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In this note, we first derive a one-parameter family of hyperparameter scaling strategies
that interpolates between the neural-tangent scaling and mean-field /maximal-update scaling.
We then calculate the scalings of dynamical observables — network outputs, neural tangent
kernels, and differentials of neural tangent kernels — for wide and deep neural networks.
These calculations in turn reveal a proper way to scale depth with width such that resultant
large-scale models maintain their representation-learning ability. Finally, we observe that
various infinite-width limits examined in the literature correspond to the distinct corners of
the interconnected web spanned by effective theories for finite-width neural networks, with

their training dynamics ranging from being weakly-coupled to being strongly-coupled.

I. INTRODUCTION

As we push the limits of Al-powered technologies — e.g., to draw like (Dali+WALL-E)/2 [1] 2],
to speak like an omnilingual translator [3], and to beat the imitation game like a human being [4. 5]
— state-of-the-art models are inflating in size at a staggering pace. Anticipating this scaling trend
to remain in vogue for the foreseeable future [6H§], it is imperative that we understand how to scale
up models intelligently. Specifically, as deep-learning models grow both in width and depth, we’d
like a principled way to adjust hyperparameters accordingly so that we won’t have to restart the
hyperparameter search from scratch each time models redouble.

Among a variety of hyperparameters used in practice, the most ubiquitous ones are those that
control initialization distributions and learning rates. For these ommnipresent hyperparameters,
the following two scaling strategies have been suggested by theorists for wide and deep neural
networks: one is the neural-tangent (NT) scaling strategy [9], which naturally arose from the study
of infinitely-wide neural networks as kernel machines [T0H12]; the other is the maximal-update (MU)
scaling strategy [13], which generalizes the mean-field limit of one-hidden-layer neural networks [14}-
17] to deeper ones. In the wild today, unfortunately, neither strategies are followed systematically

by practitioners: there are yet to be fair, methodical, and community-wide empirical tests as to



which hyperparameter scaling strategies perform better for which dataset-task pairs with which
network architectures and optimizers.!

In order to complement these putative empirical efforts, here we place various scaling strategies
into a coherent theoretical framework.

In §II] we first review minimum ingredients for our study while introducing the general class
of hyperparameter scaling strategies that we call pyqer scaling strategies, which are equivalent to
the abc-parametrizations introduced in Ref. [13].2 In we then derive a one-parameter family
of hyperparameter scaling strategies from the principle of criticality for preactivations and the
principle of learning-rate equivalence for the neural tangent kernel, that is, from the desiderata to
avoid exploding/vanishing signals and to ensure that every layer contributes equally to learning [19].
The resulting family, 7, is parametrized by a metaparameter s € [0, 1] and interpolates
between the NT scaling at s = 0 and MU scaling at s = 1. In §IV] we further evaluate the degree

of representation learning by analyzing the first-order and second-order differentials of the neural

tangent kernel and find that their leading-order representation-learning effect is proportional to
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where n is the width and L is the depth of a neural network. Note that, had we fixed the depth
in scaling up the model, the MU hyperparameter scaling strategy with s = 1 would be the only
strategy that retains representation-learning capability for a large-scale neural network. However,
it is critical to stress that, for any value of s, we can scale up the depth along with the width as
L ~ n'~* to keep the emergent scale 7 fixed. As we detail in this leads to a richer taxonomy of
representation-learning models in the infinite-model-size limit, and an even richer set of effective
theories at finite size; some are governed by weakly-coupled training dynamics that can be analyzed
by perturbation theory and the others are governed by strongly-coupled dynamics that call for
nonperturbative approaches. Appendix [A] contains some further calculating, which presents the

hierarchical structure of neural tangent kernel differentials for one-hidden-layer neural networks.

! See, e.g., Ref. [18] for a test of the MU scaling strategy.
2 For the purpose of our presentation, we find it tidier to adopt a convention slightly different from Ref. [I3]. For
those familiar with Ref. [I3], our conventions are related by

2a1 +2b1 =p1; 2a¢+2bp=1+p; for £=2,...,L,
201 =q1; 2a¢=14+q¢ for ¢=2,...,L,
c=—r.
We also identify the L-th layer as an output layer rather than attaching the extra (L + 1)-th layer. More broadly,

we follow the notations and conventions in Ref. [I9] and extend the results therein to study general hyperparameter
scaling strategies.



II. REVIEW AND p,q,r SCALING STRATEGIES

Deep neural networks are composed of many structurally similar operations stacked on top of
each other. A prototypical architecture — on which we focus all our concrete calculational effort
throughout this note — is a multilayer perceptron (a.k.a. a fully-connected feedforward network),

recursively defined by
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where ;.5 are inputs, indexed by a vectorial index j and a sample index § € D in a dataset D; biases
bgz) and weights Wi(f) are learnable model parameters; the single-variable function o(z) is called
an activation function; and zi(;?’s are called /-th-layer preactivations, with f;s = zl%) being the
network output for a sample é. In addition, here, the input dimension ny and the output dimension
ny, are fixed by the dataset and by the task while the hidden-layer widths ni,ne,...,nr_1 and the

depth L are architecture hyperparameters one freely chooses. For the purpose of our calculations,

we assume that the numbers of the hidden-layer neurons are all of similar order,
niy,no, ..., NL_1~ N, (2.3)

i.e., that they are all being increased simultaneously and uniformly in scaling up the model.
Before training starts, learnable model parameters need to be initialized in some way. Typically,
the biases and weights are initialized identically and independently with mean-zero distributions —

such as normal distributions and uniform distributions — whose covariances will be denoted as
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where CISK) and Cl(f/) are order-one numbers — initialization hyperparameters — assigned to each
layer, and expectation E[-] is over the initialization distributions.® In particular, the NT scaling
strategy corresponds to setting py = 0 which, as we shall see, results in order-one preactivations for
all the layers. More generally, nonzero p,’s would let us consider other possible scaling strategies

with different powers of the typical hidden-layer width n.*

3 An obligatory apology is in order for using the symbol & both for the Kronecker delta and for the sample index;
it should be clear from the context which are which.

4 Even more generally, one can pick different p,’s for biases and for weights; we will here make them equal such that
biases and weights in a given layer contribute at the same order.



After initialization, model parameters 0, = {bge) Wl(f)}é L are typically trained by some

gradient-based optimization algorithm. A prototypical optimizer — again to which we pay all our

concrete calculational attention — is gradient descent, given by

dL
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iterated from ¢ = 0 at which point the network is initialized. Here, L4, is a loss function on the
batch of samples A; C D at the ¢-th iteration; 1 is a global learning rate; and A, is a learning-rate
tensor that lets us control in more detail how the gradient on the v-th model parameter affects the
update of the u-th model parameter. Typically, the learning-rate tensor is chosen to be diagonal,
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where )\(g) and /\%) are order-one numbers — training hyperparameters — assigned to each layer: in
words, n)\b )/n‘” is the learning rate for the /-th-layer biases and 77)\%)/(71‘1Z ny—1) is the learning rate
for the /-th-layer weights.> Here again, the NT scaling corresponds to setting ¢, = 0 and nonzero
qe’s allow more general scaling strategies. In the same spirit, we can think of further scaling the

global learning rate with n,

n=n"no, (2.7)

with an order-one number 7.
In passing, we note that there is trivial gauge redundancy among the exponents py, q¢, and r.

That is, for any real number g, we readily see that the transformation

pe—=pe, w—q+g, r—r+g (2.8)

leaves the initialization (2.4)) and the update equation (2.5 invariant. I.e., out of the 2L + 1
exponents introduced in this section, one linear combination has no physical consequence.
Finally, to introduce various dynamical observables of our interest, let us Taylor-expand the

(L)

update for the network output, f;.s = Zi5 in the update for the model parameters,

Oult+1) - nzxwdﬁf‘t ——nZAuuZZ e ORICY)

d o~
j= 1aeAt fia

5 Even more typically, the learning-rate tensor is set to be a Kronecker delta, Auv = Ouv, giving the same learning
rate for all the model parameters. That is the so-called standard parametrization, which is used most standardly
in practice as of today but maybe not if you come from the theoretical future.



After doing just that and rearranging summations and dummy indices, we get
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They are the neural tangent kernel (NTK), the first-order differential of the NTK (dNTK), and
the second-order differential of the NTK (ddNTK) of type I, respectively.®

For the system of equations to be closed, we need to further track the evolution of these dy-
namical observables: e.g., by Taylor-expanding the update for the NTK in the update for
the model parameters , we get

Higiy;606, (t+1) (2.14)
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where we additionally introduced the type-II ddNTK,
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5 Note that the transformation (2.8)) leaves nH, n?dH, and n*ddiH invariant.



Here, we see that the ANTK governs the leading-order change in the NTK after a gradient-descent
step — hence its naming — and, carrying out the same exercise for the dNTK, we would find that a
linear combination of the ddNTKs governs the leading-order change in the dNTK.

In general, these dynamical equations proliferate ad infinitum, both because there are an infinite
number of Taylor terms for each dynamical equation and because there are an infinite number of
dynamical objects with their own update equations.

Thus, at the first sight, these coupled equations look infinitely formidable and intractable. For-
tunately, in some regimes — specifically, when the scale v = L/n!~* is small — we can systemat-
ically truncate the Taylor expansions and the resulting system of coupled dynamical equations can
be solved through perturbation theory [19, [20]. What’s more, for a given optimizer, the solution
at the end of training can be expressed solely in terms of the dynamical objects at initialization.
Therefore, we can mostly focus our study on the statistics and scalings of these dynamical objects
at initialization, from which we can read off their statistics and scalings after training.”

With those remarks in mind, in the next section, we’ll study the network output and NTK at
initialization while, in the section after that, we’ll study the ANTK and ddNTKSs at initialization.
Meanwhile, higher-order differentials of the NTK are consigned to Appendix [A]

III. DERIVING A META-PRINCIPLED FAMILY

In this section, we’ll use the principle of criticality for hidden-layer preactivations (§I1I A)) and
the principle of learning-rate equivalence for neural tangent kernels (§l1I Bf) to narrow the general
class of pyqer hyperparameter scaling strategies down to a one-parameter family (§I11 C)).

A. The Principle of Criticality at Meta

As a given input signal propagates forward through many layers of a deep neural network, the
signal gets hit by many similar mathematical operations one after another. In turn, we gener-
ically expect that the forward signal either exponentially explodes or exponentially vanishes in
magnitude, both of which would inhibit learning. The solution to this problem was proposed in

a series of papers [22-24] and later extended in Ref. [19]. In particular, for the NT scaling with

7 For this Taylor approach to work, the activation function needs to be smooth. This excludes ReLU activation
function from our consideration due to its kink at origin: see Ref. [I9] for more details on this subtlety. That
said, empirically there is no observed superiority of ReLU over its smooth variants like GELU and SWISH — see, e.g.,
Ref. [21] — and hence this theoretical limitation is not practically limiting.



pe = 0, the resulting principle of criticality gives a general prescription for tuning initialization
hyperparameters C’IEZ) and C‘(,f;) so as to ensure that signals stay of the same order for all layers.
Here, we’ll apply this principle of criticality at a coarser — or more meta — level, requiring that
forward signals stay parametrically of order one in all the hidden layers at initialization. Without
such requirement, we would have a severe numerical problem for deep neural networks, with the

values of preactivations differing by orders of magnitude from layer to layer.®

Specifically, at the point of initialization, the first-layer preactivations ({2.1]) have the covariance

o om0l
E{Zu;alziz;ag]_ﬁ Gy + Cw m;l‘j;éﬁmg Oiiz (3.1)

where we used our general initialization hyperparameter scaling strategies (2.4). Similarly, the
(¢ + 1)-th-layer preactivations ({2.2)) have the covariance

nPe+1
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Looking at these covariances, the meta-principle of criticality demands that we recursively set

pr=p2=--=pr-1=0, (3.3)

so that all the hidden-layer preactivations — and activations — stay of order one.”

Extremely importantly, differently from the prior work [19, 22H24], we intentionally left out the
output layer at ¢ = L from this consideration. From our perspective, the ingenuity of Ref. [13] lies
in realizing that we don’t have to apply the meta-principle of criticality to the output layer, which

leaves one free parameter,
PL=S. (3.4)

Specifically, while a positive value of s results in parametrically small network outputs at initial-
ization, it still allows nontrivial learning as long as the product of the global learning rate and the
NTK, nH, is of order one so that the network outputs acquire order-one values upon evolving with

the update equation (2.10). We’ll come back to this point in §III C

8 Yet another problem would be that, as we scale up models in width, the hidden-layer preactivations would explore
different ranges of the activation function from scale to scale and hence perceive it as having different characteristics
(with a possible exception of scale-invariant activation functions such as linear and ReLU activation functions).

9 Surely, it appears intuitively obvious that the expectation value E [0 (z](.egl) o (2522)] is of order one for a generic

activation function o(z) when the ¢-th-layer preactivations are of order one. To be surer, for sufficiently large n,
this expectation value can be turned into a series of Gaussian integrals through the 1/n expansion and evaluated
order by order [19].



B. The Principle of Learning-Rate Equivalence at Meta

Similarly to forward signals, we also need to ensure that backward signals don’t exponentially
explode or exponentially vanish. More precisely, the gradients of the network outputs with respect
to the model parameters must stay of the same order from layer to layer, so that we can stably
train networks with gradient-based optimization algorithms.

A convenient way to diagnose this backward signal propagation is to look at the NTK ,

dfio:s0 Afirso
1021,5051 — Z v ZO E 7‘5 ! 9 (35)

which essentially is a square of the gradients. Here, we’ve decided to put a hat on the NTK to

emphasize that we’ll be studying its scaling at the point of initialization.'®

To assess its scaling and statistics, it is further convenient to introduce the ¢-th-layer NTK [9,[19],
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which reproduces the output NTK (3.5) when ¢ = L. More importantly, it obeys the forward

equation
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which can be derived by plugging in our general training hyperparameter scaling strategies ([2.6)

and using the chain rule with the familiar factor

dz(é;rl) (£+1) ()
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75

that also appears in the backpropagation algorithm. The first term on the right-hand side of the
NTK forward equation captures the additive contributions from the gradients with respect to
the (£+ 1)-th-layer model parameters; the second term captures the cumulative contributions from
the previous layers, with the ¢-th-layer NTK multiplied by two backpropagation factors — though

we are emphatically going forward here.

10 We note that in the so-called NTK limit [d] - i.e., in the infinite-width limit with the NT scaling and with fixed
depth — the NTK is frozen at its value at initialization, so this hatting is redundant. But at any finite width — and
also in some proper infinite-model-size limits — the NTK evolves due to nonzero dNTK and ddNTKs.



Now, the principle of learning-rate equivalence [19] gives a prescription for fine-tuning the
training hyperparameters )\l(f) and )\%) so as to ensure that gradients from all layers contribute
equally to the output NTK — preconditioned on the principle of criticality that ensures hidden-
layer preactivations neither exponentially explode nor exponentially vanish. Here, we apply the
same principle — again at a more meta level — requiring that the two terms on the right-hand side
of the NTK forward equation are parametrically of the same order.

Putting that in action, on the one hand, the first term is of order O (1/n%+1).11 On the other
hand, the second term is of order O (1/nPt+1) x O(Ef (©)).12 To finish balancing these two terms,
noting that the first-layer NTK

-~ 1 1 &
Hi(lli)g;élég = A+ AL - > wi s, | | i (3.10)

j=1
scales as O (1/n%'), hence consistently and inductively assuming that the ¢-th-layer NTK scales as
O (1/n%), and recalling the scalings of the two terms described in the two previous sentences, we

get by induction

Qe+1 =pev1+q for £=1,...,L—1. (3.11)
Therefore, recalling that py = --- = pr—1 = 0 (3.3) and py = s (3.4), the meta-principle of

learning-rate equivalence further demands that we recursively set
@1 =Gq2=""qL-1= (3.12)
and

gL =t+s. (3.13)

1 Here and right after, we are preconditioning our scaling analysis on the meta-principle of criticality, i.e., that
hidden-layer preactivations — and in turn hidden-layer activations and their derivatives — are parametrically of
order one.

12 To be a little more verbose, the factor of 1/n¢ coming from the base NT scaling for the initial weights cancels out
with the summation over j = 1,...,n,. To get the flavor of it, we can take the expectation value of the NTK
forward equation , which, together with the initialization distributions , yields

1 & , ,
ne ZU (z](gJ g (Zg(,gg) Oiyin (3.9)
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wherein we see the nice pairings of 1/n, and Z;Li1 For an even more verbose analysis, including the effects of the
NTK fluctuations, please cf. Ref. [I9]. In particular, we can show that the contributions from the NTK fluctuations
are suppressed by a factor of O (L/n).
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C. Meta-Principled Family

At this point, unlike we promised, it appears as if we still got three parameters at our disposal:
r from the global learning rate n , s from the last-layer preactivagtion scalings , and t
from the bulk of the learning-rate tensor . Let’s quickly cut these three down to one.

First, referring back to the network evolution , to have some learning in finite steps, we
need the product of learning rate n = O (n”) and the output NTK H = O (1/n9) to be of order

one. This requires that

P g —t4s, (3.14)

reducing the three down to two.?

Next, to cut the remaining two down to one, we recall that there is trivial gauge redundancy ({2.8)
without any physical consequence, which can be used to gauge away one redundant exponent.

Specifically, choosing the transformation ({2.8]) with ¢ = —t, we finally get
pr=-=p1=0, pr=s, aa=-=q1=0, qu=s, r=s. (3.15)

In summary, we are left with only one metaparameter, s, that parametrizes the meta-principled

family of hyperparameter scaling strategies:

0
0, ¢ 0 o C
E [bgl)b( )} Y%, E [W,( ) W )} =W 5 05, for =1, L—1, (3.16)

i1 i 111" 12J2

ny—1
o o
L), (L L) (L
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® A9
Ay0y0) = Ap iy A © o =7W5i1¢25j1j2 , for £=1,...,L—1, (3.18)
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n=ni 1Mo, (3.20)

where, for concreteness, we set n = ny_1. In words, with respect to the NT scaling, we suppress
the initialization hyperparameters and the learning-rate tensor components by a factor of 1/n* for

the last-layer biases and weights, while encouraging the global learning rate by a factor of n®.'

3 In general, there is also a nontrivial depth scaling coming from H™) . Here we account for that through no)\gfz,v.

14 To apply the same meta-principles to more general architectures, the pragmatic rule of thumb is to just replace
ne—1 by the number of incoming signal components, often denoted as fan_in in PyTorch documentations. For
hidden layers, our scaling strategies for initialization hyperparameters are then generally in line with the Xavier [25]
and Kaiming [20] initialization schemes.
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This family interpolates the NT scaling [9] at s = 0 and the MU scaling [I3] at s = 1. In fact,
these two strategies lie at the two ends of the sensible interval for the metaparameter s € [0, 1]:
s > 0 because, otherwise, the network outputs would be parametrically large; s < 1 because,

otherwise, the differentials of the NTK would be parametrically larger, as we’ll see next.?

IV. COMPUTING THE DEGREE OF REPRESENTATION LEARNING

In this section, we’ll analyze the scalings of the ANTK (2.12)) in §IV Aland ddNTKs ([2.13]) (2.15])
in To motivate these calculations, let’s look back at the NTK update equation (2.14]). As

noted there, these differentials control changes in the NTK during training. Viewing the kernel
as a sum of features that comprise representation, the magnitudes of these differentials in turn
quantify the degree of leading-order representation learning [19], which we’ll compute here for wide

and deep neural networks. This computation results in the emergent scale v (4.10)).

A. dNTK

Following our recursive analysis of the NTK, let’s define the /-th-layer ANTK as

2.,,(0) (© (0
—=(0) d Zi0:80 dzi1'51 dzi2'52
Ay iyonntn = S A Maw ] i % 41
10%112;000102 ~ M1V 72 Qdep,ldeug deyl d0V2 ( )
H2,v2

where we’ve again hatted it to emphasize that we are analyzing its scaling at initialization. This
object reproduces the output dNTK (2.12) when ¢ = L while it vanishes in the first layer £ = 1
because the first-layer preactivations (2.1) are linear in the model parameters. In the middle —

15 At this point, for those familiar with Ref. [I3], it may be helpful to pause and carry out an in-depth comparison
between this part of our results against theirs.
Here are similarities. In Ref. [I3], they invoked the “stability condition” to put hard constraints, p1 = ---pr—1 =0
(along with various soft constraints, i.e., inequalities), much like our meta-principle of criticality did. They then
invoked the “nontriviality condition” to put a hard constraint r = gz — or another more complicated condition that
is also satisfied by our family — much like our condition of finite learning (3.14), nH = O (1), did. They further
noticed the same symmetry under the transformation . These together cut the 2L + 1 exponents down to L,
so far in the same way as ours.
Here are differences. They invoked the “feature learning condition,” 0 = 1 + min} "} (g¢ — ) + min (qz — r, Z&t).
This condition was put forth to preserve feature learning in the infinite-width limit with fized depth. To single
out the MU scaling, they actually provoked stronger conditions, the “maximal-update conditions,” 0 =1 + (q¢ —
r) + min (qL -, pL;l) for ¢ =1,...,L —1 (which automatically satisfy the “feature learning condition”) and the
“maximal-initialization condition,” 0 = pLT‘H + minf:_l1 (g¢ — ) + min (qL -, %) Our family — which instead
arose from the meta-principle of learning-rate equivalence — connects this MU scaling at s = 1 all the way down to
the N'T scaling at s = 0 while preserving representation learning for s < 1 by scaling up the depth with the width.
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nearly reprinting an equation from Ref. [19] — it obeys the following forward equation:

(4+1)
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This can again be derived — mindlessly object-wise but mindfully index-wise — by simply plugging
in our general training hyperparameter scaling strategies and repeatedly using the chain rule.

For the meta-principled family , because py = - =pr_1=q1 =--- =qr_1 = 0, the bulk
of the ANTK forward equation stays the same with the NT scaling strategy — for which the
width and depth scalings of the ANTK have already been analyzed in detail [19]. We thus only
need to pay special attention to the equation when ¢4 1 = L. There, for the first two terms on the
right-hand side of the forward equation , with respect to the NT scaling, there is an additional
factor of 1/n® coming from 1/n? in front and another additional factor of 1/n? coming from the
last-layer weight; for the last two terms, similarly, there is an additional factor of 1/ ns coming

—75(L)

i0i1i2:008102) naively

from the three last-layer weights. Thus, the gauge-invariant combination, n*>dH,

comes with an additional factor of n2*/ n% = n2 with respect to the NT scaling. One twist is

that it has an odd number of the last-layer weights, so its expectation vanishes; the first nontrivial

expectation value is of the form E [Zi;6n2d/ﬁioi1i2;6o6162}, for which the s dependence cancels out.
All in all, downloading the scaling of this expectation value from Ref. [19], we get

L (L) L
E|: ( ) 2dH101122,505152:| =0 <) . (43)

n

Thus, for a general value of s, the leading effect of the dNTK at initialization scales like the

depth-to-width aspect ratio of the network.'®

16 To be precise, the equation is imprecise. What actually happens in Ref. [19] on this topic is that (i) we study
behaviors of signals in deep multilayer perceptrons and find various universality classes of activation functions; (i)
for each universality class, we solve the forward equations for the preactivations and the NTK, and find and choose
the critical initialization hyperparameters C,S’Z‘),V and training hyperparameters /\,()?/V according to the principles of
criticality and learning-rate equivalence so as to maximally avoid the exploding and vanishing problems; (%) we
then further solve the forward equations for the ANTK and ddNTKs to read off their width and depth scaling;

e ~1\ 2 — 1\ 2
and (iv) we look at dimensionless quantities such as [znZdH} / (E [nH]) and E [2°| E [n3dd1H] / (E [nH]) ,
and — for the NT scaling strategy — find L/n scalings for all the leading corrections to the infinite-width limit.
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B. ddNTKs

At this point, all the calculational procedures are familiar, so we’ll briefly describe the calcula-
tions for the type-I ddNTK in the main text and the ones for the type-II ddNTK in a footnote.
We define the ¢-th-layer type-I ddNTK as

(0) (0) 0 (0
—(0) dgzi ;0 dzz 1) dzz 13 dz Zig:s
ddH = )\l/)\ l/)\lj 0590 1501 2;02 33, 44
1 20111213,50515253 F;l H1V1 M U2V2 7N L3 3d9u1d9u2d0u3 d9111 d0V2 d9u3 ( )
H2,v2
H3,V3

which obeys the following forward equation that can be derived by plugging in our diagonal

learning-rate tensor (2.6) and using the chain rule:

(£+1)
ddIH10111213,60515253 (45)
1™ S (1) (1) (0 © ©
w / /
T pdett ng Oiiy Z 6j0j1W12J2 WZ3J3 (zj1;51)0 (Zj2;52>0 (ng;ég)
j01j17j27j3:1
w (0 N 70 77(0) @) )
x [U (Zjo;lSo) H]O]276052 Hj0j3;5053 to ( Zjo; 50) dH1032J37505253}
1™ S (1) g (4D (O (0 ©
w / /
nae+l my Oigis ‘ Z (5j0j2W13J3 Wlljl <Zj2;52) . (Zj3;53> o (zj1;51>
.70’]17J27j3:1
w0\ 7o) 75(0) (0 ©)
x [U (Zj0;50> Hj0j3;5053Hj0j1;5051 to ( Joﬁo) dHJ0J3317505351}
1™ S (1) g (4D (O (o ©
w / /
+ n+1  ny 5i0i3 Z 6j0j3Wi1j1 W12]2 o <zj3;63) g (zj1;61> g (ng;ég)
Jo,J1,J2,J3=1

® \ 7O 73(0) @) )
x [U” (Zjo;ﬁo) Hj0j1;5o51 Hjojz,ﬁoég To ( Jo 60) dHJ011J27505152}

ny
(D) pp (D) pr (1) g, (1) 7 (1 (£) (.0 (0
T Z Wloﬂo Wll]l Wi2j2 Wisjs g (Zj1;51>0 (Zj2;52>a (zj3;53>
Jo,J1,52,33=1

© 3750 n( @ 370 77(£)
X [U ( Zjo: 60) dle]0J1j2j3;50515253 t+o <zjo;5o) dHJ0]1j2;505152Hj0j3;6063

n (O g7 770 O \qg 770
+o (Zjo;50) dH]O]QJS 505253Hj0j1;(5051 + U ( jo 50) dHJO]3]1’505351 Hj0j2;5o52

m () 7 (0) 240) 7 (0)
ta ( Zjo; 50) Hj0j1;5051 Hjojz;éoJQHjoj:s;tSotSs] )

With respect to the NT scaling, all the terms get the multiplicative factor of 1/n? at £+ 1 = L,

For those who could actually parse the last paragraph, there is one additional comment: in the last step (i),
for the dimensionless combination for the ddNTK contribution, one might worry about the cancellation of the s
dependence due to the factor of E [ZQ} , which scales like 1/n%; however, there is another dimensionless combination
with E [22] replaced by y? with the training labels y;.5, and this combination does indeed appear in the end-of-
training-prediction formula [19] and contributes dominantly without the s cancellation.
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so, once again using the result from Ref. [19] for s = 0, the gauge-invariant combination scales as

E |yfdd ]:0( L ) (4.6)

i091%213;00010203 nl-s
for wide and deep neural networks.!”
Through these calculations, there emerges the scale,

L

nl-s’

v = (4.10)

that controls the effect of the ddNTKs. For s = 0, this is of the same order as the effect of the
dANTK (4.3]), while for any positive s > 0 this contribution is more dominant. In general, the

emergent scale 7y characterizes the amount of the leading-order change in the NTK and hence the

17 As for the type-II ddNTK, we define the /-th-layer version as

(0) 2 _(£) (£) (£)
— () Az s APzl dzy s dzps
ddirH 55, 69i5:606, 5265 = Aprvr Apgvs Augv. a0 o R (4.7)
0711213500910293 H;I HIMLTRav2 TRSYS ) dOy, dOy, dB, dB,,  dO.,
H2,v2
H3,V3
which obeys the forward equation
e (0+1)
ddirH ;i49i5:6061 5265 (4.8)
LAY S ® ® ® © \7®
— w N Y ! !
T plaetr ne Jigizdiria Z g (Zjo§5o) g (Zj1;51) g (Zjo§52) g (Zj1§53) Hjoj1;5051
Jjo,j1=1
1 /\(vé“)(;, : SR G G
nq[+1 ne 0?1 Z JoJ1 i2j2 i3j3

Jo,J1,J2,33=1

1,0 (0 (0 (0 7 (0 70
xo (zjo;%) o (Zj1;51) o (ZJ'2;52) o (Zj3;53) Hjoj2;5052 Hj1j3;5153
Loy 3 (D) 1) (L0 ® ©
w / ’
+ na+1  qy digiy Z Ojoda Wi1j1 Wisjs g (2.7'2;52) i (2.7'3;53) o (2.7'0;50)

Jo,J1,92,33=1

i © Y\ 7G5 10) (0 39
x [U (Zj1;51) Hj1jo;5150Hj1j3;5153 +o (Zj1;51) dH.71j0j3?515053]

1Al e

. R 7 74Sau Ok 7 Gt (&) (0 (0
+ ni+1  qy Oinig Z 57133Wi010 Wizjz G(zj3;53)0 (zj2;52)0 (zj1;51)

Jo,J1,92,33=1

¢ S e ¢ —(0)
% [0 (05 ) B oss B s ' (230050 ) T yrasassoss

70300 J03136061 7" joJ2;6062
ny
(£+1) (£+1) (£+1) (e+1) 1 £) / £)
+ Z Wiojo Wiljl Wi2j2 Wi3j3 0 \%j2i62 ) 9 \%iais3

J0,J1,J2,53=1
0 Vo (20 Yadam' (L0 Yo (L0 ) g© qo 7o
X [J (Zj0;50) g (Zj1;51 ddit o jajsis0516263 T O Zjoi0 ) O \Firsen Hjojl;5051Hj0j2;5052Hj1j3;5153

~ — (£ -~ —(¢
0" (405, ) 0" (0, ) AL 515,05 0" (405, ) 0" (0, ) AL 505, 07, ],

j1;01 7173;0163 J0J1J23600102 31301 70300 70J2;0002 J1J0733618003

which gets the multiplicative factor of 1/n®® at £+ 1 = L with respect to the NT scaling, and thus

E [ngm(”} = 0( L > . (4.9)

nlfs
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degree of representation learning for wide and deep neural networks.!® When small, it also serves
as a perturbative parameter that quantifies the leading-order change to the frozen NTK limit and,
at least for one-hidden-layer networks, we explicitly show in Appendix [A] that the higher-order

differentials of the NTK are suppressed by higher-order powers of ~.

V. CASTING THE WEB OF EFFECTIVE THEORIES

Thus far, we’ve derived a family of hyperparameter scaling strategies, meta-parametrized by s €
[0,1], from the meta-principle of criticality and the meta-principle of learning-rate equivalence.!”
We’ve then assessed the scalings of representation learning as a function of the hidden-layer width
n and the depth L, which gave rise to the emergent scale, v = L/n'~*, that also controls the
hierarchical structure of dynamical equations for wide and deep neural networks.

Theoretically, for each combination of the width n, depth L, and metaparameter s, we have
an effective theory that describes the distribution of dynamical observables — at the point of
initialization, at the end of training, and anywhen in between — for finite-width neural networks [19].
Taking a bird’s-eye view on all of them, we now see the web of effective theories, with each thread
— indexed by (n, L) and parametrized by s — smoothly connecting the NT scaling at s = 0 and the
MU scaling at s = 1.2°

Formally, to know what each scaling strategy would be doing for excessively large-scale models —

and to make contact with the literature — it is instructive to take various infinite-model-size limits.

e The frozen NTK limit [9]: 0 < s < 1; n — oo; L = fixed.
For the NT scaling strategy with s = 0 — and for any s € (0,1) — taking the infinite-width
limit n — oo with fixed depth results in the vanishing v — 0. In fact, the training dynamics
of a neural network reduce to those of a linear model with an infinite number of random frozen
features, resulting in kernel-machine predictions at the end of training [29]. In particular,

while its dynamics are free and solvable, there is no representation learning [19] B0} B31].

'8 To be a bit more precise, the depth scaling is derived for deep neural networks, and for shallow neural networks like
the one-hidden-layer ones with L = 2, the “L” in the numerator of the scale v = L/nl*S should just be thought
of as an order-one number.

9 In a sense, our derivation gives a no-go theorem for other hyperparameter scaling strategies. To hedge, we point
out that no-go theorems sometimes contain subtle loopholes in their assumptions which, upon realization and
proper relaxation, lead to interesting phenomena: cf. the relation between the Coleman-Mandula theorem [27] and
supersymmetry [2§].

20 Metaphorically, different architectures give rise to different webs. Also, to keep forcing this metaphor, each point
on the web has internal dimensions, e.g., parametrized by order-one hyperparameters such as Céf‘),v and )‘z(f)w-
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e The infinite-width-and-depth NT limit [32H36]: s = 0; n, L — oo; L/n = fixed > 0.
The scale v stays positive and inflating neural networks can keep learning representation
from data.?! In addition, when the depth-to-width aspect ratio ¥ = L/n of a network is

small, its dynamics become weakly-coupled and can be solved perturbatively [19, 20].

e The mean-field [14-17] and MU [13] limit: s = 1; n — oo; L = fixed > 1.
The scale 7 is of order one and the dynamics in the resulting (non)effective theory description
are strongly-coupled: Taylor expansions cannot be perturbatively truncated and the infini-

tudes of dynamical observables get coupled. This calls for new theoretical approaches.??

e A missing limit: 0 < s < 1; n, L — oo; L/n'~* = fixed > 0.
This limit sits between the previous two limits. In the strict limit, this family degenerates,
in that the value of s is irrelevant and the limit is completely parametrized by .2* This
limit is different from the infinite-width-and-depth NT limit with s = 0 because observables
proportional to O (L/n) vanish and those proportional to O (L/n'~*) survive, while both
survived for s = 0. It is also different from the mean-field/MU limit with s = 1 because we
have a continuous knob v, while we had only a discrete knob L for s = 1. In particular, the

resulting dynamics again become weakly-coupled and perturbatively analyzable for small .

Practically, given those limiting behaviors, it appears prudent to scale up the model with fixed
v = L/n'~% as long as tasks at hand benefit from representation learning. Beyond that, our
theoretical understanding is yet incomplete to predict how each scaling strategy fairs against others
— when and why — and for the time being the verdict is still out, both theoretically and empirically.
But — if we may muse — just as the nature is described by weakly-coupled QED at one scale and
strongly-coupled QCD at another scale, it is hard to imagine that one singular scaling strategy

would be superior to all the others for all the problems.

21 More specifically, the contributions from the dNTK, ddNTKs, and NTK fluctuations all scale with L/n = ~.
With increasing ~y, there is actually a tradeoff between the benefit of representation learning and the cost of
instantiation-to-instantiation fluctuations, and this tradeoff leads to the notion of the optimal aspect ratio, v* [19].

22 Gee, e.g., Ref. [37] for an approach inspired by dynamical mean field theory. There could also be some strong-
coupling expansion or, better yet, some duality: modern field theorists don’t even blink at such highly-speculative
statements.

23 With that said, at finite width, we should stress that the metaparameter s does affect the degree of separation
between two scales, % and %, which might have practical consequences.
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Appendix A: Peeking into the Hierarchical Structure

In this Appendix, we’ll compute the higher-order differentials of the NTK for one-hidden-layer
neural networks. We’ll do this in two steps: in we’ll explicitly calculate type-I differentials to
see the hierarchical pattern; then, knowing the pattern, in we’ll implicitly show by induction
that the same hierarchical structure holds for general types of the higher-order differentials.

Beyond seeing the hierarchical structure with the general metaparameter s, this Appendix
serves two additional purposes: for one, it complements the existing work that estimates the
width scalings of these higher-order differentials for deeper neural networks with a linear [20] or
polynomial [38] activation function (see also Ref. [39] for various bounds on some combinations
of higher-order differentials); for two, it might help someone in the future trying to show the same
hierarchical structure for deeper neural networks with general activation functions, using the result
and derivation herein as stepping stones for the recursive analysis.

Before diving into the actual calculations, let us make three preparatory general remarks.

e Thinking about the way in which higher-order differentials of the NTK are being generated,
we can recognize that the k-th-order differentials can be generated by acting on a set of the
(k — 1)-th-order differentials with the differential operator

df“)A LB Al
S (%) vy A1

5%

For instance, acting on the NTK with the operator generates the dANTK as

dfz ;0 dfz ;0 dfz 9
2 < deij) 2 06,, [Z Gy, (A2)
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and acting on the dNTK with the operator generates the two types of the ddNTKs as
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e Among various types of the higher-order differentials, we single out those with the form

d H.: § : 10;0/ dfi,.s df;. s
k—1 d f 0360 fl, 1 0%
dg- ;000 = )\#1111 .. ,ukuk 19;“ . l@uk 0]/1 .. Hyk

H1,V1

(A4)

KV
as the type-I (k — 1)-th-order differentials of the NTK. These are the ones that appear in
the dynamical update equation for the network outputs ([2.10)).

e We decompose the learning-rate tensor into those that act within each layer as

L
=> A9, (A5)

=1
(0).

and, with a slight abuse of notation, denote the model parameters in the /-th layer as 6,

Now, let’s dive in.

1. Type-I Higher-Order Differentials

First, let’s write out the type-I1 (k — 1)-th-order differential (A4) for the one-hidden-layer neural
networks (i.e., those with L = 2), with the decomposition (A5 in mind:

S de(Q) dZ(Q) dz (2)
df_lHi 30070 Z Z /\u n A ) ¢ e ¢ B Zkéék (A6)
0°*4k;00 0k 0, aim 11 kVEk da,l(nl) .. 'del(tkk) d9£1 1) d@&kk)

Here, for one last time, we’ve put a hat to remind us that we are computing this object at initial-
ization, which can be used to read off the scalings and statistics after training as well if wished.
There are two kinds of nonzero terms in the sum over layers, the first kind with ¢; =-.- ={; =1
and the second kind with (¢1,%s,...,0;) = (2,1,...,1) along with its permutations thereof. All
the other terms vanish as the output Zi(o2;)50 is linear in the second-layer model parameters 0,&2).

To evaluate the first kind, note that

(2) n (2 ) (1) n
dz;’s Ldz ¢ dz;. L dz;.
6 R (2) (1) ;0
2800 2; FROFRS =y W;.'o (z-;(S)
14 J= J, 14

(A7)
by the chain rule, and similarly — using the fact that the first-layer preactivations zg,ld) are linear in

the first-layer model parameters ‘9;(}) — note that

dk: (2)

- ()

oy ---dol) =

(1) (1)
dZ]OﬁO . dzj0§50 (A8)
1 )

doy) o)
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where we denoted the k-th derivative of the activation function by ¢*/. Putting them together, we

get the contribution

ni
1 1 @) 7@ @) [k (D ) (1)
Z )‘/(Ll)Vl o )‘;(Lk)wc Z WiioWisiy Wikjka[ } (Zjo;60> o’ (Zj1;51> s (zjk§6k>
H1,v1 J0,J150,Jk=1

Kk VEk

(1) (1) (1) 1
dz]o % dzjo ;% dzh 01 dz]k 0k

aol)  ael) del  ael)

ny
— @) w® (2) _[K] (1) 1 (1) (M N\ gl 7 (1)
- Z WlOJOWiljl Wlkjk o ( Zjo;0 ) g (Zj1;51> o (ij§5k) Hj0j1;5051 o Hjojk;5o5k
j0,j1, SJEp=1

_Z Wzoj 213 h z(kj)o[k] (ZJ(15)0> o (ZJ(15)1) oo ( 1((5)k> Hcgsc)h ’Hcgsi)ik ’ (A9)

where in the last line we used the fact that the first-layer NTK (3.10)),

no

(1) R NOIENON R _ 1)

Hiojrson = qar [N AW %foi;%xﬁ;& Ojoj = jojr Hsys,5 (A10)
j=1

is diagonal in neural indices 4.

To evaluate the second kind, note that

s~ (1)
Zi1;61 _ 5. . A All)
( ) 2110 Zj;gl 9 (
dWij
and
k., (2) (1) (1)
4" 23466 5 ol ( ) ) Gy . B0, (A12)
2 1 1 iot Zj; 1 1
aw 2 agy,) - ey, V) dely)

Putting them together — summing over all the components of the second-layer weights and noting

that there is no second-layer bias contribution for (k—1) > 1 —for the (¢1, 02, ..., 0;) = (2,1,...,1),

we get the contribution

1Ay 3 Zm @) @)
@
nq2 ny 10“ )‘M2V2 )‘Mka le]z Wlk]k
#2’112 j7j2»"'7jk::1
Mk Vi

dzY) dz\) dzY dz
[k—1] ( (1) ON (O N D g0 5300 gaid2 ksl
g ( “j; 50) g (Zj;61> g (ij;62> g ( jk;ék) de,SQ de,(}k) e deﬁi)

:72 Oigi Z Z232 wka[ - }< J(15)0> U(ZJ( 5)1> o’ (ZJ('21;)52> ' UI( 3(117)51@) E[](;Q) 6082 ﬁj%ziﬁo%

J Jz, SJe=1

- A S W) () o () o (40 -5 a1
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and we get similar contributions from the appropriate permutations.

Let’s compute the scalings of these contributions with our meta-principled family of hyperpa-
rameter scaling strategies , p1r=¢q =0 and pp = ¢go =r = s. With p; = g1 = 0, we note
that the first-layer preactivations z() and the first-layer NTK H(®) are both of order one, so we

can essentially forget about them for a moment. With that noted, there are two cases to consider.

e For odd k£ = 2m + 1, that is, for even kK — 1 = 2m, let’s evaluate the following expectation

value of the gauge-invariant product at initialization

E [n%“@ (A14)

oo sai8 s
For the first kind of contributions (A9)), we get a factor of 1/n(m+1E2+1) = 1 /pm+)s+1)
from (2m + 2) weights while it gets a factor of n from the summation over j, so when
multiplied by n?"+! ~ n?msts we get O (1/n™1=)). For the second kind of contribu-
tions , we get a factor of 1/n% = 1/n®, a cancelation between the denominator and

summation (1/n1) > %L, a factor of 1/nm™P2t1) = 1 /pm(s+1) from 2m weights, and a factor

of M+l ~ p2ms+s 5o overall we once again get O (1/n™(17%)). In summary,
— 1
2m+1 72 _ _

with v = 1/n!=% — or v = 2/n'~* if two means anything here (it doesn’t). Thus, we see the

hierarchical structure of higher-order differentials advertised in the main text.

e For even k = 2m, that is, for odd k — 1 = 2m — 1, let’s evaluate the following expectation

value of the gauge-invariant product at initialization

E [n*23)amtH (A16)

10°*12m ;00 *02m
Note that we inserted one factor of the second-layer preactivations because — just as we saw
for the dNTK — the expectation would otherwise vanish due to a dangling factor of the second-
layer weights. With that factor added, for the first kind of contributions , we get a factor
of 1/n(mHNP2H1) — 1 /p(m+1(s+1) from (2m + 14 1) weights while it gets a factor of n from
the summation over j, so when multiplied by n?™ ~ n?™, we get O (1 / nm(1_8)+5). Running
the similar analysis, we get the same order for the second kind of contributions . In

summary

2m (2) ﬁ _ 1 _ m 1 _ m—l1
E n Zi;5 dI Hi()""£2m§50'“52m:| =0 (Tbm,(l—s)-i-s> =0 (’}/ 7’},5> =0 (’}/ n> . (Al?)

We see that, for s > 0, the contributions from the odd-order differentials are more suppressed

than the ones from the even-order differentials.



24
2. General Types of Higher-Order Differentials

We’ll now inductively show that the (k — 1)-th-order differentials have the form of

(2 1) 77(1)
(nq2 ni ) Z Zl] WTUJF (Z] ’H ) ) (A18)

with 2u + v = k£ 4+ 1 where the last factor F' ( (1) JHM ) is an order-one function of the first-layer
mean NTK H 5( ()5 and the j-th component of the first-layer preactivation z( ). Note that the two
contributions m that appeared above for the type-I differentials both respect this form.

The key to induction is to decompose the generative differential operator as
S (%) v (19
nz v K
B dz“; a (y;ﬁ)) i ny dzi(f&)) a4 <7;A£2)>§: dz) r
% — .
d

d@,&”
1 )\I(/‘z/) s (1) d 1 (2 d
(n(Dnl ]z:: g (Zj';é) dWi@) + (nqz)‘b > ‘dbgz) :

Going from the last to the first: when the last operator hits the expression (A18§]), it returns

@), A
_ / (1) 5
Z Wiy (Z 5) |20 00 0 | T

j17%

zero because there is no second-layer bias; when the middle operator hits the expression , it
increases u by one while it decreases v by one — note that the sum over j' collapses onto j — so in
total increases 2u+v by one; and when the first operator hits the expression , it increases v —
and hence 2u-+v — by one while again the sum over j’ collapses onto j because the first-layer NTK —
which gets generated when the operator in the square parentheses hits the first-layer preactivation
in the function F' — is diagonal in the neural indices. So it keeps the form with 2u+v =k+1
increased by one, completing the induction.

From the expression , we can run the same scaling analysis as before and find the 4™

scaling for 2m-th-order differentials and the 4™ /n® scaling for (2m — 1)-th-order differentials.
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