with this additional assumption, we can adapt Theorem 3 in Khaled and Richtarik (2020) and obtain
the following global optimum convergence guarantee.

Theorem H.2. Suppose that Assumptions 3.1, 3.2, 3.3 and .1 hold. Suppose that PG defined in (7) (Alg. 1)
is run for T > 0 iterations with step size (n;); chosen as

E ifT <L ort<t
”t:{b 2 oS (140)
BFA(=t0) 1fTZE and t > tg
with o = [2] and b = max{2AL/u,2BL, pu}. Then
J*—E[J(67)] < 16e u(T—1) (J* = J(60)) + 12LC o 26 DyH (141)
_ w [ — B .
= P 2max{%,2BL,/¢} 0 u2T 1

Remark. Notice that for the exact full gradient update, we have Assumption 3.2 and 3.3 hold with A = C =
D = 0 and B = 1. Thus under the smoothness assumption and the (PL) condition , we establish a linear
convergence rate for the number of iterations to the global optimal. We recover the linear convergence rate for
the softmax with entropy regularization in Theorem 6 in Mei et al. (2020) where the smoothness assumption
holds and the (PL) condition holds under the path of the iterations in the exact case.



A general sample complexity analysis of vanilla policy gradient

As for the stochastic vanilla PG, the dominant term in (141) is 132LTC . This implies that the sample complexity
is T x H=0(e") with T = O(e!) and H = loge™.

Proof. Using the L-smoothness of J from Assumption 3.1,

J* = J(O1) < T = J(0) = (VJ(0), 0041 — 01) + - ||9t+1 — 0

~ 2
— J(0) —m (VI(60), va(et)> + Tt vaJ(et)H . (142)

]
(ABC)

< T = J(0) — e (VI (8) + (VI(0) — VI (6)), VI (6,)) +
+L7m2 (2A(J* —J(8,) + B|VJu (6 + C)

Taking expectation conditioned on #; and using Assumption 3.3 and H.1,

BT =IO T = J00) = (TI0).VIu(0) + 2L, [H%mmt)

= LA - J6) — (1 - LB”t) V710 + 22
— N <VJ(97§) — VJH(gt), VJH(Qt»
e <1 S <1 - “j"t) + Ln?A) (7 = a(0) + L€
—M <VJ(9t) - VJH(at)v VJH(et»
2
< (1 - by Ln?A) (7 — J(0) + ZE
—Mt <VJ(9t) - VJH(ot), VJH(et» (143)
0 (1 — 3772”‘ s 2A) (J* = J(6,) + % + Dy
< (L =mep)(J* = J(0r)) + 2t (144)

where (143) is obtained by the inequality 1 — Lg"f > %, and (144) is obtained by the inequality Ln;A < &, due

to the choice of step size n; < % for all ¢ > 0 with b > 2BL,2AL/p, respectively. Here, 1 —mu > 0 as ny < %
and b > pu.

Taking total expectation and letting r; E[ J(6;)] on (144), we have

2C
+ne Dy (145)

L
rev1 < (1 —mp)re +

frT< %, we have n; = %. Recursing the above inequality, we get

s () g O
(145) T LC’ D -1
D2 e (2 E ooy
< exp (—’f) + QLCb + DZ (146)

T<b H
= T LC D
<" exp <—M> ro + 22T + =L (147)
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IftT > %, as n; = % when ¢ < g, from (146), we have

/.Lto LC D’}/H
Tt S exXp (—b> To TILLZ) + 7[1:
w(T — 1)> LC  DyH
< exp (— —+ — 148
2b 2ub I (148)
where the last line is obtained by ty = [%} > T_l
For t > t,
2
Nt = :
" (% - to)
From (145), we have
Ln;C H
e < (L=mp)reoa + + e Dy
2b
wHt—to—2 2LC 2D~
_ TRy 3+ ———— (149)
wti—to ;ﬂ(%—i—t—to) u(;+t—to)
2
Multiplying both sides by (% +t— t0> , we have
2 H
2b 2b 2b 2LC 2Dy 2b
Stt—to) < (= Ht—to) (= Ht—to—2) 1+ —5 + Zrt—t
0 I I I poo\
2b 2 2LC 2D~ (2b
§<+t—t0—1) roo1+ 4 <+t—t0>. (150)
H H 2 K
def (9p 2
Let wy = (F +t— to) . Then,
2LC 2D~ [ 2b
WiTt S Wt—-1Tt—1 + 3 + — 4+ t— t() . (151)
I poo\ p
Summing up for t =ty + 1,--- ,T and telescoping, we get,
2LC(T —ty)  2DyH G (2b
wrrr < wyry, + 22CE 210 2DV (+t—to>
K .l
4b? 2LC(T —tg) . 4bD(T —to)y? D~
Dividing both sides by wr and using that since
2b ?
wry = (+Tto> > (T —t9)?,
I
we have
4b? 2LC(T —t 4D(T —to)y? DyH
rp < 5Ty, (2 O)+ (2 o)y + = (T —to)(T —to+ 1)
pewr pewr prwr kwr
4b2 2LC 4bD~H 2D~yH
re, + 2 T (153)

< + +
p*(T —to)? p*(T —to)  p*(T —to) Iz
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By the definition of ¢y, we have T — ty > % Plugging this estimate, we have

1642 4LC + 8bDyH  2DAH
T = 2 QTtO + 2 +
T T 1%
Ti% 160> ALC 10Dy
= 272 T'to 2T L
(148) 162 T-1 LC  DyH 4LC  10D~yH
< 2 Q(EXP<M( )>r0++ 1 > a7 T !
wT 2b 2ub I wT I
T>b H H
> w(T —1) 8LC 16Dy 4LC 10D~
< 1 —
< 6exp< % 0 2T + p + 2T + p
B w(T —1) 12LC 26D~
= 16exp (— % 70 T + n

It remains to take the maximum of the two bounds (147) and (154) with b = max{2AL/u,2BL, u}.

(154)
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