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Abstract

We consider infinite-horizon discounted Markov decision processes and study the convergence rates of the natural policy
gradient (NPG) and the Q-NPG methods with the log-linear policy class. Using the compatible function approximation
framework, NPG and Q-NPG with log-linear policies can be written as approximate versions of the policy mirror descent
(PMD) method. By extending a recent analysis of PMD in the tabular setting, we obtain linear convergence rates
and O(1/€?) sample complexities for both NPG and Q-NPG with log-linear policy parametrization using a simple,
non-adaptive geometrically increasing step size, without resorting to entropy or other strongly convex regularization. As a
byproduct, we obtain sublinear convergence rates for both NPG and Q-NPG with arbitrary large constant step sizes.

Keywords: discounted Markov decision process, natural policy gradient, policy mirror descent, log-linear policy, sample
complexity.

1. Introduction

Policy gradient (PG) methods have emerged as a popular class of algorithms for reinforcement learning. Unlike classical
methods based on (approximate) dynamic programming (e.g., Puterman, 1994; Sutton and Barto, 2018), PG methods
update directly the policy and its parametrization along the gradient direction of the value function (e.g., Williams, 1992;
Sutton et al., 2000; Konda and Tsitsiklis, 2000; Baxter and Bartlett, 2001). An important variant of PG is the natural
policy gradient (NPG) method (Kakade, 2001). NPG uses the Fisher information matrix of the policy distribution as
a preconditioner to improve the policy gradient direction, similar to quasi-Newton methods in classical optimization.
Variants of NPG with policy parametrization through deep neural networks were shown to have impressive empirical
successes (Schulman et al., 2015; Lillicrap et al., 2016; Mnih et al., 2016; Schulman et al., 2017).

Motivated by the success of NPG in practice, there is now a concerted effort to develop convergence theories for the NPG
method. Neu et al. (2017) provide the first interpretation of NPG as a mirror descent (MD) method (Nemirovski and
Yudin, 1983; Beck and Teboulle, 2003). By leveraging different techniques for analyzing MD, it has been established
that NPG converges to the global optimum in the tabular case (Agarwal et al., 2021; Khodadadian et al., 2021; Xiao,
2022) and some more general settings (Shani et al., 2020; Tomar et al., 2022; Vaswani et al., 2022; Kuba et al., 2022).
In order to get fast linear convergence rate for NPG, several recent works consider the regularized NPG methods, such
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as the entropy-regularized NPG (Cen et al., 2021) and other convex regularized NPG (Lan, 2022; Zhan et al., 2021). By
designing appropriate step sizes, Khodadadian et al. (2021) and Xiao (2022) obtain linear convergence of NPG without
regularization. However, all these linear convergence results are limited in the tabular setting (direct parametrization). It
remains unclear whether same convergence rate can be established in the function approximation regime.

In this paper we provide an affirmative answer to this question for the log-linear policy class. Our approach is based
on the framework of compatible function approximation (Sutton et al., 2000; Kakade, 2001), which was extensively
developed by Agarwal et al. (2021). Using this framework, variants of NPG with log-linear policies can be written as
policy mirror descent (PMD) methods with approximate evaluations of the advantage function or Q-function (giving rise
to NPG or Q-NPG respectively). Then by extending a recent analysis of PMD (Xiao, 2022), we obtain non-asymptotic
linear convergence of both NPG and Q-NPG with log-linear policies. A distinctive feature of this approach is the use
of a simple, non-adaptive geometrically increasing step size, without resorting to entropy or other strongly convex
regularization. See Appendix A for a thorough review.

2. Preliminaries on Markov Decision Processes

We consider an MDP denoted as M = {S, A, P,c,~v}, where S is a finite state space, A is a finite action space,
P :S x A— SisaMarkovian transition model with P(s’ | s, a) being the transition probability from state s to s’
under action a, ¢ is a cost function with ¢(s,a) € [0,1] for all (s,a) € S x A, and v € [0, 1) is a discounted factor.
Here we use cost instead of reward to better align with the convention in the optimization literature.

The agent’s behavior is modeled as a stochastic policy m € A(A)!S!, where m, € A(A) is the probability distribution
over actions A in state s € S. At each time ¢, the agent takes an action a; € A given the current state s; € S, following
the policy m, i.e., a; ~ 75,. Then the MDP transitions into the next state s;; with probability P(s;+1 | s¢, a;) and the
agent encounters the cost ¢; = ¢(s;, a;). Thus, a policy induces a distribution over trajectories {s;, as, Ct}tZO- In the
infinite-horizon discounted setting, the cost function of 7 with an initial state s is defined as

oo

Vi(m) = E ye(s,at) | so = s| . (1)
0

ap~Ts,
st41~P(-|se,as) L=

Given an initial state distribution p € A(S), the goal of the agent is to find a policy 7 that (approximately) minimizes
the expected cost function

Vp(m) € Eop [Va(m)] = D psValm) = (V(m),0).
SES

A more granular characterization of the performance of a policy is the state-action cost function (Q-function). For any
pair (s,a) € S x A, itis defined as

Qs,a(m) &ef E nytc(st,at) | so =s,a0 =al. (2)

ar~Ts,
St41~P(+|s¢,at) t=0

Let Q, € Rl denote the vector [Qs a]ac.a- Then we have V(1) = Epr, [Qs.a(7)] = (s, Qs (7)). The advantage

function' is a centered version of the Q-function:
def

Asa(m) = Qsal(m) = Vs(m), 3)
which satisfies Egor_ [As,o(m)] =0forall s € S.

Visitation probabilities. Given a starting state distribution p € A(S), we define the state visitation distribution
d™(p) € A(S), induced by a policy 7, as
7r def ™
d7(p) = (1= Eagmp | 7" P (s1= 5 | 50) |,
t=0

1. An advantage function should measure how much better is a compared to 7, while here A is positive when a is worse than 7.
We keep calling A advantage function to better align with the convention in the RL literature.
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where Pr™ (s, = s | s¢) is the probability that the ¢-th state is equal to s by following the trajectory generated by =
starting from so. We define the state-action visitation distribution d™ (p) € A(S x A) as

AT (p) € AT (P)mea = (1—7)Egmp [Z Y Pr (s, = s,a, = al 80>] : )

t=0

In addition, we extend the definition of d ™ (p) by specifying the initial state-action distribution v € A(S x A), i.e.,

jm def = T
ds,a(y) = (1 - ’7) E(so,ao)NV lz FYt Pr (St =Sa=4a | 50, ao)] . (5)
t=0
The difference in the last two definitions is that for the former, the initial action a is sampled directly from 7, whereas

for the latter, it is prescribed by the initial state-action distribution v. We use d compared to d to better distinguish
the cases with v and p. Without specification, we even omit the argument v or p throughout the paper to simplify the
presentation as they are self-evident. From these definitions, we have for all (s,a) € S x A,

AT > (1=7)ps,  dFq > (1 =NpsTsa,  dl, > (1= 7)Vsa. (6)

Policy parametrization. In general, both the state and action spaces S and A can be very large and some form of
function approximation is needed to make the computation feasible. In particular, the policy 7 is often parametrized as
m(0) with § € R™, where m is much smaller than |S| and |.A4|. In this paper, we focus on the log-linear policy class.
Specifically, we assume that for each state-action pair (s, a), there is a feature mapping ¢s , € R and the policy takes

the form
exp( Iaﬁ)
ZG/EA eXp(¢Ia/9) .

To simplify notation in the rest of this paper, we use the shorthand V,,(#) for V,(7(6)) and similarly Q; () for
Qs.a(m(0)), Ag.a(0) for Ay o(7(0)), d? for dr®. Jf,a for J;((ze), and dga for J;((IG).

Ts,a (9) - (7)

Natural Policy Gradient (NPG) Method. Using the notations defined above, the parametrized policy optimization
problem is to minimize the function V,,(#) over § € R™. The policy gradient is given by (see, e.g., Williams, 1992;
Sutton et al., 2000)

1
E]Esrvd", a~s(0) [Qb,u(e) VG IOg 7-‘-s,a(e)] . (8)
For parametrizations that are differentiable and satisfy > . 4 s 4(0) = 1, including the log-linear class defined in (7),
we can replace Qs o(0) by A ,(6) in the above expression (Agarwal et al., 2021). The NPG method (Kakade, 2001)
takes the form

VoV, (0) =

gD — 9®) _ e F, (60N w1, (60, )
where 75, > 0 is a scalar step size, F,(6) is the Fisher information matrix

Fp(e) déf ESNdG, a~s(0) I:VG 1Og Ts,a (6) (VG 1Og Ts,a (9)) Ti| 5

and F,(6)" denotes the Moore-Penrose pseudoinverse of F,(6).

3. NPG with Compatible Function Approximation

The parametrized value function V,(6) is non-convex in general (see, e.g., Agarwal et al., 2021). Treating policy
optimization as a general non-convex optimization problem thus loses certain problem structure and results in weak
convergence results. Following Agarwal et al. (2021), we adopt the framework of the compatible function approximation
(Sutton et al., 2000; Kakade, 2001), which retains the MDP structure and leads to tight convergence rate analysis.

Kakade (2001) showed that the NPG update (9) is equivalent to (up to a constant scaling of 7;,)
00+D = 9™ _pw® W € argming e La(w, 0%, d®), (10)
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i . . .. . . . . - k . .
where d ®) is a shorthand for the state-action visitation distribution d”(e( ))(p) defined in (4), and for a state-action
distribution ¢, L 4 (w, 8, ¢) is the compatible function approximation error defined as

LA(UJ,Q, C) d;f E(s,a)NC {(wTve IOg 71-s,a(e) - As,a(e))ﬂ : (1)

A derivation of (10) is provided in Lemma 16 in Appendix B for the completeness. In other words, wik) is the solution
to a regression problem that tries to approximate Asya(ﬁ("’)) using Vg log wsya(ﬁ(k)) as features. For the log-linear
policy class defined in (7), we have

def

Vy log 7Ts,a(e) = Qgs,a(a) = ¢s,a - Za’eA ﬂ-S,(LI(G)qSS,a/ = ¢s,a - ]Eu,’~7r3(0) [Qbs,a’} y (12)
where ¢, . (0) are called centered features vectors.

In practice, we cannot minimize L4 exactly; instead, a sample-based regression problem is solved to obtain an
approximate solution w(*). This leads to the following approximate NPG update rule:

g+ = (k) _ nkw(k), w® ~ argmin,, L 4 (w, H(k), J(k)). (13)
Alternatively, as proposed by Agarwal et al. (2021), we can define the compatible function approximation error as

def 2
LQ (wv 0, C) = E(s,a)w( [(wT¢s,a - Qs,a(g)) ] (14)
and use it to derive a variant of the approximate NPG update called Q-NPG:

g+ — gk) _ nkw(k), w®) =~ argmin,, Lg (w,H(k), CZU“)). (15)

The approximate NPG and Q-NPG updates require samples of unbiased estimates of A ,(6) and Q; () respectively,
and the corresponding sampling procedures are given in the Appendix as Algorithms 4 and 3, respectively.

Following Agarwal et al. (2021), we consider slightly different variants of NPG and Q-NPG, where d (%) in (13) and (15)
is replaced by a more general state-action visitation distribution d (¥) = dr") (v) defined in (5) with v € A(S x A).
The advantage of using d (*) is that it allows better exploration than d *) as v can be chosen to be independent of the

policy w@(k)). For example, it can be seen from (6) that the lower bound of d™is independent of 7, which is not the
case for d™. This property is crucial in the forthcoming convergence analysis.

3.1 Formulation as Approximate Policy Mirror Descent

Given an approximate solution w*) for minimizing Lq (w, ok J(k)), the Q-NPG update rule 6 +1) = 9(F) —py; (k)
when plugged in the log-linear parametrization (7), results in a new policy

1 )
ngfl) = Wﬂﬁ@ exp (—77k ¢5Taw(k)) , V(s,a) €S x A,
, ! \ ,
where 7(*) is a shorthand for wsﬁa(G(k)) and ng) is a normalization factor to ensure ZaE.A ngfj_l) =1,foreachs € S.

Notice that the above 7(**1) can also be obtained by a mirror descent update:

7T§k+1) = arg min {77k <q>sw(k')7p> + D(p, ng))} , VseS, (16)
PEA(A)

where @, € RIAIX™ is a matrix with rows (¢s,)" € R™ for a € A, and D(p, q) denotes the Kullback-Leibler (KL)
divergence between two distributions p, g € A(A), i.e.,

def p
D(p,q) = Y palog (q“) :

acA

A derivation of (16) is provided in Lemma 17 in Appendix B for the completeness.
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If we replace ®,w*) in (16) by the vector [Q o (7"))] wed € R, then it becomes the policy mirror descent (PMD)
method in the tabular setting studied by, for example, Shani et al. (2020), Lan (2022) and Xiao (2022). In fact, the
update rule (16) can be viewed as an approximate PMD method where Q, (7(*)) is linearly approximated by ® 4w ()
through compatible function approximation (14). Similarly, we can write the approximate NPG update rule as

wgk“) = arg min {nk <<f>gk)w(’“),p> + D(p, wgk))} , VseS, 17)
PEA(A)

where w(*) is an approximate solution for minimizing L 4 (w,8®*),d®) defined in (11), and ) ¢ RIAIXM j5 4

matrix whose rows consist of the centered feature maps ¢, (%)), as defined in (12).

Reformulating Q-NPG and NPG into the mirror descent forms (16) and (17), respectively, allows us to adapt the

analysis of PMD method developed in Xiao (2022) to obtain sharper convergence rates. In particular, we show that with

an increasing step size 7, o< ¥, both NPG and Q-NPG with log-linear policy parametrization has linear convergence
up to an error floor determined by the quality of the compatible function approximation.

4. Analysis of Q-NPG with Log-Linear Policies
In this section, we provide the convergence analysis of the following approximate Q-NPG method:
g+ = gk) _ () w® ~ argmin,, Lg(w, 6k, J”(G(k))(y)), (18)

where v € A(S x A) is an arbitrary state-action distribution and does not depend on p. The exact minimizer is denoted
aswit € argmin,, Lg (w, ok J(’“)), where d (*) is a shorthand for d ~(**") (v). The corresponding update from 7 (*)
to 7(¥*+1) can be described by the PMD method (16). We note that the variant of Q-NPG analyzed in Agarwal et al.
(2021) requires that w*) has a bounded norm. It is not needed here because we rely on quite different techniques for
convergence analysis.

The compatible function approximation error can be decomposed as

Lo(w®,6%),d®) = Lo(w®,0® d0) — Lo, 0® 40 1 Ly (w®, 60, d®).

Statistical error (excess risk) Approximation error

The statistical error measures how accurate we solve the regression problem, i.e., how good w®) is compared with

wﬁk). The approximation error measures the best possible quality of approximating Qs,a(ﬁ(k)) using ¢, , as features in
the regression problem (modeling error). One way to proceed with the analysis is to assume that both the statistical
error and the approximation error are bounded for all iterations, which is the approach we take in Section 4.2. In
Section 4.1, we first take an alternative approach proposed by Agarwal et al. (2021), where the assumption of bounded

approximation error is replaced by a bounded transfer error. The transfer error refers to Lg (wik), 0% d *), where

the iteration-dependent visitation distribution d® is shifted to a fixed one d * (defined in Section 4.1). These two
approaches require different additional assumptions and result in slightly different convergence rates. Here we first state
the common assumption on the bounded statistical error.

Assumption 1 (Bounded statistical error, Assumption 6.1.1 in Agarwal et al. (2021)) There exists €star > 0 such
that for all iterations k > 0 of the Q-NPG method (18), we have

E [LQ (w(k),é(k)7 d(“) —Lg (wﬁk),é(’“% cz(k))} < €stat- (19)
By solving the regression problem with sampling based approaches, we can expect esar = O(1/+v/T) (Agarwal et al.,

2021) or egtat, = O(1/T) (see Corollary 24, (also see Liu et al., 2020)) where T is the number of iterations used to find
the approximate solution w(*).
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4.1 Analysis with Bounded Transfer Error

Here we introduce some additional notation. For any state distributions p,q € A(S), we define the distribution
mismatch coefficient of p relative to q as

—l| = max=—.

9 oo

s€ES (s

Let 7* be an arbitrary comparator policy, which is not necessarily an optimal policy and does not need to belong to the

log-linear policy class. Fix a state distribution p € A(S). We denote d* as d™ (p) and d*) as ar(e™) (p), and define
the following distribution mismatch coefficients:

dr © 1 ‘ d*

<
dB o~ 1=~|p

1
> (20)
N

e 1
and ﬂpdgi

- -y

def

d*
9 & =

p

Thus, for all k£ > 0, we have ¥, < 9J,. We assume that ¥, < oo, which is the case, for example, if p, > 0 forall s € S.
We also introduce a weighted KL divergence given by
D ¥ By [D(a7, )]

If we choose the uniform initial policy, i.e., wg?g = 1/|A| forall (s,a) € S x A (or 89 = 0), then D§ < log |.A| for
all p € A(S) and for any 7* € A(A)S. The choice of the step size will directly depend on D in all our forthcoming
convergence results.

Given a state distribution p and a comparator policy 7*, we define a state-action measure d* as

def def dt

d;, = d-Unifa(a) < vt @D

and use it to express the transfer error as L (wik)7 6k, d *).

Assumption 2 (Bounded transfer error, Assumption 6.1.2 in Agarwal et al. (2021)) There exists €pins > 0 such
that for all iterations k > 0 of the Q-NPG method (18), we have

E[Lo(w,0%,d")] < eas (22)

The transfer error bound €},;,5 characterizes how well the Q-values can be linearly approximated by the feature maps
®s,q- It can be shown that €p,,s = 0 when () is the softmax tabular policy (Agarwal et al., 2021) or the MDP has
certain low-rank structure (Jiang et al., 2017; Yang and Wang, 2019; Jin et al., 2020). For rich neural parametrizations,
€bias can be made small (Wang et al., 2020).

The next assumption concerns the relative condition number between two covariance matrices of ¢ , defined under

different state-action distributions.

Assumption 3 (Bounded relative condition number, Assumption 6.2 in Agarwal et al. (2021)) Fix a state distri-
bution p, a state-action distribution v and a comparator policy w*. Let

def def
Ed* = E(S@)NJ* [¢s,a¢§,a} ; and X, = E(s,a)wz/ [¢s,a¢la] s (23)
where d* is specified in (21). We define the relative condition number between 3 7, and 3, as

.
de w'Xi.w

ko & max —d (24)
weR™ w ' X, w

and assume that k., is finite.
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Notice that Assumption 3 benefits from the us e of v. In fact, it is shown in Agarwal et al. (2021, Remark 22 and
Lemma 23) that «,, can be reasonably small (e.g., k,, < m is always possible) and independent of the size of the state
space by controlling v.

Our analysis also needs the following assumption, which does not appear in Agarwal et al. (2021).

Assumption 4 (Concentrability coefficient for state visitation) There exists a finite C, > 0 such that for all itera-
tions k > 0 of the Q-NPG method (18), it holds that

. dgk) 2
s~d* dt
Let pmin = minges ps. A sufficient condition for Assumption 4 to hold is that p,;,, > 0. Indeed,

d(gk) 2 d(k)
Eyg : <
ACIEE

In reality, /C,, can be much smaller than the pessimistic bound shown above. This is especially the case if we choose

<c, (25)

(k)
e

‘ (6)

’ 1
1 - )pmln

7* to be the optimal policy and d¥) — d*. We further replace C, by a weaker one independent of p in Section 4.2.

Now we present our first main result.

Theorem 5 Fix a state distribution p, an state-action distribution v and a comparator policy 7*. We consider the

Q-NPG method (18) with the step sizes satisfying g 1I2p and N1 > 1 k. Suppose that Assumptions 1, 2, 3
and 4 all hold. Then we have for all k > 0,

B[00 v < (1- ) 2+ MAUNGEY (RO mm). e

The main differences between our Theorem 5 and Theorem 20 of Agarwal et al. (2021), which is their corresponding
result on the approximate Q-NPG method, are summarized as follows.

* The convergence rate of Agarwal et al. (2021, Theorem 20) is O(1/ \/E) up to an error floor determined by
€stat aNd €pjas. We have linear convergence up to an error floor that also depends on €, and epi,s. However,
the magnitude of our error floor is worse (larger) by a factor of ¥, \/C’> , due to the concentrability and the
distribution mismatch coefficients used in our proof. A very pessimistic bound on this factor is as large as
[SI2/(1 =)

* In terms of required conditions, both results use Assumptions 1, 2 and 3. Agarwal et al. (2021, Theorem 20)
further assume that the norms of the feature maps ¢, , are uniformly bounded and w®) has a bounded norm
(e.g., obtained by a projected stochastic gradient descent). Due to different analysis techniques referred next, we
instead rely on a concentrability coefficient C), defined in Assumption 4.

o Agarwal et al. (2021, Theorem 20) uses a diminishing step size n « 1/ Vk where k is the total number of
iterations, but we uses a geometrically increasing step size 1 oc 7* for all k > 0. This discrepancy reflects
the quite different analysis techniques adopted. The key analysis tool in Agarwal et al. (2021) is a NPG Regret
Lemma (their Lemma 34) which relies on the smoothness of the functions log 75 ,(#) (thus the boundedness of
| ¢s.a)) and the boundedness of ||w*) ||, and thus the classical O(1/+/k) diminishing step size in the optimization
literature. Our analysis exploits the three-point descent lemma (Chen and Teboulle, 1993) and the performance
difference lemma (Kakade and Langford, 2002), without reliance on smoothness parameters. As a consequence,
we take advantage of exponentially growing step sizes and avoid assuming the boundedness of ||¢s .|| or ||w(*)].

As a by product, we also obtain a sublinear convergence result while using a constant step size.



YUAN, DU, GOWER, LAZARIC AND XIAO

Theorem 6 Fix a state distribution p, an state-action a’istributwn v and an optimal policy 7*. We consider the Q-NPG
method (18) with a constant step size my, = 7 satisfying n > 5 DO Suppose that Assumptlons 1, 2, 3 and 4 all hold.

Then we have for all k > 0,

S 0] v < e WAONGIEN ([RCCCL mn). e

t=0

??'M—‘

A deviation from the setting of Theorem 5 is that here we require 7* to be an optimal policy . Compared to Theorem
20 in Agarwal et al. (2021), our convergence rate is also sublinear, but improves from O(1/v/k) to O(1/k). Moreover,
they use a diminishing step size of order O(1/ \/E) while our constant step size is unbounded, independent of k and can
be arbitrary large.

4.2 Analysis with Bounded Approximation Error

In this section, instead of assuming bounded transfer error, we provide a convergence analysis based on the usual notion
of approximation error and a different concentrability coefficient.

Assumption 7 (Bounded approximation error) There exists €approx > 0 such that for all iterations k > 0 of the
O-NPG method (18), it holds that

E Lo (wi®,6%,dM)]| < cappror (29)
As mentioned in Agarwal et al. (2021), Assumption 7 is stronger than Assumption 2 (bounded transfer error). Indeed,
a*

d (k)

. - (©) 1
Lo(wl 9™ W) < T

d

v

Lo(®,00,d%) <

Lo(w®, 009, 4.

[e.9] oo

Assumption 8 (Concentrability coefficient for state-action visitation) There exists C,, < oo such that for all itera-
tions of the Q-NPG method (18), we have

ha ¥
E(s,a)wcz(k) (J(;C)> < Cl/7 30)
where hg’il represents any of the following quantities:
di 0l d ) dal), and din, (31)

s Sy

Since v is completely at our disposal and independent of p, it suffices to choose v, , > 0 for all (s,a) € S x A for
Assumption 8 to hold. Indeed, with vy,;, denoting min( q)esx.A4 Vs,a» We have

h) hoa © 1
E . 5 < < 2
(o™ [<J§’SB> = aesxA d® = (1) 2

where the upper bound can be smaller than that in (26) if pp,i, 1S smaller than vy, .

2. In our analysis, we need to drop the positive term E [VP(Q(’“)) - Vp(ﬁ*)} to obtain a lower bound, thus require 7* to be an

optimal policy.
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Theorem 9 Fix a state distribution p, an state-action distribution v and a comparator policy 7*. We consider the
Q-NPG method (18) with the step sizes satisfying 1y > 17TVD6‘ and Ng4+1 > %Uk- Suppose that Assumptions 1, 7 and 8
hold. Then we have for all k > 0,

1\" 2 20, (0,+1
E [Vﬂ(e(k))} - Vp(ﬂ—*) < (1 - 19/)) 1 _ v \/71(_ ;—’_ ) (\/ €stat T RV 6approx) . (33)

Compared to Theorem 5, while the approximation error assumption is stronger than the transfer error assumption, we
do not require the assumption on relative condition number %, and the error floor does not depends on «, nor explicitly
on |A|. Besides, we can always choose v so that the concentrability coefficient C,, is finite even if C), is unbounded.

Remark 10 Note that all Theorem 5, 6 and 9 benefit from using the visitation distribution d®) instead of A (i.e.,

benefit from using v instead of p). In particular, from (6), d®) has a lower bound that is independent of the policy m¥)
or p. This property allows us to define a weak notion of relative condition number (Assumption 3) that is independent of
the iterates, and also get a finite upper bound of C,, (Assumption 8 and (32)) that is independent of p.

By further assuming that the feature maps are bounded and has non-singular covariance matrix, we obtain an (7)(1 /e?)
sample complexity for Q-NPG with log-linear policies. We postpone the formal statement of this result to Appendix E
for the sake of space.

S. Analysis of NPG with Log-Linear Policies

We now return to the convergence analysis of the approximate NPG method, specifically,
glk+1) — k) p(R) w*) &~ argmin,, L4 (w, o) d”("(”)(u)), (34)

where v € A(S X A) is an arbitrary state-action distribution and does not depend on p. Again, we use d®) denote

dr") (v) and let w&k) € argmin,, L4 (w, 6k, J(’“)) denote the minimizer. Our analysis of NPG is analogous to
that of Q-NPG shown in the previous section, by exploiting the approximate PMD formulation (17) using techniques
developed in Xiao (2022).

The set of assumptions we use for NPG is analogous to the assumptions used in Section 4.2. In particular, we assume
bounded approximation error instead of transfer error (c.f., Assumption 2) in minimizing L 4 and do not need the
assumption on relative condition number.

Assumption 11 (Bounded statistical error, Assumption 6.5.1 in Agarwal et al. (2021)) There exists €szay > 0 such
that for all iterations k > 0 of the NPG method (34), we have

E[La(w®,0%0,d®) = Ly (w,09,d9)| < ear: (35)

Assumption 12 (Bounded approximation error) There exists €.pprox > 0 such that for all terations k > 0 of the
NPG method (34), we have

E {LA (wf(k)’ o(k), J(k))] < €approx- (36)

Assumption 13 (Concentrability coefficient for state-action visitation) There exists C,, < oo such that for all tera-
tions k > 0 of the NPG method (34), we have
dr. \
< C, and E(&G)Nli(k) [(M)

T(k+1)\2
s,a
]E(SJ)NJ(M [< ngg) > s,a S CV. (37)
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Under the above assumptions, we have the following result.

Theorem 14 Fix a state distribution p, a state-action distribution v, and a comparator policy *. We consider the
NPG method (34) with the step sizes satisfying ng > 17TWD3 and Ni41 > %nk. Suppose that Assumptions 11, 12 and 13
hold. Then we have for all k > 0,

k
E [V”(e(k))} — V() = (1 a 191) 1 E v + @(ﬁpv+ 2 (Vestat + /Eapprox) - (38)
P
Now we compare Theorem 14 with Theorem 29 in Agarwal et al. (2021), which is their corresponding results on the
approximate NPG method. The main differences are similar to those for Q-NPG as summarized right after Theorem 5:
Their convergence rate is sublinear while ours is linear; they assume uniformly bounded ¢, , and w®) while we
required bounded concentrability coefficient C, due to different proof techniques; they use diminishing step sizes
and we use geometrically increasing ones. Moreover, Theorem 14 requires bounded approximation error, which is a
stronger assumption than the bounded transfer error used by their Theorem 29, but we do not need the assumption on
bounded relative condition number.

We note that the bounded relative condition number required by Agarwal et al. (2021, Theorem 29) needs to be held for

the covariance matrix of ég’ii for all £ > 0 because the centered feature maps (;_Sgkg depends on the iterates 6%) . This is
in contrast to the use of a single fixed covariance matrix for Q-NPG as defined in (23).

In addition, the inequalities in (37) only involve half of the state-action visitation distributions listed in (31), i.e., the
first and the fourth terms. From (32), the upper bound of C), is obtained only through (6), which is the property of d™
itself for all policy m € A(A)®. Thus, C, in (37) can share the same upper bound in (32) independent to the use of
the algorithm Q-NPG or NPG. Consequently, our concentrability coefficient assumption is weaker than Assumption 2
in Cayci et al. (2021) which studies the linear convergence of NPG with entropy regularization for the log-linear policy
class. The reason is that the bound on C), in (32) does not depend on the policies throughout the iterations thanks to the
use of d %) instead of d %) (see Remark 10 as well).

Similar to Theorem 6, we also obtain a sublinear rate for NPG while using a constant step size.

Theorem 15 Fix a state distribution p, an state-action distribution v and an optimal policy 7*. We consider the NPG
method (34) with a constant step size i, = 1 satisfying n > ﬁDf;. Suppose that Assumptions 11, 12 and 13 hold.
P

Then we have for all k > 0,

. y 49, VG, (0, +1
£ [0 - o) < 2 YO

(v/estat + v/Eapprox) - (39)

Despite the difference of using v instead of p, note that same convergence rate O(1/k) is established by Liu et al.
(2020) for NPG with constant step size, while they require that the feature maps are bounded and the Fisher information
matrix is strictly lower bounded for all parameters § € R™. With such additional conditions, we are able to provide an
O(1/€?) sample complexity result of NPG in Appendix G.
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Here we provide the related work discussion, the missing proofs from the main paper and some additional noteworthy
observations made in the main paper.

Appendix A. Related work

NPG for the softmax tabular policies. For the softmax tabular policies, Shani et al. (2020) show that the unregularized
NPG has a O(1/vk) convergence rate and the regularized NPG has a faster O(1/k) convergence rate by using a
decaying step size. Agarwal et al. (2021) improve the convergence rate to O(1/k) with constant step sizes. By using
the entropy regularization, Cen et al. (2021) achieve linear convergence rate of NPG. Similar linear convergence result
is obtained by rewriting the NPG update under the PMD framework with the Kullback-Leibler (KL) divergence (Lan,
2022) or with a more general convex regularizer (Zhan et al., 2021). However, adding regularization might induce bias
for the solution. Recently, Bhandari and Russo (2021), Khodadadian et al. (2021, 2022) and Xiao (2022) show that
regularization is unnecessary for obtaining linear convergence, and it suffices to use appropriate step sizes for NPG. In
particular, Bhandari and Russo (2021) use an exact line search for the step size and Khodadadian et al. (2021, 2022)
choose an adaptive step size. In this paper, with non-adaptive geometrically increasing step size, we extend the results
of Xiao (2022) from the tabular setting to the log-linear policies, obtaining the linear convergence rate of NPG without
regularization.

NPG with function approximation. In the function approximation regime, Wang et al. (2020) establish the O(1/ \/E)
convergence rate for two-layer neural-network parametrization with a projection step. Same convergence rate is obtained
for the smooth policy with projections by Agarwal et al. (2021), which is later improved to O(1/k) by Liu et al. (2020)
by replacing the projection step with a strong regularity condition on the Fisher information matrix. With entropy
regularization and a projection step, Cayci et al. (2021) obtains linear convergence for log-linear policies. In contrast,
we show that by using a simple geometrically increasing step size, fast linear convergence can be achieved for log-linear
policies without any regularization nor a projection step.

Fast linear convergence of other policy gradient methods. Different to the PMD analysis approach, by leveraging a
gradient dominance property (Polyak, 1963), fast linear convergence results are also established in the PG methods
under different settings, such as the linear quadratic control problems (Fazel et al., 2018) and the exact PG method with
softmax tabular policy and entropy regularization (Mei et al., 2020; Yuan et al., 2022). Linear convergence of PG can
also be obtained by exploiting non-uniform smoothness (Mei et al., 2021).

Appendix B. Standard Reinforcement Learning Results

In this section, we prove the standard reinforcement learning results used in our main paper, including the NPG updates
written through the compatible function approximation (10) and the NPG updates formalized as policy mirror descent
((16) and (17)). Then, we also prove the performance difference lemma (Kakade and Langford, 2002) used in our
proofs, which is the first key ingredient for our PMD analysis. See later the three-point descent lemma 28, the second
key ingredient for our PMD analysis.

Lemma 16 (NPG updates via compatible function approximation, Theorem 1 in Kakade (2001)) Consider the NPG
updates (9)

oot = gk _ ) (g(k))T VoV, (6W),
and the updates using the compatible function approximation (10)

g+ _ p(k) —nkwﬁk)a

where wik) € argmin, cpm La (w, o) d_(k)). If the parametrized policy is differentiable for all 0 € R™, then the two

updates are equivalent up to a constant scaling (1 — ) of N
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Proof Indeed, by the policy gradient (8) and by using the fact that ) . , Vs o(0) = O for all s € S, as 7(0) is

differentiable on 6 and ) . , s o = 1, we have the policy gradient theorem (Sutton et al., 2000)
1
VGVP(Q) = EESNde, ar~s(0) [As,a(e) v@ 1Og 7Ts,a(e)] .

Furthermore, consider the optima w,((k). By the first-order optimality condition, we have

VL@, oW, .d®) =0

— ]E(S’a)wguc) [((w£k))TV9 log wgka) - Asﬁa(ﬁ(k))) Vo log wgka)} =0

T
<= ]E(S#Z)N(Z(k) [V@ logwgﬁz (Vg logﬂgﬁz) ] w,((k) _ E(s,a)wi(k‘) |:A57a(9(k))vg logﬂgl’g}
CLEY F 0"l = (1— ) VeV, (08).

Thus, we have
w = (1-7)F,(0)1 VoV, (6™)

which yields the update (9) up to a constant scaling (1 — ) of 7.

Lemma 17 (NPG updates as policy mirror descent) The closed form solution to (16) is given by
exp (—nk¢>sw(k))
Sacamod exp (=mo ] w®)
) exp (,nk@gww(k))
= o ) Z T
SRR @RI

_ ; (R (k) (k)}
arngmAl&){nk<q)s w ,;D>—|—D(p,7rS )r, VseS,

2D )

S

where © is the element-wise product between vectors, and Cf)gk) € RIAIXm jg defined in (17), i.e.

a’~og

= T def -+ 2
((I)glfg) :f ¢s,a(0(k)) (I:) ¢s,a —E (k) [¢s,a/] .

(40)

(41)

(42)

(43)

Such policy update coincides the approximate NPG updates (34) of the log-linear policy, if 0+ = g(k) _ pap(F)
with w*) ~ argmin,, L 4(w, o) d(k)); and coincides the approximate Q-NPG updates (18) of the log-linear policy,

if 0D = 0) — e ®) with w®) ~ argmin,, Lo (w, 8%, d*).

(k)

Proof For shorthand, let g = @Sw(k). Thus, (16) fits the format of Lemma 27 where ¢ = 75 . Consequently, the

closed form solution is given by (104), that is

A1) *) o e—ma _ NOPA——E
s ZaEA ngﬂg e~ MkYa ZaeA ngc,l)e_nkqb:,a“’(k)
(k) exp (—p®s (0F))w®))
= 7

S

Sueamidexp (< (60a(09) Tw®)’
where the last equality is obtained as

és,a(e(k)) = ¢s,a - Ea/wﬂgk) [(bs,a/] = ¢s,a — Cs,
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with ¢s € R some constant independent to a.
Similarly, by applying Lemma 27 with g = @gk)w(’“), the closed form solution to (43) is (44).

As for the closed form updates of the policy for NPG (34) and Q-NPG (18) with the parameter updates #(**1) =
6*) — nw™® | it is straightforward to verify that it coincides (41) and (42) given the specific structure of the log-linear
policy (7), which concludes the proof. ]

Lemma 18 (Performance difference lemma (Kakade and Langford, 2002)) For any policy n,7" € A(A)S and
p € A(S),

1
Vp(m) = Vp(n') = EE(S,(J)N(E” [As ()] (45)

1

EESNd” [<QS (7T/), Ts — 77;)] ) (46)

where Q4 (r) is the shorthand for [Qs.o(7)]aca € RIAl for any policy .

Proof From Lemma 2 in Agarwal et al. (2021), we have

1 1

= m]E(s,a)~cZ7T [AS,a(WI)} = —Es;uar [<AS(7T/)»7TS>]7

V,(m) = V() —

where Ag(7) is the shorthand for [Ag . (7)]ac.a € R for any policy 7. To show (46), it suffices to show
(Ay(n"),ms) = (Qq(n’),mg — 7.y, foralls € Sand m,7’ € A(A)S.

Denote 1,, as a vector in R” with coordinates equal to 1 element-wisely. Indeed, we have

Qs(’frl - ‘/;(W/) : 1\A|37TS>

(Ay(n"), ) © )

N, me) — (Va(m') - 114y, 7s)
) )

)

(
= <Qs( -
<Qs( ! 77Ts> - Vs(ﬂ/)
(Qs(

™
™

—
=

/
7T

3

’
s , 377TS>7

from which we conclude the proof. |

Appendix C. Algorithms
C.1 NPG and Q-NPG Algorithm

Algorithm | combined with the sampling procedure (Algorithm 4) and the averaged SGD procedure, called NPG-SGD
(Algorithm 5), provide the sample-based NPG methods.

Idem, Algorithm 2 combined with the sampling procedure (Algorithm 3) and the averaged SGD procedure, called
Q-NPG-SGD (Algorithm 6), provide the sample-based Q-NPG methods.
C.2 Sampling Procedures

In practice, we cannot compute the true minimizer wik) of the regression problem in either (34) or (18), since computing

the expectation L 4 or L requires averaging over all state-action pairs (s, a) ~ d®) and averaging over all trajectories

16



W N -

W N -

A T AW N =

2

10
11
12
13
14
15

16
17

18
19

LINEAR CONVERGENCE OF NATURAL POLICY GRADIENT METHODS WITH LOG-LINEAR POLICIES

Algorithm 1: Natural policy gradient

Input: Initial state-action distribution v/, policy 7(%), discounted factor v € [0, 1), step size 1y > 0 for NPG update,
step size a > 0 for NPG-SGD update, number of iterations 71" for NPG-SGD
fork =0t K —1do

Compute w*) of (34) by NPG-SGD, i.e., Algorithm 5 with inputs (7', v, (%), v, @)
Update 8F+1) = 9(k) — 9,00(%) and

Output: 7(¥)

Algorithm 2: Q-Natural policy gradient

Input: Initial state-action distribution v, policy 7(%), discounted factor v € [0, 1), step size g > 0 for Q-NPG
update, step size o > 0 for Q—-NPG-SGD update, number of iterations 7' for Q—NPG-SGD
for k=0t K —1do

Compute w'*) of (18) by 0-NPG-SGD, i.e., Algorithm 6 with inputs (7', v, 7(¥), v, @)
Update 0*+1) = 9k — p0*) and
Output: 7yx)

(so, ao, o, $1, - + ) to compute the values of ngg and Aé’iﬁ So instead, we provide a sampler which is able to obtain
unbiased estimates of Q; ,(6) (or A ,(6)) with (s, a) ~ d°(v) for any 7 (6).

To solve (18), we sample (s,a) ~ d*) and @2’2 by a standard rollout, formalized in Algorithm 3. This sampling
procedure is commonly used, for example in Agarwal et al. (2021, Algorithm 1).

Algorithm 3: Sampler for: (s, a) ~ d’(v) and unbiased estimate @57(1(9) of Qs,4(0)
Input: Initial state-action distribution v, policy 7(6), discounted factor y € [0,1)

Initialize (sg, ag) ~ v, the time step h, ¢t = 0, the variable X =1
while X = 1 do
With probability ~:
Sample sp1 ~ P(- | sp,an)
Sample aj 41 ~ 7, (0)
h+<h+1
Otherwise with probability (1 — v):
L X=0 > Accept (Sp,an)
X=1
Set the estimate Qs,, q,, (0) = c(sh, an) >Start to estimate Qs q,(0)
t=nh
while X = 1 do
With probability ~:
Sample s;11 ~ P(- | s¢,at)
Sample a;41 ~ 75, (6)
Qsh,ah (9) — Qsh,,ah (0) + C(st+17 at+1)
t—t+1
Otherwise with probability (1 — ~):
L X=0 > Accept Qs .a,(0)

Output: (sp,ap) and @Sh,,ah,(g)
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It is straightforward to verify that (s, a,) and Q, w.a (0) obtained in Algorithm 3 are unbiased for any 7(#). The
expected length of the trajectory is 1;. We provide its proof here for the completeness.

Lemma 19 Consider the output (s, ap) and @s;,.,ah (0) of Algorithm 3. It follows that

Pr(sp = s,ap = a) = &fa(u),

)

E {@swzh(e) | sh7ah} = Qs an (0)

Proof The expected length (h + 1) of sampling (s, a) is

E[h+1] = ZPr Yk +1) Zv k+1)
11—+
The probability of the state-action pair (s, a) being sampled by Algorithm 3 is
Pr(sp = s,ap =a) = Z Vsy.a0 ZPr(h =k)Pr™ @ (s, = s,ap =a | h=k, sg,a0)
(s0,a0)ESXA k=0

= Z Vsg.a0(1 — 1) nyk Pr™® (s, = s,ar = a | so,a0) 9 Jﬁa(y).
k=0

(s0,a0)ESXA

Now we verify that Q,, 4, (0) obtained from Algorithm 3 is an unbiased estimate of Q,, 4, (f). Indeed, from
Algorithm 3, we have

H
Qsh,ah Z C\St+h, at+h (47)
t=0

where (H + 1) is the length of the horizon executed between lines 13 and 19 in Algorithm 3 for calculating Q. naan (0).
Taking expectation, we have

WE

c(s¢,at) | so = Sn,a0 = ah]

E |Qunan(0) | snyan| =

Il
o

H

E c(s¢, ar) |80—8h,a0—ah7H=/€]
=0

Il
M8 g =

k
E c(se,at) | so = sn,a0 = ap

=
Il
=]

o0 o0
ZC(St,at) ZWk | so = sn, a0 = ah]
t=0 k=t

o0
©)
=E lz Yee(si, ar) | so = sn,a0 = ah] Qsy,a (0)-

t=0

-7E

Similar to Algorithm 3, to solve (34), we sample (s,a) ~ d (k) by the same procedure and estimate A @ ) with a slight
modification, namely Algorithm 4 (also see Agarwal et al., 2021, Algorithm 3).
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Algorithm 4: Sampler for: (s, a) ~ d?(v) and unbiased estimate E&a(ﬁ) of A, ,(6)

Input: Initial state-action distribution v, policy 7 (6), discounted factor y € [0,1)

while X = 1 do

With probability ~:
Sample Sh41 ™~ ’P( ‘ Sh, ah)
Sample Ap4+1 ™~ Tspyq (9)
h+<h+1

Otherwise with probability (1 — v):
| X=0
X=1
Set the estimate Q, 4, (6) = c(sn, an)
t=nh
while X = 1 do
With probability ~:
Sample s;11 ~ P(- | s¢,a¢)
Sample a;41 ~ 75, (0)

QSh,»ah,(e) «— Q\Shyah, (9) + C(st+17 at+1)
t—t+1

Otherwise with probability (1 — ~):
| Xx=0

X=1

Set the estimate Vj, (6) = 0

t=nh

while X = 1 do

Sample a; ~ s, (6)

V;‘h, (0) — ‘/Sh (9) + C(stv at)

With probability ~:

L Sample s;11 ~ P(- | s¢,a¢)

t1t+1

Otherwise with probability (1 — ~):
| Xx=0

~

Output: (s, ap) and A;, 4, (0) = Qs .a, (6) — Vi, (6)

> Accept (sp,an)

>Start to estimate @Sh,ah(ﬁ)

> Accept Qs .a,(0)

~

>Start to estimate Vj, (6)

> Accept V;, ()
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Notice that the sampling procedure for estimating (), ,(6) in Algorithm 3 is simpler than that for estimating A, , () in
Algorithm 4, as Algorithm 4 requires an additional estimation of V,(6). As in Lemma 19, we verify in the following

lemma that the output (sp,, a,) ~ d? and A, w.ap (0) in Algorithm 4 is an unbiased estimator of A

w(0).

(0) for all policy

Sh,0h

Lemma 20 Consider the output (sp, ap,) and gs,“ah (0) of Algorithm 4. It follows that

Proof Since the procedure of sampling (s, ap,) in Algorithm 4 is identical to the one in Algorithm 3, from Lemma 19,
the first two results are verified. It remains to show that A, ., (#) is unbiased.

The estimation of Esh,ah (9) is decomposed into the estimations of @Sh,ah (6) and V, (6). The procedure of estimating
Qs),.a,, (0) is also identical to the one in Algorithm 3. Thus, from Lemma 19, we have

E |Qunan(0) | snyan] = Quy.00(0).
By following the similar arguments of Lemma 19, one can verify that
E [V, (0) | snoan| = Vi, (0).
Combine the above two equalities and obtain that

E [A\Sh,gah, (6) ‘ Sh7a‘h:| =E |:@5)uah (9) - ‘7811 (9) | Shs ah} = Qsh,ah, (9) - ‘/Sh (9) (;) Ash,ah, (9)

C.3 SGD Procedures for Solving the Regression Problems of NPG and Q-NPG

Once we obtain the sampled (s, a) and Es,a(O(k)) from Algorithm 4, we can apply the averaged SGD algorithm as
in Bach and Moulines (2013) to solve the regression problem (34) of NPG for every iteration k.

Here we suppress the superscript (k). For any parameter § € R™, recall the compatible function approximation L 4
in (34)

La(w,0, d’&) = E(s,a)wcze [(wTQZSﬂ(G) - ASM(Q))Q} ’

With the output (s,a) ~ d? and ﬁsﬂ(ﬂ) from Algorithm 4 (here we suppress the subscript h), we compute the
stochastic gradient estimator of the function L 4 in (34) by

ViLa(w,0,d%) €2 (07 600(0) = A0(8)) b.a(6). (48)

Next, we show that (48) is an unbiased gradient estimator of the loss function L 4

Lemma 21 Consider the output (s,a) and Esya(H) of Algorithm 4 and the stochastic gradient (48). It follows that
E[ViLa(w,0,d%)] = ViLa(w,6,d%),

where the expectation is with respect to the randomness in the sequence of the sampled sg,aq,- - , St, 0+ from
Algorithm 4.
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Proof The total expectation of the stochastic gradient is given by
= = (48) < ~ -
E[VoLa@0.d)] © E,, 1 0 [2(070000) = 4.0(0)) 6000)]
= Eais g |2 (07 000(0) = Aea®)) 60a(6) [ 530 . 49)

where the second line is obtained by (s, a) ~ d? from Lemma 20.

From Lemma 20, we have
Esy a0, 50,08 [A\S,a(ﬁ) | s =s,a0 = a} = As.q(0). (50)
Combining the above two equalities yield
E[VaLa@,0,d)] © B g0 [2(0760(0) ~E|A,4(0) | 5,0]) 6..a(0)]

(2) E(s,a)N(Z@ [2 (wT(ﬁs,a(e) - Asaa(e)) (Es,a(e)jl
= vaA(wagvde)'
|

Since (48) is unbiased shown in Lemma 21, we can use it for the averaged SGD algorithm to minimize L 4, called
NPG-SGD in Algorithm 5 (also see Agarwal et al., 2021, Algorithm 4).

Algorithm 5: NPG-SGD

Input: Number of iterations 7', step size o > 0, initialization wy € R™, initial state-action measure v, policy 7 (8),
discounted factor v € [0, 1)
fort =0t T —1do

Call Algorithm 4 with the inputs (v, 7(6),~) to sample (s,a) ~ d? and EM(G)
Update wy 1 = wy — aVy La(w, 6, CZG) by using (48)

T
Output: wou, = = >, Wy

Similar to Algorithm 5, once we obtain the sampled (s, a) and @37(1(9) from Algorithm 3, we can apply the averaged
SGD algorithm to solve (18) of Q-NPG.

Recall the compatible function approximation L in (18)

La(w,0,d") =B, oo [(0" 60.0(0) = Qua(6))’]

With the output (s, a) ~ d? and @s,a(H) from Algorithm 3, we compute the stochastic gradient estimator of the function
Lq in (18) by

VuLg(w,0,d%) =2 (w7 60.0(0) = Qu.a(0)) Bs.a(6), (51)

and use it for the averaged SGD algorithm to minimize L, called Q—NPG—SGD in Algorithm 6 (also see Agarwal
etal., 2021, Algorithm 2).

The estimator @U,LQ (w, 0, d %) is also unbiased following the similar argument of the proof of Lemma 2 1. We formalize
this in the following and omit the proof.
Lemma 22 Consider the output (s,a) and QS,G(G) of Algorithm 3 and the stochastic gradient (51). It follows that
E |VuLo(w,0,d%)| = VLo(w,0,d%),
where the expectation is with respect to the randomness in the sequence of the sampled sg,aq,- - , St, 0+ from

Algorithm 3.
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Algorithm 6: Q-NPG-SGD

Input: Number of iterations 7', step size o > 0, initialization wy € R™, initial state-action measure v, policy 7 (6),
discounted factor v € [0, 1)
fort =0toT — 1do

L Call Algorithm 3 with the inputs (v, 7(6), ) to sample (s,a) ~ d? and @sya(ﬁ)

S

Update wyy1 = wy — a@wLQ(w, 0, d") by using (51)

w

T
Output: wou, = & >, Wy

Appendix D. Proof of Section 4

Throughout this section and the next, we use the shorthand Vp(k) for V,(6¥)) and similarly, ngg for Qg .(0%)
and A(gka) for A, ,(6%)). We also use the shorthand ng) for the vector {ngg} y e Rl and A% for the vector
ae

[Ag'fg} | ERML

ac

We first provide the one step analysis of the Q-NPG update, which will be helpful for proving Theorem 5, 6 and 9.

D.1 The One Step Q-NPG Lemma

The following one step analysis of Q-NPG is based on the mirror descent approach developed in Xiao (2022).

Lemma 23 (One step Q-NPG lemma) Fix a state distribution p; an initial state-action distribution v; an arbitrary

comparator policy 7. Denote w( ) e argmin,, Lg(w, o) J(k)) as the exact minimizer. Consider the w™®) and 7=(F)
given in (18) and (16) respectively. We have that

9,1 =) (VI V) 4+ (=) (VD = V()

U ( S a6 T, (w® —w®) £ 303 Al (67wl - Q)

s€SacA s€SacA

@ @
+ Z Z dk+D) (k)% . ( (k)) +Z Z A+ (k) ( (k) _ ¢;raw£k)>>

seSacA seSacA
@ @
S DA CARE P S

(s,a)eSxA (s,0)ES XA <
@ ®
b3 el (ol @)+ 3 i, (O - olwl)

wl — Q)

(s,a)€ESx.A (s,a)eSxA
© @
1
< —Dk —Dj 4. (52)
Mk Nk

Proof In the context of the PMD method (16), we apply the three-point descent lemma 28 with C = A(A), f is the
linear function 7 (®,w®),-) and h : A(A) — R is the negative entropy with k(p) = Y, _ 4 Pa l0g p,. Thus, h is of
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Legendre type with rint dom & N C = rint A(A) # () and D+, -) is the KL divergence D(-, -). From Lemma 28, we
obtain that for any p € A(A), we have

e (@™, 7D 4 DD, 70) <y (@00, p) + D(p,w) — Dip, 7).
Rearranging terms and dividing both sides by 7, we get
(B0, 740 Y - LD 209) < Lpgy, x09) - Ly, nfern), 63
Mk "k Mk

Letting p = ﬂgk) yields

<¢Sw<k>,ﬁ<k+1> _ 7rgk>> <~ L ptn )y _ L pam peeny < (54)
S £ — ’r’k S ) S 'r]k —

(k)

Letting p = 7% and subtract and add 75"~ within the inner product term in (53) yields

<<I>Sw(k),7rgk+1) — ng)> + <<I)Sw(k),7r§k) — 7T:> < iD(7r k) — iD(W:,W£k+1)).

ERd S

Nk Nk

Note that we dropped the nonnegative term %D(wgkﬂ), wgk)) on the left hand side to the inequality.

Taking expectation with respect to the distribution d*, we have

1 1
By [<q> w® g+ g’“>>} ¥ Eyge K@sw(’“),wg@ —7r;‘>} < Di- D (55)
For the first expectation in (55), we have
S [ )
= Zd* P w* k+1) g)
seS < >
-y gz IR <(I)Sw(k)’ﬂ_gk+1) _ 7rgk)>
d( +1)
seS ¥s
> e ngk+1) <(I)sw(k)’7_‘_£k+1) _ ﬂgk)>
sES
> 9,y dEY <q) w® g1 §k>>
seS
- 9 Zd(k-i-l <Q(k) (k1) _ gk)> +9, ngk-i-l) <<I>Sw(”“) — Q) kD) _ 7rg;~c)>
seES sES
= (1 =) (VD = V) 49, 30 dE (@0®) - QI xHD £ (56)

seS

where the last equality is due to the performance difference lemma (46) in Lemma 18 and the two inequalities above are

obtained by the negative sign of <<P w®) 7 (’H_l) §’“)> shown in (54) and by using the following inequality

) ©0)
D) < Vg1 <0,
S
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The second term of (56) can be decomposed into four terms. That is,

ngk-i-l) < o0 — QW kD) _ 7Tgk)>

s€S

C 3T D (67,0 — Q) + Y nth () — 6T, )
s€SacA s€SacA

_ Z Z D kD T ( — ) n 1) (ko) (¢T,aw£k) _ ngg)
s€SacA s€SacA
+3°3 atamg! ( (k) (k)) + Ak (@ ( ") _ ;awi’“))

s€eSacA seSacA
=0+20+B®+®@,

where (D), @), ) and @) are defined in (52).

For the second expectation in (55), by applying again the performance difference lemma (46), we have
Eqmg [<<I>Sw(k), k) — 7r:>}

= Esug- [<Q(k) *) W:ﬂ +Egoa- [<‘I’sw(k) - QM) xlk) — W:H

© 1=y (VY Vo) + B [(@00® = Q0,2 — )]
Similarly, we decompose the second term of (58) into four terms. That is,
Eqog [<<I>Sw(k) — ng),wgk) - 7r:>}

Y S @ (6T - Q) + 3 Y i, (@) — 6T,0h)

s€ES aceA s€eSacA
= Y aBel, (0P )+ S @) (o1l - Q)
(5,0)ESx A (s,a)€Sx.A
+ Y dimol, (0 —e®)+ Y am, (QU) - l,ul)
(s,a)ESx A (s,a)ESxA
—@+®+0+@,

where @, (b), © and (@) are defined in (52).

Plugging (56) with the decomposition (57) and (58) with the decomposition (59) into (55) concludes the proof.

(57)

(58)

(59)

Consequently, the convergence analysis of Q-NPG (Theorem 5, 6 and 9) will be obtained by upper bounding the
absolute values of (D, @), @), @), @, ®), ©, () in (52) with different set of assumptions (assumptions in Theorem 5 or
assumptions in Theorem 9) and with different step size scheme (geometrically increasing step size for Theorem 5 and 9

or constant step size for Theorem 6).

D.2 Proof of Theorem 5

Proof From (52) in Lemma 23, we will upper bound |(D] and |3)| by the statistical error assumption (19) and upper

bound 2| and |@)| by using the transfer error assumption (22).
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Indeed, to upper bound |(D)|, by Cauchy-Schwartz’s inequality, we have

© < ¥ Fa (1w - l?)

s€SacA
2 2
(Y (o) .
Z : Z d: - Unif 4(a) ( aa (w(k) — w! ))>

(s,a)ES X A d; - Unif4(a) (s,0)ESx A

o Z (dgk+1))2 (ﬁgfﬁaﬂ))z Hw(k) »

dx - Unif 4(a)

IN

(s,a)eSxA

2
d(ngrl) 2
By (‘d* Al “w(k)_wﬁk)‘

IN

d*

; (60)

d*

(25) 2
< %Jpvu o) — w®

where the second inequality is obtained by Cauchy-Schwartz’s inequality, and the third inequality is obtained by the

following inequality
2
> (rlm) < YAl =1, (61)
acA acA
Then, by using Assumption 3 with the definition of ,, (60) is upper bounded by

(24) 2
D < JO,AA@ [ =]

v

< [0 (k)’ (62)
L—n Sie)
where we use the shorthand
def
Siw = Egando [$s,afia) (63)
Besides, by the first-order optimality conditions for the optima wﬁk) € argmin,, Lo (w, 0%) d (k)), we have
(w— )TV, Lo 68 d*y >0, forallweR™. (64)
Therefore, for all w € R™,
LQ(wa 0(1@)7 dN(k)) - LQ(w*(rk)a 8(k)7 d'(k))
E(s@)md(k) |:(¢;r,aw - (b;l:aw*((k) + d):qr,a Q(k)) :| Q(wik)7 a(k)7 J(k)>
k k
= E(c} a)NJ(k) |:(¢;raw - ¢;r,aw>(* ))2:| + 2(’(1) w*(( ))TE(&Q)NJ(M |:(¢;r7aw* Q(k))(bs a:|
Hw w*k)‘ + (w— TV, Lo(w®, o™, d*))
d(k)
(m)
> - w*k)‘ (65)
d(k)
Define
B Low® 90 dWy — Lo o® d®).
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Note that from (19), we have

E[elih] < e (66)
Plugging (65) into (62), we have
C,|Alk,
D < ,/{'_'veéﬁit- (67)

Similar to (60), we get the same upper bound for |3)| by just replacing wgk(f Y into 7r§ka) . That is,

C,| Ak,
®|£\/;’|_|7 ot (68)

To upper bound |2)| and |@)|, we introduce the following term

e & Lo(wi®, 0%, d).

Note that from (22), we have
E [e{h] < evins (69)

By Cauchy-Schwartz’s inequality, we have

@ < D> dhalery

s€SacA

(bsTawS*k) - ngzJ),

Z (dng))Q (Wgﬁjl))Q . Z d* - Unif 4(a) ( Tl — gk‘z)Z

S * ! s,a Y*
(s,a)€SxA dy - Unif 4(a) (s,a)ESx.A
2 2
ETCET
) i " €pias
(S.,a)ze;x_A d: : UIllfA(a) b

2
©1) dlE+) ©5)
< B ( 7| [Mdin = VOl 70)

Similar to (70), we get the same upper bound for |@)| by just replacing ﬂgkj Y into wgkg . That is,

@] < +/C, Al (1)

Next, we will upper bound the absolute values of @, (b), © and (d) of (52) separately by using again the statistical
error (19) and by using the transfer error assumption (22).
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Indeed, to upper bound |@)|, by Cauchy-Schwartz’s inequality, we have
@ < > ol (w® - ul?)

(s,a)eSxA

2
(@) (x4) | e
= > 7 Unifala) > dr - Unifu(a) (qsw (w< ) — ))
(s,a)eSxA ° A (s,a)eSxA
3 (d*) (nga)> 2
(;) SN ) Hw(k) B w(k)’
(s a)EZSXA d: ' UmfA(a)

1)
< |A| Hw(k) —w

From the definition of x,, we further obtain

4 2
<l o — )

P

6 2
(S) Ltlﬁy wk) — w£k)‘
1—7y g
© Ak, &
< T—~ . (72)
Similar to (72), we get the same upper bound for |©)| by just replacing 7r§ 2 into 75 . That is,
Alk,
|©| < ‘ | — stat (73)

To upper bound |®)|, by Cauchy-Schwartz’s inequality, we have

® < Y ar®|(ele - )

(s,a)ESxA
< (d*) ( ga) 2 - Unif - W 2
< (S,aéxflcww S,G;XA * - Unif 4(a) ( T — S’a)

dj; . UnlfA(a) bias

(s,a)eSx.A

(61) /
S |'A| 6blas (74)

Similar to (74), we get the same upper bound for || by just replacing ﬂg a) into 7} . That is,

@) < /] Ale®) . (75)

Plugging all the upper bounds (67) of |D), (70) of |2, (68) of |3)], (71) of |@)], (72) of |@|, (74) of |®)], (73) of |©)|
and (75) of |(@)| into (52) yields

D; D; 2V/[A] (9,1/C, + 1) 7
_ < k _ k+1 Al v (k) (k)
Do Gk = O) + 04 < A—m G- 1—v (\/1 ot \/eb‘as 0
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where 6k Vp(k) V,(7*). Dividing both sides by ¥, and rearranging terms, we get

D; 1 Dz
i <) s
rH (1- ’Y)Ukﬁp N 7, g (1- )Wk(ﬁp -1)

2 A(fﬂ)(\/n_u <k>+\/<k>).

1— stat €bias

If the step sizes satisfy ng41 (9, — 1) > ng

)
Diyy 1 D;
Ok (I =) (9, = 1) = <1 19/)) (5k - (1 =y)ne(9, — 1)>

WANG ) ()

L=y

<(1- )kﬂ (%+ T30
+Z< )k t9 |AgT+ )(\/Tl Stat+\/blas)'

Finally, by choosing 1y > 1_T'*Dg and using the fact that
(0) 1
=20, -1 2 =) (12 -1) =,

-y

9¥,, which is implied by 7541 > 7/~ and (20), then

+

we obtain

k
D; 1 2
Ok <O+ §<1—) —
(L =), ,) 1—=v

2./| Al \/Ci_i_ip k-1 1\ k-1t
+ (1,: 19)):2;(1_19’)) ( 5tat+\/b1as>'

Taking the total expectation with respect to the randomness in the sequence of the iterates w(®, - - - | w®* =1 we have

E [Vo(0®)] - V()

k
< (1-5) o
p -7
2 |A|(/Cp+19i) 1 k1t
P ) M
E sta +E{ 1&5})
Sonloa) (e el
k
c ()
Iy 1—x

E
=

VI (v )

1—7 ‘

(66)+(69) 1\* 9
< 1—-—) —
- ¥,) 1—7
2 |A|< Cp+ﬁi)k1 L\ Rl —
- - Hiy‘fsa +\/€bias)
- t=0< 19P> ( 1_’y ot
k
1 2 2V/IA (0, /Cp+1) [ [y
< 1—— s ias | »
= ( ﬂp) 1_74’ 1—~ < 1_’y€tat+\/€ba>
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where the second inequality is obtained by Jensen’s inequality, which concludes the proof. |

D.3 Proof of Theorem 6

Proof By (76) and using a constant step size 7, we have

. Dy 2 U 1
9, (Buss — 60) + 8 < Dy P VIA (9,1/Co + )(\/ Ky (k)t_’_\/(k)).

(I—=vn Q=7 1—v st bias

Taking the total expectation with respect to the randomness in the sequence of the iterates w(®, - .- | w®*=1)

up from O to k£ — 1 and rearranging terms, we have

k—1
i RO ([ e
ﬂpE [616] + ;E [575} S (1 — 7)77 + 79/)60 + k ( 1_ v stat T bldb)

where we use the following inequalities

(66)
B V] < /B [dh] < vam.

) 0 (69)
E €hias S E [ blas:| < V Ebias-

, summing

Finally, dropping the positive term [E [0, ] on the left hand side as 7* is the optimal policy and dividing both side by &
yields

N
=

D 20,
(1- )nk (1 =)k

WG ) ([ )

E [Vo(69)] - Vo) <

el
-
I
o

With the constant step size n > we have

219’

ZE[00)] -t 2+ AR ().

t=0

w\»—

D.4 Proof of Theorem 9
Proof Similar to the proof of Theorem 5, by Lemma 23, we upper bound the absolute values of (D, @), @, @, @, ®),
©, (@ introduced in (52), separately, with the set of assumptions in Theorem 9.

In comparison with the proof of Theorem 5, we will also upper bound |(D|, |3)], |@| and |©)| by the statistical error
assumption (19) as in the proof of Theorem 5. However, we will upper bound |2)|, @], |®)| and |(d)| by using the
approximation error assumption (29) instead of the transfer error assumption (22).
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To upper bound |(D], by Cauchy-Schwartz’s inequality, we get

@ < > alktiakEy 7(wm_wwﬂ

sES acA
(d(k+1)) (w(ﬁj”)Q 2
’ 7 (k) &)
B E R M)

(k+1) _(k+1)\ 2
(63) ds Ts,a k
= }E(s@)wcz(k) < k) ) Hw(k) ( )H

(30)

< c,
(65) L
< V Cy Eét;t'

Similar to [(D|, by using Assumption § and Cauchy-Schwartz’s inequality, and by simply replacing 7B+ into 7(F) or
7* and replacing d*+1) into d*, we obtain the same upper bound of |3)|, |@| and |©)|, that is

B @, e < Gl

(B w6 G0

approx

(k)

wk) — w,&k)’

)

Next, we define
€

By Assumption 7, we know that

k
E |:€£Lp)proxi| S Eapprox-

To upper bound |(2)|, by Cauchy-Schwartz’s inequality, we have

@ < sz(kJrl k+1)’¢T

sES acA
( (k+1> ( (k+1)) )
S S S (sl - o)
(s,a)eSxA 5 a (s,a)eSx.A

2
dgk+1)ﬂg{cjl) w
= E(s,a)~J<k> W - €approx

(30) P
< \/ Cy 6z(a‘p)prox .

Similar to [2)], by using Assumption 7 and Cauchy-Schwartz’s inequality, and by simply replacing 7 +1) into 7(F) or
7* and replacing d**1) into d*, we obtain the same upper bound for |@)|, |®)| and | )], that is

@B, < y/Celhor

Consequently, plugging all these upper bounds into (52) leads to the following recurrent inequality

D Dr 2y/C, 19 —|—1
9, (pg1 — Op) + 0 < — b — _ThFL (\/ el + \/eé’éi»mx>

A=y)m (1 —=)m
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By using the same increasing step size as in Theorem 5 and following the same arguments in the proof of Theorem 5
after (76), we obtain the final performance bound with the linear convergence rate

B[00 v < (1- 1) 12+ G0t (e e

Appendix E. Sample complexity of Q-NPG

Here we establish the sample complexity results (i.e., total number of samples of single-step interaction with the
environment) of a sample-based Q-NPG Algorithm 2 in Appendix C. Combined with a regression solver, Q-NPG-SGD
in Algorithm 6, the following corollary shows that Algorithm 2 converges globally by further assuming that the feature
map is bounded and has non-singular covariance matrix.

Corollary 24 Consider the setting of Theorem 9. Suppose that the sample-based Q-NPG Algorithm 2 is run for
K iterations, with T gradient steps of Q—NPG—-SGD (Algorithm 6) per iteration. Furthermore, suppose that for all
(s,a) € S x A we have ||¢s q|| < B with B > 0, and we choose the step size o = 535z and the initialization wg = 0
for O-NPG-SGD. If for all § € R™, the covariance matrix of the feature map induced by the policy 7(0) and the initial
state-action distribution v satisfies

E(s,a)wtie [¢S,G¢Ia] Z )U“ITVH (77)

where I, € R™*™ is the identity matrix and ;1 > 0, then

Ehﬂmmﬂ—vuﬁ)g(y_l>K 2 20+ 1) V/Cotupprox

d,) 1—v 1=y
Al Gm)em).

In Q—-NPG—SGD, each trajectory has the expected length 1/(1—+). Consequently, with K = O(log(1/¢€)log(1/(1—7)))

and T' = O(W) Q-NPG requires K * T'/(1 —v) = O(W) samples such that E [V, (019))] — V,(7*) <
O(e) + 0 (Yz==).

Compared to Agarwal et al. (2021, Corollary 26) for the sampled based Q-NPG Algorithm 2, their sample complexity
is O(m) with K = W and T = W Despite the difference on the convergence rate for K, they

use the optimization results of Shalev-Shwartz and Ben-David (2014, Theorem 14.8) to obtain ey = O(1/VT),
while we use the one of Bach and Moulines (2013, Theorem 1) to establish egor = O(1/T). Thus, they consider the
projected SGD and require that the feature map is bounded and the stochastic gradient is bounded®. To apply Bach and
Moulines (2013, Theorem 1), we do not require the projection step nor the stochastic gradient bounded. Instead, we
verify conditions on the covariance matrix of the stochastic gradient at the optimum (see (vi) in Theorem 29). Thus, we
require that the feature map has non-singular covariance matrix (77).

Proof From Theorem 9, it remains to upper bound the statistical error y/€sa; produced from the Q—-NPG-SGD procedure
(Algorithm 6) for each iteration k. We suppress the superscript (k). Let woyt be the output of T" steps Q—NPG—-SGD with
the constant step size ﬁ and the initialization wo = 0, and let w, € argmin,, Lg(w,#,d?) be the exact minimizer.
To upper bound egt,¢ from (19), we aim to apply the standard analysis for the averaged SGD, i.e., Theorem 29. Now we
verify all the assumptions in order for Q—-NPG-SGD.

First, (i) is verified by considering the Euclidean space H = R™.

3. which is not correctly verified in their proof, since each single sampled trajectory has unbounded length.
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The observations ((ﬁs,a, @S,Q(G)%,a) € R™ x R™ are independent and identically distributed, sampled from
Algorithm 3. Thus, (ii) is verified with z,, = ¢5 ., € R™ and z,, = @37,1(0)@7@ c R™,

As the feature map ||¢s || < B, we have E { 2} finite. From (77), we know that the covariance E [¢ . ¢, ,] is

N 2
invertible. To verify (iii), it remains to verify that E U'sta(ﬁ)qﬁsﬂ } is finite. Indeed, by using ||¢s o || < B, we have

E[|0.a@)6.a] ] < 572 [Qu007].

~ 2 ~
Thus, it remains to show E [(QM(Q)) } finite for (iii). From (47), we rewrite Qs 4(0) as

H
Qual0) =D c(si,ar)
t=0
with (sg,ag) = (s,a) ~ d’ and H is the length of the trajectory for estimating @ . (6). Thus, (iii) is verified as the
variance of Qs ,(6) is upper bounded by

r 2
R 9 oo k
E [(Qs,a(a)) } = E(yayede | Y Pr(H = k)E (Zc S, ay > | H=k,s0=s,a0=a
k=0 t=0
r 2
00 k
:]E(Sﬂ)wdng (1—7)27}“]E (Zc st,at> | H=Fk,s0 =8,a0=a
- t=0
[ 2
< ]E(s,a)NLie Z ’Y k + 1 S (1 _ 7) (79)

where the first inequality is obtained as |c(s, at)| € [0, 1] for all (s¢,a¢) € S x A

Next, we introduce the residual
def

£ =

From Lemma 22, we know that

(Qs a( ) - quss,a) ¢s,a —: 7§wLQ(w*79aJ9)- (80)

E [@wLQ(w*,e,Je)} = VuLo(w,,0,d").
So, we have that )
Elg] = 5 VuLo(w,,0,d”) =0,

where the last equality is obtained as w, is the exact minimizer of the loss function Lg. Thus, (iv) is verified with that
fis 3Lg, &, is € and 0 is w in our context.

From Q-NPG-SGD update 51, we have (v) verified with step size /2 in our context.

Finally, for (vi), from the boundedness of the feature map ||@, || < B, we take R = B such that E [Hd)&a 112 (bs,agZ)IG} <
B?E [$s,a¢. ,]. It remains to find o > 0 such that

E[6€7] < 0%E [¢s00 o] -

We rewrite the covariance of ¢ as

~ 2
E[eT] © E [(Qs,aw) —wléy0) ¢s,a¢;ia]
~ 2
= E(Lq’a),\,dNG [(QS,G(G) - quss,a) ¢s,a¢la | S, a:|
?|

~ 2
= E(sya)w(je |: (Qs,a(e) - w;r(bs,a) | s,a] ¢s,a¢la:| .

32



LINEAR CONVERGENCE OF NATURAL POLICY GRADIENT METHODS WITH LOG-LINEAR POLICIES

Thus, it suffices to find o > 0 such that

E {(@s,a«n ~ul6ua) | s,a} =E {(@s,a(e))Q | s,a] = 2Qua(O)w] o0+ (w] d1)

‘<o 8D

forall (s,a) € S x A to verify (vi). Besides, we know that

B|(Qu®) 15d] '€ 2

We also know that |Q ,(0)] < ﬁ and ||¢s,q]] < B. Now we need to bound ||w,|. Again, since w, is the exact

minimizer, we have V., Lo (w,,6,d?) = 0. That is
E(S,G)ng [(quﬁsva - sta(o)) QSS,Q:I = O’
which implies

¥
Wy = (E(s,a)Ntie [¢s,a¢la]) E(s,a)NUZG [Qs,a(9)¢s,a] :

By the boundness of the feature map || ¢ .|| < B and the Q-function |Q; ,(6)| < ﬁ, and the condition (77), we have
the minimizer w, bounded by
7 B
) '€ 2
p(l =)

N 2
By using the upper bounds of E [(Qs,a(e)) | s, a], |Qs.0(0)], ||ws|| and ||¢ps o], the left hand side of (81) can be

upper bounded by

~ 2 2 2B2 B*
E s,a 9 —w, s,a ) <
[(Q,U w] o) |sa]_(17)2

Thus, we choose

Now all the conditions (i) - (vi) in Theorem 29 are verified. With step size o = 2—};, the initialization wg = 0 and T’
steps of Q—NPG—-SGD updates (51), we have

- - 4
E |Lo(wou.6,d")| = Lo(w..0,d") < = (ov/m + Bljuw. )’
2
2 2
_ A (vem <B+l>+B
T\1-y\ p (L —7)

Consequently, Assumption | is verified by

2 B?
Estat < W (M (\/%-l-l) +\/%> .

The proof is completed by replacing the above upper bound of /eg,t in the results of Theorem 9.
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Appendix F. Proof of Section 5
F.1 The One Step NPG Lemma

To prove Theorem 14 and 15, we start from providing the one step analysis of the NPG update.

Lemma 25 (One step NPG lemma) Fix a state distribution p; an initial state-action distribution v; an arbitrary
comparator policy 7. At the k-th iteration, denote w&k) € argmin,, LA(w,Q(k), d(k)) as the exact minimizer.

Consider the w'*) and =¥) NPG iterates given in (34) and (17) respectively. Note

e L La(w®, 00, d®) — Ly(w® 00 d0), (82)
de, . ~1.
6e(a]]g)prox :f Ly (wik)’ e(k)a d (k))v (83)

de %
5, LV ® v, (7).

If Assumptions 11, 12 and 13 hold for all k > 0, then we have that

D; Dy VC, (9, +1) k k
D (Brr = 0) + 0 < ot — i T — (\/egtgt e ) (84)

I=m  (A=7)m

Proof From the three-point descent lemma 28 and (17), we obtain that for any p € A(A), we have

i (BPw®, 74D 4 DD, 709) < (3P0, p) + D(p, nP) — D(p,x* D).

S

Rearranging terms and dividing both sides by 7, we get

S S — S

- 1 1 1
<<I>gk)w(k), m{k+1) —p> + =DV 7Ry < —D(p,7*)) — —D(p, 7+ D).
M Mk Mk

Letting p = w(ﬁ’” and knowing that

<‘5gk)w(k),ﬂgk)> =0 forall k > 0,
yields

(8Fu® 7)<~ LDl x9) — LDl a k) <o, (85)
Tk Tk
Letting p = 7} yields
- 1 1
<<1>(k)w(k),7r(k+l) — 7r*> < —D(xt, 7%y — = D(x}, 7+D).
S S S — nk S S nk S

Note that we dropped the nonnegative term 7%CD(7T£IC+1), ﬂgk)) on the left hand side to the inequality.

Taking expectation with respect to the distribution d*, we have

_ _ 1 1
Eqoqe K@gk)w(k),wgk“)ﬂ g K@gk)w(k),w’fﬂ < - Df——Dj,,. (86)
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For the first expectation in (86), we have
By (80900, 40)

= Y <q)gk>w<k>’ ng+1>>

seES
=X g (8, )
g+
seS
(20)4(85) —
S Dpr1 ngkJrl) <(I)gk)w(k)’ﬂ.£k+1)>
sES
(zo)g(xs) ﬁpzdgk+1) <§,gk)w(zc)’ﬁgk+1)>
sES

= VB apnd [(Qgglfg)Tw(k)]
= 19 E (s,a)~d (F+1) [Aglfcz} + ﬂPE(s,a)Nd_(k‘*'l) |:(¢(k)) k) — Ag]fa),:|

= 0,(1—7) (V (k1) V(’“)) + 0B gy st [(Jﬂ’“))%“) — A ] , 87)

where the last line is obtained by the performance difference lemma (45), and we use the shorthand gb as ¢ o (0).

The second term of (87) can be lower bounded. To do it, we first decompose it into two terms. That is,
]E(s,a)wi(km {(&gfgfw(k) - Agkg} = ]E(s,a)N(Z(kJrl) [(q;ngg)r(w(k) - w£k))]
@®
+ E(s,a)w&(’“ﬂ) [(&g]fg)—rwik) - Ang(Z:| . (88)

@

We will upper bound the absolute values of the above two terms |(D)] and |2)| separately. More precisely, similar to the
proof of Theorem 9, we will upper bound the first term |(D] by the statistical error assumption (35) and upper bound the
second term |(2)| by using the approximation error assumption (36).

To upper bound (), we first define the following covariance matrix of the centered feature map

def
252) = E(é LL)Nd(’») |:¢ (k) ((b (k)) :| (89)

Here we use the superscript (k) for I (l) to distinguish the covariance matrix of the feature map X ;) defined in (63)
in the proof of Theorem 5, as the centered feature map ¢s, a) depends on the iterates 6).

By Cauchy-Schwartz’s inequality, we have

@ < Y A& @)@ - wl)

(s,a)eSx.A
(#)° 2
8,0 e k
< | X e X al (@ Tew - )
(s,a)ESXA ds,a (s,a)eSx.A

*(k+1) 2
(89) ds,a *)
= | Eea~d® ( FI0) ) Hw(k)_ H @
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By further using the concentrability assumption 13, we have

37 2
= )

d (k)

< \/CV(LA(w%%@(k%&(“)LA( SNIONIC >>) (90)

(2) Cl,e(k) 1)

stat»

(k) - (k) -

where (90) uses that w,
Theorem 5).

is a minimizer of L 4 and w; "’ is feasible (see the same arguments of (65) in the proof of

For the second term |2)| in (88), by Cauchy-Schwartz’s inequality, we have

@ < o dEI @) Twl® -
(s,a)eSxA
(J(k""l)) )
<l n O e e

(s,a)eSx.A s,a (s,a)eSx.A

IARAN W
= E(s,a)Ndm <Cz(k)> La(wy”, 00 d(k))

s,a

(37)+(83)
< VO o (92)

Plugging (91) and (92) into (87) yields

Eqoq- [<<i>gk>w(k>,7rgk+1>>} > 9,(1—7) (v B4 _ () ) —9,\/C, (\/@+ \/eg’;;rox) .93

Now for the second expectation in (86), by using the performance difference lemma (45) in Lemma 18, we have

“Eona [(8P0®,17)] = B, apin [AR] +Egayar AR = (38 Tw®]

)

= (1=7) (V9 = Vp(m) + By [A% = @D Tw @] 04)

The second term of (94) can be lower bounded. We first decompose it into two terms. That is,
iy k
E(s,a)w(i"* ‘s]f (¢ ) :| ]E(s a)~d™* |:A£.l,ca - ((nglfg)Tw& ):|
@
By |08 T @ —w®)]. 95)

®

Now we will upper bound the absolute values of the above two terms |@| and |(b)| separately.
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For the first one |@|, by Cauchy-Schwartz’s inequality, we have

@ < X Al - G|
(s,a)ESxA
< Z ( aﬂa)Q Z d*(k) (*(k)) (k) _ 4(k)
= d, ]i?) S,a S,
\(S“ ESXA T (s,a)eSxA
= (Ga)wd(k) [ f LA(wﬁk),e(k),d(k))

(B7N+(@3)
< CLQLpprox (96)

For the second term |(b)] in (95), by Cauchy-Schwartz’s inequality, we have

® < > dm|EE) T @ - w®)

(s,a)eSxA

M

(89)

d
E(s,a)wd(k) [

37) 2
: ¢ © — ol
(k)
a)

o ~
= A, 90, 409) — Ly(w), 90, 40))

(h’)
stat (97)

Thus, we lower bound (95) by
_ (96)+(97)
Eooyg- [<<1>gc>w<k>,7r;>] > (1—n) (Vpoc) _ vp(w*)) _JC, (\/eggt + \/eé’;)pmx) . (98)

Substituting (93) and (98) into (86), dividing both side by 1 — « and rearranging terms, we get

D D VO, (9, +1 k k
Dy (St — O) + 6 < ke — TREL_ 1(”7 )(\/eititﬂ/e&plnox :

I=m (A =7)m

F.2 Proof of Theorem 14

Proof From (84) in Lemma 25, by using the same increasing step size as in Theorem 5, i.e. 779 > 1_T"’Dg and

Nk+1 > Nk /7, and following the same arguments in the proof of Theorem 5 after (76), we obtain the final performance
bound with the linear convergence rate

1)’“ 2 VG, (0,+1)

E |:Vp(9(k)):| - Vp(ﬂ'*) S (1 - 197;) 1_ ~y + 1_ ~ (\/ Estat + \/eapprox) .
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F.3 Proof of Theorem 15

Proof From (84) in Lemma 25 with the constant step size, we have

D; Dy vC (19 + 1) [ (k) [ (k)
9, (8 —0k)+ 0 < k - kol + el ( Ega + \/ €approx | -
p( k+1 k) k (1_7)77 (1_,}/)77 1_7 tat pp

Taking the total expectation with respect to the randomness in the sequence of the iterates w(®, - - -, w®* =1 yields

) E [D;] _ E [Dlt+1}
9, (E[0ks1] —E[6x]) +E[0k] < I—n (=)

C, (9 1

AL (E {\/ ®]4E [\/es;zm )
1—7

E[D;] E[Dj,]

1=vyn (A=

YO D (] + o [h] )

(35)2(3(7) E[D;] E[Dj.] N VO, (9, +1)

- Esta + €approx
G Qo T Ty (Ve Vo).
By summing up from 0 to k¥ — 1, we get
VO, (9, +1
5]6 +ZE 6t S 77)4_19 6O+k l(’y—i_)(\/estat"_\/eapprox)

Finally, dropping the positive term E [0 ] on the left hand side as 7* is the optimal policy and dividing both side by &
yields

N
[u

t * D* ﬂp C 19
E [Vp(a())} = Vy(r*) < (1_’3)77]{; + (12—’)/)k1 + \/71( +1) (\/@+ \/m)

| =
-
[
o

With the constant step size n > we have

219’

= 9 T, (0,
i;Emww—WWV%i%hﬁff_HNﬁm+ﬁmm)

Appendix G. Sample complexity of NPG

Combined with a regression solver, NPG—SGD in Algorithm 5, which uses a slight modification of Q—NPG—-SGD for the
unbiased gradient estimates of L 4, we consider a sampled-based NPG Algorithm | proposed in Appendix C and show
its sample complexity result in the following corollary.

Corollary 26 Consider the setting of Theorem 4. Suppose that the sample-based NPG Algorithm [ is run for
K iterations, with T gradient steps of NPG-SGD (Algorithm 5) per iteration. Furthermore, suppose that for all
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(s,a) € S x A we have ||¢s q|| < B with B > 0, and we choose the step size o = gizz and the initialization wg = 0
for NPG-SGD. If for all § € R™, the covariance matrix of the centered feature map induced by the policy 7(0) and the
initial state-action distribution v satisfies

E(s,a)wcis [(Es,a(e)(éaa(e))—r] > /J/Ima (99)
where I, € R™*™ is the identity matrix and ;1 > 0, then

B [1,6%)] - Vi) < (1 - 1>K 2, 0o+ 1) VOoupor

Iy 1—7 1—x
AL, 1) (257 (o _
T (u (ﬁ+1)+ﬁ). (100)

Proof Similar to the proof of Corollary 24, we suppress the subscript k. First, the centered feature map is bounded
by H‘ﬁsva(G)H < 2B. In order to apply Theorem 1 of Bach and Moulines (2013), it remains to upper bound

—~ _ 2 -
E [HAS,,}(G)QSM(Q)H ] and |[w, || with w, € argmin,, L A(w,,d?), and find & > 0 such that

E [(As,a(e) - qu’ss,a(e)f | s,a} —E {(&49))2 | s,a] — 24, 4 (O)w] B0 (8) + (w] $s.a(8))” < 0 (101)
holds for all (s,a) € S x Aand § € R™.

Similar to the proof of Corollary 24, the closed form solution of w, can be written as

W, = (IE(W)NJG [is,a(ﬂ)%,a(e)TDTE(S’a)wdw [Qs.0(0)¢s,0(0)] -

From (99), we have
2B

wl| < ————.
| p(l—7)

~ 2 ~ ~ ~
Now we need to upper bound E {(A&a(@)) | s, a] from (101). Indeed, by using A; (0) = Qs.4(6) — Vs(0), we

have

~ 2 . 2 N 2
E [(As,a(a)) | s,a] < 2B {(QM(GD | s,a} +2E [(Vm(&)) | s,a]
79) 8
< 71 N9
T (=92
. 2 N 2
where the last line is obtained, as E {(VM(G)) | s, a} shares the same upper bound (79) of E {(QM(G)) | s,a} by

using the similar argument.

(102)

_ " _ 2
From (102) and ¢ ,(0) < 2B, we verify E [HAM(H)QSM(G) H } bounded as well.

~ 2 _
By using the upper bounds of E [(Agwa((‘))) | s, a}, [lwils |As,a(0)] < % and ||¢s,q(0)|| < 2B, the left hand side
of (101) is upper bounded by
8 16 B2 16B*

B | (Aa®) - wT60a0) [s00) < 2t % 0
4 282 ?
“-or (U )+ 1)
8 22 ?
<)
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Thus, we choose

Now all the conditions (i) - (vi) in Theorem 29 are verified. The reminder of the proof follows that of Corollary 24. W

Appendix H. Standard Optimization Results

In this section, we present the standard optimization results from Beck (2017); Xiao (2022); Bach and Moulines (2013)
used in our proofs.

First, we present the closed form update of mirror descent with KL divergence on the simplex. We provide its proof for
the completeness.

Lemma 27 (Mirror descent on the simplex, Example 9.10 in Beck (2017)) Let g € R™ which will often be a gradi-
ent and let ) > 0. For p, q in the unit n-simplex A", the mirror descent step with respect to the KL divergence

min 7 (g,p) + D(p,q) (103)
pEA™
is given by
q @ 67779
pP=—e———— (104)

D iy e

where © is the element-wise product between vectors.

Proof The Lagrangian of (103) is given by

L(p, 1, A) =0 (g,p) + D(p,q) + (1 = >_pi) = >_ Aipis
i=1 =1

where 1 € R and A € R™ with non-negative coordinates are the Lagrangian multipliers. Thus the Karush—-Kuhn-Tucker
conditions are given by

1,p=1,

Ai=0orp;, =0, foralli=1,--- n,

where the division p/q is element-wise. Isolating p in the top equation gives
p=q0O e(h=Dlnt+A-ng _ e“_lq ® e 9,
Using the second constraint 1,/ p = 1 gives that
- 1
1=ett e = et =

; Z Dlimy qiet T

Consequently, by plugging the above term into p, we have that

q @ e)‘fng
P= s
Z?:l qi6>\1*7791

It remains to determine . If ¢; = O then p; = 0 and thus A; > 0. Conversely, if g; > 0 then p; > 0 and thus A; = 0. In
either of these cases, we have that the solution is given by (104). |
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Now we present the three-point descent lemma on proximal optimization with Bregman divergences, which is another
key ingredient for our PMD analysis. Following Xiao (2022, Lemma 6), we adopt a slight variation of Lemma
3.2 in Chen and Teboulle (1993). First, we need some technical conditions. We say a function h is of Legendre
type (Rockafellar, 1970, Section 26) if it is essentially smooth and strictly convex in the relative interior of dom h,
denoted as rint dom h. Essential smoothness means that  is differentiable and ||Vh(x,,)|| — oo for every sequence
{x,} converging to a boundary point of dom h. The Bregman divergence generated by a function h of Legendre type is
a distance-like function defined as

def

Du(p,p") = h(p) — h(p) = (Vh(p'),p — ')

Under the above conditions, we have the following result.

Lemma 28 (Three-point decent lemma, Lemma 6 in Xiao (2022)) Suppose that C C R™ is a closed convex set,
f : C — R is a proper, closed convex function, Dy (-,-) is the Bregman divergence generated by a function h of
Lengendre type and rint dom h N C # (). For any x € rint dom h, let

o+ = argmin{ f(u) + Da(u,2)}.
ue
Then T € rint dom h N C and for any u € C,

f(x+) + Dh(ervx) < f(u) + Dh(uvx) - Dh(u7x+)'

Finally, we use the following linear regression analysis for the proof of our sample complexity results, i.e., Corollary 24
and 26.

Theorem 29 (Theorem 1 in Bach and Moulines (2013)) Consider the following assumptions:
(i) H is a m-dimensional Euclidean space.
(ii) The observations (x,, z,,) € H X H are independent and identically distributed.

(iii) E {||xn||2] and E [Hznﬂg} are finite. The covariance E [z,x} | is assumed invertible.

(iv) The global minimum of f(#) = 1E [(0, zn)? —2(6, zn>} is attained at a certain 6, € H. Denote &, =
Zn — (O, Tp) Ty, as the residual. We have E [£,,] = 0.

(v) Consider the stochastic gradient recursion defined as

en = 9n—1 - 77<<9n—17xn> Tp — zn)7

started from 0y € H and also consider the averaged iterates 0,y = n%_l ZZ:O 0.

(vi) There exists R > 0 and o > 0 such that E [£,€)) | < 0°E [z,2,) ] and E {HanQ wnxﬂ < R%E [z,2,) |.

When n = ﬁ, we have

E[f(Boue) — f(8.)] < = (/7 + R0 — 6.1 (105)
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