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Abstract
Latent variable models have been successfully ap-
plied in lossless compression with the bits-back
coding algorithm. However, bits-back suffers
from an increase in the bitrate equal to the KL di-
vergence between the approximate posterior and
the true posterior. In this paper, we show how
to remove this gap asymptotically by deriving
bits-back coding algorithms from tighter varia-
tional bounds. The key idea is to exploit extended
space representations of Monte Carlo estimators
of the marginal likelihood. Naively applied, our
schemes would require more initial bits than the
standard bits-back coder, but we show how to dras-
tically reduce this additional cost with couplings
in the latent space. When parallel architectures
can be exploited, our coders can achieve better
rates than bits-back with little additional cost. We
demonstrate improved lossless compression rates
in a variety of settings, including entropy coding
for lossy compression.

1. Introduction
Datasets keep getting bigger; the recent CLIP model was
trained on 400 million text-image pairs gathered from the
internet (Radford et al., 2020). With datasets of this size
coming from ever more heterogeneous sources, we need
compression algorithms that can store this data efficiently.

In principle, data compression can be improved with a better
approximation of the data generating distribution. Luck-
ily, the quality of generative models is rapidly improving
(van den Oord et al., 2016; Salimans et al., 2017; Razavi
et al., 2019; Vahdat & Kautz, 2020). From this panoply of
generative models, latent variable models are particularly
attractive for compression applications, because they are

*Equal contribution 1University of Toronto 2Vector In-
stitute 3Facebook AI Research 4University College Lon-
don 5University of Oxford. Correspondence to: Yan-
jun Ruan <yjruan@cs.toronto.edu>, Chris Maddison <cmad-
dis@cs.toronto.edu>.

Preprint, Copyright 2021 by the author(s).

ideal
bitrate

<latexit sha1_base64="j9OoslOz8LaMjkrpvrhVK0irMzc=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4KklRdFlw47KCfUATymRy0w6dTMLMRCih4MZfceNCEbf+hDv/xmmbhbYeuHA4596Ze0+Ycaa0635bK6tr6xublS17e2d3b985OGyrNJcUWjTlqeyGRAFnAlqaaQ7dTAJJQg6dcHQz9TsPIBVLxb0eZxAkZCBYzCjRRuo7xz4FoUEyMcAsAsJ93w6ZlkRD36m6NXcGvEy8klRRiWbf+fKjlOaJeZByolTPczMdFERqRjlMbD9XkBE6IgPoGSpIAiooZjdM8JlRIhyn0pTQeKb+nihIotQ4CU1nQvRQLXpT8T+vl+v4OiiYyHINgs4/inOOdYqngeCISaCajw0hVDKzK6ZDIgk1qSjbhOAtnrxM2vWad1G7vKtXG7iMo4JO0Ck6Rx66Qg10i5qohSh6RM/oFb1ZT9aL9W59zFtXrHLmCP2B9fkDvaeXeg==</latexit>

net
bitrate

<latexit sha1_base64="JIUUkEh4qSgOYkm3qcYrVJxMOwA=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIVuEuKFoGbCwjmA/IHWFvM0mW7O0du3NCCLHxr9hYKGLrv7Dz37hJrtDEBwOP92Z2Z16USmHQ876dldW19Y3NwlZxe2d3b989OGyYJNMc6jyRiW5FzIAUCuooUEIr1cDiSEIzGt5M/eYDaCMSdY+jFMKY9ZXoCc7QSh33OOCgELRQfaoAg6AYCdQMoeOWvLI3A10mfk5KJEet434F3YRnsX2OS2ZM2/dSDMdMo+ASJsUgM5AyPmR9aFuqWAwmHM8umNAzq3RpL9G2FNKZ+ntizGJjRnFkO2OGA7PoTcX/vHaGvetwLFSaISg+/6iXSYoJncZBu0IDRzmyhHEt7K6UD5hm3GZiijYEf/HkZdKolP2L8uVdpVSleRwFckJOyTnxyRWpkltSI3XCySN5Jq/kzXlyXpx352PeuuLkM0fkD5zPH0n0lq4=</latexit>

total
bitrate

<latexit sha1_base64="Ps1+g5LXAquLVAvtV+6l9mmlYRc=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNF0WXBjcsK9gGdoWTS2zY0kxmSO0IpBTf+ihsXirj1J9z5N6btLLT1QOBwzr1JzolSKQx63rezsrq2vrFZ2Cpu7+zu7bsHhw2TZJpDnScy0a2IGZBCQR0FSmilGlgcSWhGw5up33wAbUSi7nGUQhizvhI9wRlaqeMeBxwUghaqTzFBJoOgGAnUDKHjlryyNwNdJn5OSiRHreN+Bd2EZ7G9kEtmTNv3UgzHTKPgEibFIDOQMj5kfWhbqlgMJhzPMkzomVW6tJdoexTSmfp7Y8xiY0ZxZCdjhgOz6E3F/7x2hr3rcCxUmiEoPn+ol0mblk4LoV2hgaMcWcK4FvavlA+YZty2Yoq2BH8x8jJpVMr+RfnyrlKq0ryOAjkhp+Sc+OSKVMktqZE64eSRPJNX8uY8OS/Ou/MxH11x8p0j8gfO5w/3mJef</latexit>

entropy

<latexit sha1_base64="NQLYIspRmiem9gIjuqgnMZn+lHA=">AAAB+XicbVBLSwMxGMzWV62vVY9egkXwIGVXFL1Z8OKxgn1Au5Rsmm1D81iSbGFZevZPePGgiFf/iTfvHv0D3sy2PWjrQGCY+b5kMmHMqDae9+EUlpZXVteK66WNza3tHXd3r6FlojCpY8mkaoVIE0YFqRtqGGnFiiAeMtIMh9e53xwRpakUdyaNScBRX9CIYmSs1HXdDkdmoHhGhFEyTsddt+xVvAngIvFnpHz1fU+/Tj5Jreu+d3oSJ9xegBnSuu17sQkypAzFjIxLnUSTGOEh6pO2pQJxooNsknwMj6zSg5FU9ggDJ+rvjQxxrVMe2sk8p573cvE/r52Y6DLIqIgTQwSePhQlDBoJ8xpgjyqCDUstQVhRmxXiAVIIG1tWyZbgz395kTROK/5Z5fzWK1chmKIIDsAhOAY+uABVcANqoA4wGIEH8ASencx5dF6c1+lowZnt7IM/cN5+AJf6mKQ=</latexit>

<latexit sha1_base64="B9IsgqvNe5kqEnGEmTvXU6Y7mks=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUo6AGMlFsYi0YfUVJXjOq1Vx45sBymKOrDwKywMIMTKR7DxN7htBmg5kqWjc+7R9T1hwpk2nvftrK1vbG5tl3bKu3v7B4fu0XFby1QR2iKSS9UNsaacCdoyzHDaTRTFcchpJ5zczPzOA1WaSXFvsoT2YzwSLGIEGysN3EpAqDBUMTFCREmtL4KgbBUlk2zgVr2aNwdaJX5BqlCgOXC/gqEkaWzzhGOte76XmH6OlWGE02k5SDVNMJngEe1ZKnBMdT+fHzFFZ1YZokgq+4RBc/V3Isex1lkc2skYm7Fe9mbif14vNdF1P2ciSQ0VZLEoSjkyEs0aQUOmKDE8swQTxexfERljhYmtRZdtCf7yyaukXa/5lzXvrl5toKKOElTgFM7BhytowC00oQUEHuEZXuHNeXJenHfnYzG65hSZE/gD5/MHq0GX/w==</latexit> cross-
entropy

approx. gap

<latexit sha1_base64="MfNNzSKc1es0Lpt2TCN8Nz1q1WI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtF0WPBi8cK9gO2S8mm2TY0m4RkViylP8OLB0W8+mu8+W9M2z1o64OBx3szzMxLtOAWguDbW1vf2NzaLu2Ud/f2Dw4rR8ctq3JDWZMqoUwnIZYJLlkTOAjW0YaRLBGsnYxuZ377kRnLlXyAsWZxRgaSp5wScFJEtDbqyccDonuVauAHc+BVEhakigo0epWvbl/RPGMSqCDWRmGgIZ4QA5wKNi13c8s0oSMyYJGjkmTMxpP5yVN87pQ+TpVxJQHP1d8TE5JZO84S15kRGNplbyb+50U5pDfxhEudA5N0sSjNBQaFZ//jPjeMghg7Qqjh7lZMh8QQCi6lsgshXH55lbRqfnjpX93XqnVcxFFCp+gMXaAQXaM6ukMN1EQUKfSMXtGbB96L9+59LFrXvGLmBP2B9/kD79OQ7A==</latexit>

<latexit sha1_base64="CD1/3L/xZIOXhfMjn2FeSNGTr2w=">AAAB+nicbVA9SwNBEJ2LXzF+XbS0WQyCVbhLoZYBG0GLCOYDkiPsbSbJkr29Y3dPCTE/xcZCEVt/iZ3/xk1yhSY+GHi8N7M788JEcG0879vJra1vbG7ltws7u3v7B27xsKHjVDGss1jEqhVSjYJLrBtuBLYShTQKBTbD0dXMbz6g0jyW92acYBDRgeR9zqixUtctdhhKg4rLAbm5JQOadN2SV/bmIKvEz0gJMtS67lenF7M0su8wQbVu+15igglVhjOB00In1ZhQNqIDbFsqaYQ6mMxXn5JTq/RIP1a2pCFz9ffEhEZaj6PQdkbUDPWyNxP/89qp6V8GEy6T1KBki4/6qSAmJrMcSI8rZEaMLaFMcbsrYUOqKLNh6IINwV8+eZU0KmX/vOzdVUpVksWRh2M4gTPw4QKqcA01qAODR3iGV3hznpwX5935WLTmnGzmCP7A+fwBenCTYA==</latexit>

KL gap
<latexit sha1_base64="+w9IjCxd4kUEnXESnMW1kwBF/uc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5L0oB4LXjxWsB/QhrLZTtqlm03YnQglFPwrXjwo4tXf4c1/47bNQVsfLDzem5mdeWEqhUHP+3bW1jc2t7ZLO+Xdvf2DQ/fouGWSTHNo8kQmuhMyA1IoaKJACZ1UA4tDCe1wfDvz24+gjUjUA05SCGI2VCISnKGV+u5pj4NC0EIN6UBonNBQoOm7Fa/qzUFXiV+QCinQ6LtfvUHCs9jO4pIZ0/W9FIOcaRRcwrTcywykjI/ZELqWKhaDCfL5+lN6YZUBjRJtn0I6V3935Cw2ZhKHtjJmODLL3kz8z+tmGN0EuVBphqD44qMokxQTOstidjBwlBNLGNfC7kr5iGnGbSCmbEPwl09eJa1a1b+qeve1Sp0WcZTIGTknl8Qn16RO7kiDNAknOXkmr+TNeXJenHfnY1G65hQ9J+QPnM8fTKGVlw==</latexit>

dirty bits
<latexit sha1_base64="CPQ5yREu06we64iChZlwDCIPTG4=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5L0oB4LXjxWsB/QhrLZTtqlm03YnQglFPwrXjwo4tXf4c1/47bNQVsfDDzem9mdeWEqhUHP+3bW1jc2t7ZLO+Xdvf2DQ/fouGWSTHNo8kQmuhMyA1IoaKJACZ1UA4tDCe1wfDvz24+gjUjUA05SCGI2VCISnKGV+u5pj4NC0EINqVACqzQUaPpuxat6c9BV4hekQgo0+u5Xb5DwLLZvccmM6fpeikHONAouYVruZQZSxsdsCF1LFYvBBPl8/Sm9sMqARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/87oZRjdBLlSaISi++CjKJMWEzrKgA6GBo5xYwrgWdlfKR0wzbgMxZRuCv3zyKmnVqv5V1buvVeq0iKNEzsg5uSQ+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSF/4Hz+ANsJlU0=</latexit>

init. bits
<latexit sha1_base64="KDQh+k9OcwQBys+xw6iQ9/06Yns=">AAAB/XicbVDLTgIxFL2DL8QXPnZuGomJG8kMC3VJcOMSE0ESIKRT7kBDpzNpOyY4If6KGxca49b/cOffWGAWCp6kyck599Xjx4Jr47rfTm5ldW19I79Z2Nre2d0r7h80dZQohg0WiUi1fKpRcIkNw43AVqyQhr7Ae390PfXvH1BpHsk7M46xG9KB5AFn1FipVzzqMJQGFZcDUuNGn9coG/WKJbfszkCWiZeREmSo94pfnX7EktCOYoJq3fbc2HRTqgxnAieFTqIxtoPpANuWShqi7qaz6yfk1Cp9EkTKPmnITP3dkdJQ63Ho28qQmqFe9Kbif147McFVN+UyTgxKNl8UJIKYiEyjIH2ukBkxtoQyxe2thA2poszmoQs2BG/xy8ukWSl7F2X3tlKqkiyOPBzDCZyBB5dQhRuoQwMYPMIzvMKb8+S8OO/Ox7w052Q9h/AHzucP5YGUvw==</latexit>

Bits-Back

approx. gap

<latexit sha1_base64="MfNNzSKc1es0Lpt2TCN8Nz1q1WI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtF0WPBi8cK9gO2S8mm2TY0m4RkViylP8OLB0W8+mu8+W9M2z1o64OBx3szzMxLtOAWguDbW1vf2NzaLu2Ud/f2Dw4rR8ctq3JDWZMqoUwnIZYJLlkTOAjW0YaRLBGsnYxuZ377kRnLlXyAsWZxRgaSp5wScFJEtDbqyccDonuVauAHc+BVEhakigo0epWvbl/RPGMSqCDWRmGgIZ4QA5wKNi13c8s0oSMyYJGjkmTMxpP5yVN87pQ+TpVxJQHP1d8TE5JZO84S15kRGNplbyb+50U5pDfxhEudA5N0sSjNBQaFZ//jPjeMghg7Qqjh7lZMh8QQCi6lsgshXH55lbRqfnjpX93XqnVcxFFCp+gMXaAQXaM6ukMN1EQUKfSMXtGbB96L9+59LFrXvGLmBP2B9/kD79OQ7A==</latexit>

<latexit sha1_base64="CPQ5yREu06we64iChZlwDCIPTG4=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5L0oB4LXjxWsB/QhrLZTtqlm03YnQglFPwrXjwo4tXf4c1/47bNQVsfDDzem9mdeWEqhUHP+3bW1jc2t7ZLO+Xdvf2DQ/fouGWSTHNo8kQmuhMyA1IoaKJACZ1UA4tDCe1wfDvz24+gjUjUA05SCGI2VCISnKGV+u5pj4NC0EINqVACqzQUaPpuxat6c9BV4hekQgo0+u5Xb5DwLLZvccmM6fpeikHONAouYVruZQZSxsdsCF1LFYvBBPl8/Sm9sMqARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/87oZRjdBLlSaISi++CjKJMWEzrKgA6GBo5xYwrgWdlfKR0wzbgMxZRuCv3zyKmnVqv5V1buvVeq0iKNEzsg5uSQ+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSF/4Hz+ANsJlU0=</latexit>

init. bits
<latexit sha1_base64="5BMj6MAolR5L5MthriB8QoxoWio=">AAAB+nicbVA9TwJBEJ3DL8SvQ0ubjcTEitxRqCXRxsYEE/lI4EL2lgE27O1ddvc0BPkpNhYaY+svsfPfuMAVCr5kkpf3ZnZnXpgIro3nfTu5tfWNza38dmFnd2//wC0eNnScKoZ1FotYtUKqUXCJdcONwFaikEahwGY4up75zQdUmsfy3owTDCI6kLzPGTVW6rrFDkNpUHE5ILfsihvddUte2ZuDrBI/IyXIUOu6X51ezNLIvsME1brte4kJJlQZzgROC51UY0LZiA6wbamkEepgMl99Sk6t0iP9WNmShszV3xMTGmk9jkLbGVEz1MveTPzPa6emfxlMuExSg5ItPuqngpiYzHIgPa6QGTG2hDLF7a6EDamizIahCzYEf/nkVdKolP3zsndXKVVJFkcejuEEzsCHC6jCDdSgDgwe4Rle4c15cl6cd+dj0Zpzspkj+APn8wf5H5Oz</latexit>

McBits
<latexit sha1_base64="+w9IjCxd4kUEnXESnMW1kwBF/uc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5L0oB4LXjxWsB/QhrLZTtqlm03YnQglFPwrXjwo4tXf4c1/47bNQVsfLDzem5mdeWEqhUHP+3bW1jc2t7ZLO+Xdvf2DQ/fouGWSTHNo8kQmuhMyA1IoaKJACZ1UA4tDCe1wfDvz24+gjUjUA05SCGI2VCISnKGV+u5pj4NC0EIN6UBonNBQoOm7Fa/qzUFXiV+QCinQ6LtfvUHCs9jO4pIZ0/W9FIOcaRRcwrTcywykjI/ZELqWKhaDCfL5+lN6YZUBjRJtn0I6V3935Cw2ZhKHtjJmODLL3kz8z+tmGN0EuVBphqD44qMokxQTOstidjBwlBNLGNfC7kr5iGnGbSCmbEPwl09eJa1a1b+qeve1Sp0WcZTIGTknl8Qn16RO7kiDNAknOXkmr+TNeXJenHfnY1G65hQ9J+QPnM8fTKGVlw==</latexit>

dirty bits

Figure 1. Monte Carlo Bits-Back coders reduce the KL gap to zero.

typically easy to parallelize; speed is a major concern for
compression methods. Indeed, some of the most successful
learned compressors for large scale natural images are based
on deep latent variable models (see Yang et al. (2020) for
lossy, and Townsend et al. (2020) for lossless).

Lossless compression with latent variable models has a com-
plication that must be addressed. Any model-based coder
needs to evaluate the model’s probability mass function
p(x). Latent variable models are specified in terms of a
joint probability mass function p(x, z), where z is a latent,
unobserved variable. Computing p(x) in these models re-
quires a (typically intractable) summation, and achieving
the model’s optimal bitrate, − log p(x), is not always fea-
sible. When compressing large datasets of i.i.d. data, it
is possible to approximate this optimal bitrate using the
bits-back coding algorithm (Hinton & Van Camp, 1993;
Townsend et al., 2019). Bits-back coding is based on varia-
tional inference (Jordan et al., 1999), which uses an approx-
imation q(z |x) to the true posterior p(z |x). Unfortunately,
this adds roughly DKL(q(z |x) ‖ p(z |x)) bits to the bitrate.
This seems unimprovable for a fixed q, which is a problem,
if approximating p(z |x) is difficult or expensive.

In this paper, we show how to remove (asymptotically) the
DKL gap of bits-back schemes for (just about) any fixed
q. Our method is based on recent work that derives tighter
variational bounds using Monte Carlo estimators of the
marginal likelihood (e.g., Burda et al., 2015). The idea is
that q and p can be lifted into an extended latent space (e.g.,
Andrieu et al., 2010) such that the DKL over the extended
latent space goes to zero and the overall bitrate approaches
− log p(x). For example, our simplest extended bits-back
method, based on importance sampling, introducesN identi-
cally distributed latents zi and a categorical random variable
that picks from zi to approximate p(z |x). We also define
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extended bits-back schemes based on more advanced Monte
Carlo methods (AIS, Neal, 2001; SMC, Doucet et al., 2001).

Adding O(N) latent variables introduces another challenge
that we show how to address. Bits-back requires an initial
source of bits, and, naively applied, our methods increase
the initial bit cost by O(N). One of our key contributions is
to show that this cost can be reduced to O(logN) for some
of our coders using couplings in latent space, a technique
that may be applicable in other settings to reduce initial bit
costs. So, our coders extend bits-back onto a time-bitrate
tradeoff with a negligible additional initial bit cost.

We test our methods in lossless and lossy compression set-
tings. For lossless compression, we demonstrate how they
can be used to improve compression of natural images and
musical pieces using deep latent variable models. For lossy
compression, we show that these methods can be used to
improve the entropy coding step of learned transform coders
with hyperpriors (Ballé et al., 2018). Overall, we report up
to 19% rate savings in our experiments. We explore the
factors that affect the rate savings in our setting.

2. Background
2.1. Asymmetric Numeral Systems

The goal of lossless compression is to find a short binary
representation of the outcome of a discrete random variable
x ∼ pd(x) in a finite symbol space x ∈ S. Achieving the
best possible expected length, i.e., the entropy H(pd) of
pd, requires access to pd, and typically a model probability
mass function (PMF) p(x) is used instead. In this case, the
smallest achievable length is the cross-entropy of p relative
to pd, H(pd, p) = −∑x pd(x) log p(x)1. See MacKay
(2003); Cover & Thomas (1991) for more detail.

Asymmetric numeral systems (ANS) are model-based coders
that achieve near optimal compression rates on sequences
of symbols (Duda, 2009). ANS stores data in a stack-like
‘message’ data structure, which we denote m, and provides
an inverse pair of functions, encodep and decodep, which
each process one symbol x ∈ S at a time:

encodep : m,x 7→ m′

decodep : m′ 7→ (m,x).
(1)

Encode pushes x onto m, and decode pops x from m′. Both
functions require access to routines for computing the cu-
mulative distribution function (CDF) and inverse CDF of p.
If n symbols, drawn i.i.d. from pd, are pushed onto m with
p , the bitrate (bits/symbol) required to store the ANS mes-
sage approaches H(pd, p) + ε for some small error ε (Duda,
2009; Townsend, 2020). The exact sequence is recovered
by popping n symbols off the final m with p.

1All logarithms in this paper are base 2.
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<latexit sha1_base64="KLkUBqkxYzx2B7uJPWKFU4srY6I=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7ouix4MVjBfuB7VKyabYNzSZLkhXL0n/hxYMiXv033vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmtx+p0kyKezOJqR/hoWAhI9hY6eGsx+UQxdWn03654tbcDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k+zi6foxCoDFEplSxiUqb8nUhxpPYkC2xlhM9KL3kz8z+smJrz2UybixFBB5ovChCMj0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2+vExa5zXvsubeXVTqKI+jCEdwDFXw4ArqcAsNaAIBAc/wCm+Odl6cd+dj3lpw8plD+APn8wdFRY/k</latexit>

� log p(x)
<latexit sha1_base64="2LWasHd3ba4af9WE9gOLLfLY1OU=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0TJgYxnFmEASwt5mLlmyu3fs7gnhyD+wsVDE1n9k579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j94NHGqGTZYLGLdCqlBwRU2LLcCW4lGKkOBzXB0M/WbT6gNj9WDHSfYlXSgeMQZtU66l6e9csWv+jOQZRLkpAI56r3yV6cfs1SiskxQY9qBn9huRrXlTOCk1EkNJpSN6ADbjioq0XSz2aUTcuKUPoli7UpZMlN/T2RUGjOWoeuU1A7NojcV//PaqY2uuxlXSWpRsfmiKBXExmT6NulzjcyKsSOUae5uJWxINWXWhVNyIQSLLy+Tx/NqcFn17y4qNZLHUYQjOIYzCOAKanALdWgAgwie4RXevJH34r17H/PWgpfPHMIfeJ8/LSGNBA==</latexit>

m0 encode x with p(x)

<latexit sha1_base64="0LlZf+p40u1GmtVlVmeel9sBe0s=">AAACEnicbVC7SgNBFL0bXzG+opaCDAYhacKuKFoGbCwTMQ9IQpidnU2GzD6YmdWEJemsbfwVQSwUsbWy8xv8CScPQRMPDBzOuZe559ghZ1KZ5qeRWFhcWl5JrqbW1jc2t9LbOxUZRILQMgl4IGo2lpQzn5YVU5zWQkGxZ3NatbvnI796TYVkgX+l+iFterjtM5cRrLTUSucaHlYd4cXUJ4FDB6iBeggNf9QbpjqDIQqzvVwrnTHz5hhonlhTkilA6et2//Gy2Ep/NJyARB71FeFYyrplhqoZY6EY4XSQakSShph0cZvWNfWxR2UzHkcaoEOtOMgNhH6+QmP190aMPSn7nq0nR6fKWW8k/ufVI+WeNWPmh5HSkScfuRFHKkCjfpDDBCWK9zXBRDB9KyIdLDBRusWULsGajTxPKkd56zh/UtJtIJggCXtwAFmw4BQKcAFFKAOBO3iAZ3gx7o0n49V4m4wmjOnOLvyB8f4NfKmg3Q==</latexit>

decode x with p(x)

<latexit sha1_base64="kWAvp5J4RO5hSh+CJv06mDtrivE=">AAACEXicbVDJSgNBEK1xjXGLehSkUYR4CTOi6FHw4jERs0BmCD09FdPYs9DdowlDvHn14q940IMiXr158xv8CTuJgtuDgsd7VVTV8xPBlbbtN2tsfGJyajo3k5+dm19YLCwt11ScSoZVFotYNnyqUPAIq5prgY1EIg19gXX/7HDg189RKh5HJ7qXoBfS04i3OaPaSK1C0Q2p7sgwC5DFAfaJS7rk8ku84LrTvyRJsbvVKmzYJXsI8pc4n2TjACrvV2t3x+VW4dUNYpaGGGkmqFJNx060l1GpORPYz7upwoSyM3qKTUMjGqLysuFHfbJplIC0Y2kq0mSofp/IaKhUL/RN5+BU9dsbiP95zVS3972MR0mqMWKjRe1UEB2TQTwk4BKZFj1DKJPc3EpYh0rKtAkxb0Jwfr/8l9S2S85Oabdi0iAwQg5WYR2K4MAeHMARlKEKDK7hFh7g0bqx7q0n63nUOmZ9zqzAD1gvHwyEoKk=</latexit>

Figure 2. ANS is a last-in-first-out lossless coder. We adopt the
visualizations of (Kingma et al., 2019): the green bars represent
the message m, a stack that stores symbols x.

For our purposes, the ANS message can be thought of as a
store of randomness. Given a message m with enough bits,
regardless of m’s provenance, we can decode from m using
any distribution p. This will return a random symbol x and
remove roughly − log p(x) bits from m. Conversely, we
can encode a symbol x onto m with p, which will increase
m’s length by roughly − log p(x). If a sender produces a
message m through some sequence of encode or decode
steps using distributions pi, then a receiver, who has access
to the pi, can recover the sequence of encoded symbols
and the initial message by reversing the order of operations
and switching encodes with decodes. When describing
algorithms, we often leave out explicit references to m,
instead writing steps like ‘encode x with p(x)’. See Fig. 2.

2.2. Bits-Back Compression with ANS

The class of latent variable models is highly flexible, and
most operations required to compute with such models can
be parallelized, making them an attractive choice for model-
based coders. Bits-back coders, in particular Bits-Back
with ANS (BB-ANS, Townsend et al., 2019), specialize in
compression using latent variable models.

A latent variable model is specified in terms of a joint dis-
tribution p(x, z) between x and a latent discrete2 random
variable taking value in a symbol space z ∈ S′. We as-
sume that the joint distribution of latent variable models
factorizes as p(z)p(x | z) and that the PMFs, CDFs, and
inverse CDFs, under p(z) and p(x | z) are tractable. How-
ever, computing the marginal p(x) =

∑
z p(z)p(x | z) is

often intractable. This fact means that we cannot directly en-
code x onto m. A naive strategy would be for the sender to
pick some z ∈ S′, and encode (x, z) using p, which would
require − log p(x, z) bits; however, this involves communi-
cating the symbol z, which is redundant information.

BB-ANS gets a better bitrate, by compressing sequences of
symbols in a chain and by having the sender decode latents
z from the intermediate message state, rather than picking
z; see Fig. 3. Suppose that we have already pushed some
symbols onto a message m. BB-ANS uses an approximate
posterior q(z |x) such that if p(x, z) = 0 then q(z |x) =
0. To encode a symbol x onto m, the sender first pops
z from m using q(z |x). Then they push (x, z) onto m
using p(x, z). The new message m′ has approximately

2BB-ANS can easily be extended to continuous z, with negligi-
ble cost, by quantizing; see Townsend et al. (2019).



Monte Carlo Bits-Back Coding

<latexit sha1_base64="oqo/Tom3RO6R1tMOxwrBftjrf1k=">AAAB/XicbVDLSgMxFM3UV62v+ti5CRbBVZkRRZcFNy4r2Ad0hpJJM21okhmSO0Idir/ixoUibv0Pd/6NmXYW2nogcDjnXu7JCRPBDbjut1NaWV1b3yhvVra2d3b3qvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wfJP7nQemDY/VPUwSFkgyVDzilICV+tUjXxIYaZkpBtjHOORgpv1qza27M+Bl4hWkhgo0+9UvfxDTVDIFVBBjep6bQJARDZwKNq34qWEJoWMyZD1LFZHMBNks/RSfWmWAo1jbpwDP1N8bGZHGTGRoJ/OsZtHLxf+8XgrRdZBxlaTAFJ0filKBIcZ5FXjANaMgJpYQqrnNiumIaELBFlaxJXiLX14m7fO6d1l37y5qDVzUUUbH6ASdIQ9doQa6RU3UQhQ9omf0it6cJ+fFeXc+5qMlp9g5RH/gfP4AIb6U5w==</latexit>

net bits

<latexit sha1_base64="3/UGoY+7xu2IpIB63maTcuE3Eok=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIVEFF0W3LisYB/QhDKZTtqhk0mYuRFK7MJfceNCEbf+hjv/xkmbhbYeGDiccy9z7glTwTW47rdVWVldW9+obta2tnd29+z9g7ZOMkVZiyYiUd2QaCa4ZC3gIFg3VYzEoWCdcHxT+J0HpjRP5D1MUhbEZCh5xCkBI/XtIz8mMFJxziUHB/sYhxz0tG/XXcedAS8TryR1VKLZt7/8QUKzmEmggmjd89wUgpwo4FSwac3PNEsJHZMh6xkqScx0kM/yT/GpUQY4SpR5EvBM/b2Rk1jrSRyaySKtXvQK8T+vl0F0HZjT0gyYpPOPokxgSHBRBh5wxSiIiSGEKm6yYjoiilAwldVMCd7iycukfe54l457d1Fv4LKOKjpGJ+gMeegKNdAtaqIWougRPaNX9GY9WS/Wu/UxH61Y5c4h+gPr8wdmM5WW</latexit>

init. bits

<latexit sha1_base64="HTt39C9D5vipsaipNTtOLHuR7ZM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6t6t5dVuokj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwLIjYI=</latexit>

x1

<latexit sha1_base64="Qhu70pPo/X1mEQhenHWZsovq1Ag=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5l1b27qNRJHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAETI2D</latexit>

x2

decode z with q(z|x1)

<latexit sha1_base64="/zC/h0/9Bq1Iu3Xz7eWV/I4ZKR0="></latexit>

encode x1 with p(x1|z)

<latexit sha1_base64="LP682ysBTndM6SuoTmkPKKPaIjU="></latexit>

encode z with p(z)

<latexit sha1_base64="6Ekj9XHeGQcU10FInkLwOi2PYME=">AAACEXicbVC7SgNBFL3rM8ZX1FKQwSDEJuyKomXAxjIR84DsEmZnJ8mQ2Qczs0qyJJ2tjb9ioYUitnZ2foM/4eQhaOKBgcM59zL3HDfiTCrT/DTm5hcWl5ZTK+nVtfWNzczWdkWGsSC0TEIeipqLJeUsoGXFFKe1SFDsu5xW3c750K9eUyFZGFypbkQdH7cC1mQEKy01Mjnbx6ot/IQGJPRoH9mohwY/4g1T7f4ARbneYSOTNfPmCGiWWBOSLUDp63bv8bLYyHzYXkhinwaKcCxl3TIj5SRYKEY47aftWNIIkw5u0bqmAfapdJJRoj460IqHmqHQL1BopP7eSLAvZdd39eTwVDntDcX/vHqsmmdOwoIoVjrx+KNmzJEK0bAe5DFBieJdTTARTN+KSBsLTJQuMa1LsKYjz5LKUd46zp+UdBsIxkjBLuxDDiw4hQJcQBHKQOAOHuAZXox748l4Nd7Go3PGZGcH/sB4/wYjFaC3</latexit>

decode z0 with q(z0|x2)

<latexit sha1_base64="DiVNjBp1TgTev5CxypMhGg8XJL8="></latexit>

encode x2 with p(x2|z0)

<latexit sha1_base64="1Vflkt6OH7wbUCgFB9A+ubHAwHQ="></latexit>

encode z0 with p(z0)

<latexit sha1_base64="IzLNlfewioieZFbTo+sDu1l4oNA=">AAACFHicbVDLSgMxFL1TX7W+Rl0KEizSilBmRNFlwY3LVuwD2lIyadqGZh4kGaUd2p0f4MZf0YULRdy6cOc3+BOmD0FbDwQO59xL7jlOwJlUlvVpxObmFxaX4suJldW19Q1zc6so/VAQWiA+90XZwZJy5tGCYorTciAodh1OS07nfOiXrqmQzPeuVDegNRe3PNZkBCst1c3DqotVW7gR9YjfoH1URb0UQoMf+Yapdn+AgnQvdVA3k1bGGgHNEntCklnIf93uPl7m6uZHteGT0KWeIhxLWbGtQNUiLBQjnPYT1VDSAJMObtGKph52qaxFo1B9tK+VBmr6Qj9PoZH6eyPCrpRd19GTw1vltDcU//MqoWqe1SLmBaHSoccfNUOOlI+GDaEGE5Qo3tUEE8H0rYi0scBE6R4TugR7OvIsKR5l7OPMSV63gWCMOOzAHqTBhlPIwgXkoAAE7uABnuHFuDeejFfjbTwaMyY72/AHxvs3XkehQw==</latexit>

Figure 3. Encoding (x1, x2) requires an initial source of bits (light
blue), but bits-back reduces its total bit consumption by using
intermediate messages as the initial source of bits for encoding x2.
The net bits used (light orange) is close to the negative ELBO.

− log p(x, z) + log q(z |x) more bits than m. m′ is then
used in exactly the same way for the next symbol. The per-
symbol rate saving over the naive method is − log q(z |x)
bits. However, for the first symbol, an initial message is
needed, causing a one-time overhead.

2.3. The Bitrate of Bits-Back Coders

When encoding a sequence of symbols, we define the total
bitrate to be the number of bits in the final message per
symbol encoded; the initial bits to be the number of bits
needed to initialize the message; and the net bitrate to be
the total bitrate minus the initial bits per symbol, which is
equal to the expected increase in message length per symbol.
As the number of encoded symbols grows, the total bitrate
of BB-ANS will converge to the net bitrate.

One subtlety is that the BB-ANS bitrate depends on the
distribution of the latent z, popped with q(z |x). In an
ideal scenario, where m contains i.i.d. uniform Bernoulli
distributed bits, z will be an exact sample from q. Unfor-
tunately, in practical situations, the exact distribution of z
is difficult to characterize. Nevertheless, Townsend et al.
(2019) found the ‘evidence lower bound’ (ELBO)

Ez∼q(z | x) [− log p(x, z) + log q(z |x)]

= − log p(x) +DKL(q(z |x) ‖ p(z |x)),
(2)

which assumes z ∼ q(z |x), to be an accurate predictor of
BB-ANS’s empirical compression rate; the effect of inaccu-
rate samples (which they refer to as ‘dirty bits’) is typically
less than 1%. So, in this paper we mostly elide the dirty bits
issue, regarding (2) to be the net bitrate of BB-ANS, and
hereafter we refer to vanilla BB-ANS as BB-ELBO. Taking
the expectation under pd, BB-ELBO achieves a net bitrate of
approximately H(pd, p) + Ex∼pd [DKL(q(z |x) ‖ p(z |x))].

3. Monte Carlo Bits-Back Coding
The net bitrate of bits-back is ideally the negative ELBO.
This rate seems difficult to improve without finding a bet-
ter q. However, the ELBO may be a loose bound on the
marginal log-likelihood. Recent work in variational infer-
ence shows how to bridge the gap from the ELBO to the
marginal log-likelihood with tighter variational bounds (e.g.,
Burda et al., 2015; Domke & Sheldon, 2018), motivating the
question: can we derive bits-back coders from those tighter
bounds and approach the cross-entropy?

In this section we provide an affirmative answer to this
question with a framework called Monte Carlo bits-back
coding (McBits). We point out that the extended space con-
structions of Monte Carlo estimators can be reinterpreted
as bits-back coders. One of our key contributions is de-
riving variants whose net bitrates improve over BB-ELBO,
while being nearly as efficient with initial bits. We begin
by motivating our framework with two worked examples.
Implementation details are in Appendix A.

3.1. Bits-Back Importance Sampling

The simplest of our McBits coders is based on importance
sampling (IS). IS samples N particles zi ∼ q(zi |x) i.i.d.
and uses the importance weights p(x, zi)/q(zi |x) to esti-
mate p(x). The corresponding variational bound (IWAE,
Burda et al., 2015) is the log-average importance weight:

− E{zi}Ni=1

[
log

(
N∑
i=1

1

N

p(x, zi)

q(zi |x)

)]
≥ − log p(x). (3)

IS provides a consistent estimator of p(x). If the importance
weights are bounded, the left-hand side of equation (3) con-
verges monotonically to − log p(x) (Burda et al., 2015).

Surprisingly, equation (3) is actually the evidence lower
bound between a different model and a different approxi-
mate posterior on an extended space (Andrieu et al., 2010;
Cremer et al., 2017; Domke & Sheldon, 2018). In particular,
consider an expanded latent space S′N × {1 .. N} that in-
cludes the configurations of the N particles {zi}Ni=1 and an
index j ∈ {1 .. N}. The left-hand side of equation (3) can
be re-written as the (negative) ELBO between a pair of dis-
tributions P and Q defined over this extended latent space,
which are given in Alg. 1. Briefly, given x, Q samples N
particles zi ∼ q(zi |x) i.i.d. and selects one of them by sam-
pling an index j with probability w̃j ∝ p(x, zj)/q(zj |x).
The distribution P pre-selects the special jth particle uni-
formly at random, samples its value zj ∼ p(zj) from the
prior of the underlying model, and samples x ∼ p(x | zj)
given zj . The remaining zi ∼ q(zi |x) for i 6= j are sam-
pled from the underlying approximate posterior. Because
P and Q use q for all but the special jth particle, most of
the terms in the difference of the log-mass functions cancel,
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Algorithm 1: Extended Latent Space Representation of Importance Sampling

Process Q(Z |x)

sample {zi}Ni=1 ∼
∏N
i=1 q(zi |x)

compute w̃i ∝ p(x,zi)
q(zi | x)

sample j ∼ Cat (w̃j)
return {zi}Ni=1, j

Process P (x,Z)
sample j ∼ Cat(1/N)
sample zj ∼ p(zj)
sample x ∼ p(x | zj)
sample {zi}i6=j ∼

∏
i 6=j q(zi |x)

return x, {zi}Ni=1, j

decode {zi}N
i=1 with ⇧N

i=1q(zi|x)

<latexit sha1_base64="uRtJmUOgtbdwA3c6jYi05SWpluQ="></latexit>

decode j with Cat(w̃j)

<latexit sha1_base64="siaXHM3zYaGecMus9YdPdAcV8YM="></latexit>

encode {zi}i 6=j with ⇧i 6=jq(zi|x)

<latexit sha1_base64="FhrtW3H8mWSNM2IckpZpVU0YCCU="></latexit>

encode x with p(x|zj)

<latexit sha1_base64="8OZk/JafOuXuqNjcwLqZLWp+2/8="></latexit>

encode zj with p(zj)

<latexit sha1_base64="mKRq9Y/lzUrBxlxuON06Jv0hFsU=">AAACFXicbVDLSgMxFM3UR2t9VV26CRahgpQZUXRZcOOyon1gZyiZTNrGJjNDklHqMAV/wY1rv8GNGxeKuBXc+TemD0FbDwQO59xL7jluyKhUpvllpGZm5+bTmYXs4tLyympubb0qg0hgUsEBC0TdRZIw6pOKooqReigI4i4jNbd7PPBrV0RIGvjnqhcSh6O2T1sUI6WlZm7X5kh1BI+JjwOPJNCGN81L2P+Rr6nqJH0YFrS608zlzaI5BJwm1pjkS6mH24v041m5mfu0vQBHnPgKMyRlwzJD5cRIKIoZSbJ2JEmIcBe1SUNTH3EinXiYKoHbWvFgKxD6+QoO1d8bMeJS9rirJwfHyklvIP7nNSLVOnJi6oeR0qlHH7UiBlUABxVBjwqCFetpgrCg+laIO0ggrHSRWV2CNRl5mlT3itZ+8eBUtwHBCBmwCbZAAVjgEJTACSiDCsDgDjyBF/Bq3BvPxpvxPhpNGeOdDfAHxsc33L2iEw==</latexit>

encode j with Cat(1/N)

<latexit sha1_base64="wJwUgpFeCQ4W+BesI2a+WAp2Des="></latexit>

(a) Bits-Back Importance Sampling (BB-IS)

<latexit sha1_base64="6vjzABZqWg6OphPOukzS0PCJWIU="></latexit>

assign ui = Ti(u1), zi = F�1
q (ui)

decode u1 with unif{0, . . . , 2r � 1}

<latexit sha1_base64="jiBdsT4tWM5rRhCRS4Rz53fUQx4="></latexit>

encode uj with unif{u : F�1
q (u) = zj}

<latexit sha1_base64="r9v+MDg87nG09nLbP8D9w8zIqyU="></latexit>

decode j with Cat(w̃j)

<latexit sha1_base64="siaXHM3zYaGecMus9YdPdAcV8YM="></latexit>

encode x with p(x|zj)

<latexit sha1_base64="8OZk/JafOuXuqNjcwLqZLWp+2/8="></latexit>

encode zj with p(zj)

<latexit sha1_base64="mKRq9Y/lzUrBxlxuON06Jv0hFsU=">AAACFXicbVDLSgMxFM3UR2t9VV26CRahgpQZUXRZcOOyon1gZyiZTNrGJjNDklHqMAV/wY1rv8GNGxeKuBXc+TemD0FbDwQO59xL7jluyKhUpvllpGZm5+bTmYXs4tLyympubb0qg0hgUsEBC0TdRZIw6pOKooqReigI4i4jNbd7PPBrV0RIGvjnqhcSh6O2T1sUI6WlZm7X5kh1BI+JjwOPJNCGN81L2P+Rr6nqJH0YFrS608zlzaI5BJwm1pjkS6mH24v041m5mfu0vQBHnPgKMyRlwzJD5cRIKIoZSbJ2JEmIcBe1SUNTH3EinXiYKoHbWvFgKxD6+QoO1d8bMeJS9rirJwfHyklvIP7nNSLVOnJi6oeR0qlHH7UiBlUABxVBjwqCFetpgrCg+laIO0ggrHSRWV2CNRl5mlT3itZ+8eBUtwHBCBmwCbZAAVjgEJTACSiDCsDgDjyBF/Bq3BvPxpvxPhpNGeOdDfAHxsc33L2iEw==</latexit>

encode j with Cat(1/N)

<latexit sha1_base64="SuIM4CgwIC9txwh/sesVg0ZzNEk="></latexit>

(b) Bits-Back Coupled Importance Sampling (BB-CIS)

Figure 4. The initial bit cost of encoding a single symbol x with IS-based coders is reduced from O(N) to O(logN) by coupling the
latents with shared randomness. Both of these coders achieve a net bitrate that approaches − log p(x) as N →∞.

and all that remains is equation (3). See Appendix A.4.

Once we identify the left-hand side of equation (3) as a
negative ELBO over the extended space, we can derive
a bits-back scheme that achieves an expected net bitrate
equal to equation (3). We call this the Bits-Back Importance
Sampling (BB-IS) coder, and it is visualized in Fig. 4a. To
encode a symbol x, we first decode N particles zi and the
index j with the Q process by translating each ‘sample’ to
‘decode’. Then we encode x, the particles zi, and the index
j jointly with the P process by translating each ‘sample’ to
‘encode’ in reverse order. By reversing P at encode time,
we ensure that receiver decodes with P in the right order.

Thus, ignoring the clean bits question, BB-IS’s asymptotic
net bitrate is close to the left-hand side of equation (3),
which converges to the marginal log-likelihood (Burda et al.,
2015). Ultimately, as N →∞, it reaches the cross-entropy.

3.2. Bits-Back Coupled Importance Sampling

Unfortunately, the BB-IS coder requires roughly− log w̃j−∑N
i=1 log q(zi |x) ∈ O(N) initial bits. The reason is that

each decoded random variable needs to remove some bits
from m. Can this be avoided? Here, we design Bits-Back
Coupled Importance Sampling (BB-CIS), which achieves a
net bitrate comparable to BB-IS while reducing the initial
bit cost to O(logN). BB-CIS achieves this by decoding a

single common random number, which is shared by the zi.
The challenge is showing that a net bitrate comparable to
BB-IS is still achievable under such a reparameterization.

BB-CIS is based on a reparameterization of the particles zi
as deterministic functions of coupled uniform random vari-
ables. The method is a discrete analog of the inverse CDF
technique for simulating non-uniform random variates (De-
vroye, 2006). Specifically, suppose that the latent space S′ is
totally ordered, and the probabilities of q are approximated
to an integer precision r > 0, i.e., 2rq(z |x) is an integer for
all z ∈ S′. Define the function F−1q : {0 .. 2r − 1} → S′,

F−1q (u) = arg min
{
z :
∑

z′≤z
2rq(z′ |x) > u

}
. (4)

F−1q maps the uniform samples into samples from q. This
is visualized in Fig. 5. A coupled set of particles zi with
marginals q(zi |x) can be simulated with a common ran-
dom number by sampling a single uniform u and setting
zi = F−1q (Ti(u)) for some functions Ti : {0 .. 2r − 1} →
{0 .. 2r − 1}. Intuitively, Ti maps u to the uniform ui un-
derlying zi. To ensure that zi have the same marginal, we
require that Ti are bijective functions. For example, Ti can
be defined as a fixed ‘shift’ by integer ki , i.e., Ti(u) =
(u+ ki) mod 2r with inverse T−1i (u) = (u− ki) mod 2r.
We set T1(u) = u by convention.

BB-CIS uses these couplings in a latent decoding pro-
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cess that saves initial bits. It decodes u1 from m with
unif{0 .. 2r − 1}, sets zi = F−1q (Ti(u1)), and decodes
the index j of the special particle zj with Cat(w̃j). This
reduces the initial bit cost to r − log w̃j ∈ O(logN).

The coupled latent decoding process needs to be matched
with an appropriate encoding process for x. Suppose that we
finished encoding x, as with BB-IS, by encoding {zi}i 6=j
with q(zi |x) i.i.d. and encoding (x, zj , j) with p(x, zj)/N .
The net bitrate would be

Eu1

[
−r −

N∑
i=1

log q(zi |x)− log

(
N∑
i=1

1

N

p(x, zi)

q(zi |x)

)]
.

This is clearly worse than BB-IS. The culprits are the N − 1
latents that BB-IS pushes onto m, which is wasteful, be-
cause they are deterministically coupled. Fundamentally,
the encoding process of BB-IS is not balanced with the
initial bit savings of our coupled latent decoding process.

The solution is to design an encoding process over {zi}Ni=1,
{ui}Ni=1, and x, which exactly matches the initial bit savings
of the coupled decoding process. The idea is to encode just
(uj , x, zj , j), which is enough information for the receiver
to reconstruct all other variables. The key is to design the
encoding for uj . Encoding uj with a uniform on {0 .. 2r −
1} is unnecessarily wasteful, because zj restricts the range
of uj . It turns out, that the best we can do is to encode uj
with unif{u : F−1q (u) = zj}. Finally (x, zj , j) are encoded
with p(x, zj)/N . BB-CIS’s encode is given in Fig. 4b.

BB-CIS has the following expected net bitrate:

− Eu1

[
log

(
N∑
i=1

1

N

p(x, zi)

q(zi |x)

)]
. (5)

Thus, BB-CIS achieves a net bitrate comparable to BB-
IS, but uses only O(logN) initial bits. We show this in
Appendix A.5. We also show that the BB-CIS net bitrate can
be interpreted as a negative ELBO over an extended latent
space, which accounts for the configurations of zi, ui, and j.
This extended space construction is novel, and we believe
it may be useful for deriving other coupling schemes that
reduce initial bit consumption. Common random numbers
are classical tools in Monte Carlo methods; in bits-back they
may serve as a tool for controlling initial bit cost.

The net bitrate of BB-CIS can fail to converge, if the Ti
are poorly chosen. In our experiments, we used fixed (but
randomly chosen) shifts shared between the sender and
receiver. This scheme converged as quickly as BB-IS in
terms of net bitrate, but at a greatly reduced total bitrate.
One can also set Ti(u) = (u + ki) mod 2r where ki is a
random, but fixed, permutation of {0 .. 2r}. In this case,
BB-CIS reduces to numerical integration over a random
permutation of {0 .. 2r − 1}.
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{0 .. 2r � 1}

Figure 5. Mapping uniforms in {0 .. 2r − 1} to samples in S′.
Colors represent the subsets mapped to z of size 2rq(z |x).

3.3. General Framework

Monte Carlo bits-back coders generalize these two exam-
ples. They are bits-back coders built from extended la-
tent space representations of Monte Carlo estimators of
the marginal likelihood. Let p̂N (x) be a positive unbi-
ased Monte Carlo estimator of the marginal likelihood
that can be simulated with O(N) random variables, i.e.,
E[p̂N (x)] = p(x). Importance sampling is the quintessen-
tial example, p̂N (x) = N−1

∑N
i=1 p(x, zi)/q(zi |x), but

more efficient estimators of p(x) can be built using tech-
niques like annealed importance sampling (Neal, 2001) or
sequential Monte Carlo (Doucet et al., 2001).

A variational bound on the log-marginal likelihood can be
derived from p̂N (x) by Jensen’s inequality,

− E[log p̂N (x)] ≥ − log p(x). (6)

If p̂N (x) is strongly consistent in N (as is the case with
many of these estimators) and − log p̂N (x) satisfies a
uniform integrability condition, then −E[log p̂N (x)] →
− log p(x) (Maddison et al., 2017). This framework cap-
tures recent efforts on tighter variational bounds (Burda
et al., 2015; Maddison et al., 2017; Naesseth et al., 2018; Le
et al., 2018; Domke & Sheldon, 2018; Caterini et al., 2018).

As with BB-IS and BB-CIS, the key step in the McBits
framework is to identify an extended latent space represen-
tation of p̂N (x). Let Z ∼ Q(Z |x) be a set of random
variables (often including those needed to compute p̂N (x)).
If there exists a ‘target’ probability distribution P (x,Z)
over x and Z with marginal p(x) such that

p̂N (x) =
P (x,Z)

Q(Z |x)
, (7)

then the McBits coder, which decodes Z with Q(Z |x) and
encodes (x,Z) with P (x,Z), will achieve a net bitrate of
− log p̂N (x). In particular, if the log estimator converges in
expectation to the log-marginal likelihood and we ignore the
dirty bits issue, then DKL(Q(Z |x) ‖P (Z |x)) → 0 and
the McBits coder will achieve a net bitrate of H(pd, p).

The challenge is to identify Z , Q, and P . While Monte
Carlo estimators of p(x) get quite elaborate, many of them
admit such extended latent space representations (e.g., Neal,
2001; Andrieu et al., 2010; Finke, 2015; Domke & Sheldon,
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2018). These constructions are techniques for proving the
unbiasedness of the estimators; one of our contributions
is to demonstrate that they can become efficient bits-back
schemes. In Appendix A, we provide pseudocode for all
McBits coders. In Appendix B, we discuss their computa-
tional cost. All coders require O(N) time, but the IS- and
SMC-based coders are amenable to parallelization.

Bits-Back Annealed Importance Sampling (BB-AIS)
Annealed importance sampling (AIS) is a generalization
of importance sampling, which introduces a path of N inter-
mediate distributions between the base distribution q(z |x)
and the unnormalized posterior p(z |x). AIS samples a
sequence of latents by iteratively applying MCMC transi-
tion kernels that leave each intermediate distributions in-
variant. By bridging the gap between q(z |x) and p(z |x),
AIS’s estimate of p(x) typically converges faster than im-
portance sampling (Neal, 2001). The corresponding McBits
coder, BB-AIS, requires O(N) initial bits, but this can be
addressed with the BitSwap trick (Kingma et al., 2019),
which we call BB-AIS-BitSwap. Another issue is that the
intermediate distributions are usually not factorized, which
makes it challenging to work with high-dimensional z.

Bits-Back Sequential Monte Carlo (BB-SMC) Sequen-
tial Monte Carlo (SMC) is a particle filtering method that
combines importance sampling with resampling. Its esti-
mate of p(x) typically converges faster than importance
sampling for time series models (Cérou et al., 2011; Bérard
et al., 2014). SMC maintains a population of particles. At
each time step, the particles independently sample an ex-
tension from the proposal distribution. Then the whole
population is resampled with probabilities in proportion to
importance weights. The corresponding McBits coder, BB-
SMC, requires O(TN) initial bits, where T is the length of
the time series. We introduce a coupled variant, BB-CSMC,
in the appendix that reduces this to O(T logN).

4. Related Work
Recent work on learned compressors considers two classes
of deep generative models: models based on normalizing
flows (Rippel & Adams, 2013; Dinh et al., 2014; 2016;
Rezende & Mohamed, 2015) and deep latent variable mod-
els (Kingma & Welling, 2013; Rezende et al., 2014). Flow
models are generally computationally expensive, and opti-
mizing a function with discrete domain and codomain using
gradient descent can be cumbersome. Despite these issues,
flow models are the state of the art for lossless compression
of small images (van den Berg et al., 2020).

‘Bits-back’ was originally meant to provide an information
theoretic basis for approximate Bayesian inference methods
(Wallace, 1990; Hinton & Van Camp, 1993; Frey & Hinton,

1997; Frey, 1998). Townsend et al. (2019) showed that the
idea can lead directly to a practical compression algorithm
for latent variable models. Follow up work reduced the
initial bit cost for hierarchical models (Kingma et al., 2019),
and extended it to large scale models and larger images
(Townsend et al., 2020). For lossy compression, the vari-
ational autoencoder framework is a natural fit for training
transform coders (Johnston et al., 2019; Ballé et al., 2016;
2018; Minnen et al., 2018; Yang et al., 2020).

5. Experiments
We studied the empirical properties and performance of
our McBits coders on both synthetic data and practical im-
age and music piece compression tasks. Many of our ex-
periments used continuous latent variable models and we
adopted the maximum entropy quantization in Townsend
et al. (2019) to discretize the latents. We sometimes eval-
uated the ideal bitrate, which for each coder is the corre-
sponding variational bound estimated with pseudorandom
numbers. For continuous latent variable models, the ideal
bitrate does not account for quantization. We rename BB-
ANS to BB-ELBO. N refers to the number of intermediate
distributions for BB-AIS. Details are in Appendix C.

5.1. Lossless Compression on Synthetic Data

We assessed the convergence properties, impact of dirty bits,
and initial bit cost of our McBits coders on synthetic data.
First, a dataset of 5000 symbols was generated i.i.d. from
a mixture model with alphabet sizes 64 and 256 for the
observations and latents, respectively. BB-ELBO, BB-IS,
BB-CIS, and BB-AIS were evaluated using the true data
generating distribution with a uniform approximate poste-
rior, ensuring a large mismatch with the true posterior. For
BB-AIS, a Metropolis–Hastings kernel with a uniform pro-
posal was used. The bijective operators of BB-CIS applied
randomly selected, but fixed, shifts to the sampled uniform.

The net bitrates of BB-IS, BB-CIS, and BB-AIS converged
to the entropy (optimal rate) as the number of particles in-
creased. This is shown in 6a. The indistinguishable gap
between BB-CIS and BB-IS illustrates that particle cou-
pling did not lead to a deterioration of net bitrate. BB-AIS-
BitSwap did not converge, likely due to the dirty bits issue.

We measured the impact of dirty bits by plotting ideal versus
net bitrates in Fig. 6b. The deviation of any point to the
dashed line indicates the severity of dirty bits. Interestingly,
most of our McBits coders appeared to ‘clean’ the bitstream
as N increased, i.e. the net bitrate converged to the entropy,
as shown in Fig. 6b for BB-AIS and in Fig. 10a in Appendix
C.1 for all coders. Only BB-AIS-BitSwap did not clean the
bitstream (Fig. 6b), indicating that the order of operations
has a significant impact on the cleanliness of McBits coders.
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(a) As N → ∞, the net bitrate converges
to the entropy for most coders on the toy
mixture model.
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(b) As N → ∞, the net bitrate converges.
Convergence to the ideal bitrate (dashed
line) indicates clean bits.
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(c) The initial bit cost (reflected in the total
bitrate after the first symbol) is controlled
by some McBits coders, but not others.

Figure 6. The bitrate of McBits coders converges (in the number of particles N ) to the entropy when using the data generating distribution.
The initial bit cost of naive coders scales like O(N), but coupled and BitSwap variants significantly reduce it. Bitrates are bits/sym.

We quantified the initial bits cost by computing the total bi-
trate after the first symbol. As shown in Fig. 6c, it increased
linearly with N for BB-IS and BB-AIS, but remained fixed
for BB-CIS and BB-AIS-BitSwap.

Our second experiment was with a dataset of 5000 symbol
subsequences generated i.i.d. from a small hidden Markov
model (HMM). We used 10 timesteps with alphabet sizes
16 and 32 for the observations and latents, respectively. BB-
ELBO, BB-IS, and BB-SMC were evaluated using the true
data generating distribution and a uniform approximate pos-
terior. The net bitrates of BB-IS and BB-SMC converged to
the entropy, but BB-SMC converged much faster, illustrat-
ing the effectiveness of resampling particles for compressing
sequential data (Fig. 7).
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Figure 7. As N → ∞, the net bitrates of BB-IS and BB-SMC
converge to the entropy on the toy HMM, but BB-SMC converges
much faster.

5.2. Lossless Compression on Images

We benchmarked the performance of BB-IS and BB-CIS
on the standard train-test splits of two datasets: an alphanu-
meric extension of MNIST called EMNIST (Cohen et al.,
2017), and CIFAR-10 (Krizhevsky, 2009). EMNIST was
dynamically binarized following Salakhutdinov & Murray
(2008), and a VAE with 1 stochastic layer was used as in
Burda et al. (2015). For CIFAR-10, we used VQ-VAE (Oord
et al., 2017) with discrete latent variables and trained with
continuous relaxations (Sønderby et al., 2017).

The variational bounds used to train the VAEs had an impact

Table 1. BB-IS performs better on models that were trained with
the same number of particles. The net bitrates (bits/dim) of BB-
IS on EMNIST-MNIST and CIFAR-10 test sets. N = 50 for
EMNIST-MNIST and N = 10 for CIFAR-10.

MNIST CIFAR-10

ELBO IWAE ELBO IWAE

BB-ELBO 0.236 0.236 4.898 4.898
BB-IS (5) 0.232 0.231 4.866 4.827
BB-IS (N ) 0.230 0.228 4.857 4.810

Savings 2.5% 3.4% 0.8% 1.8%

Table 2. BB-IS leads to more improved compression rates in trans-
fer learning settings. The net bitrates (bits/dim) of BB-IS on
EMNIST test sets using a VAE.

Trained on MNIST Letters

Compressing MNIST Letters MNIST Letters

BB-ELBO 0.236 0.310 0.257 0.250
BB-IS (5) 0.231 0.289 0.249 0.243
BB-IS (50) 0.228 0.280 0.244 0.239

Savings 3.4% 9.7% 5.1% 4.4%

on compression performance. When using BB-IS with a
model trained on the IWAE objective, equalizing the number
of particles during compression and training resulted in
better rates than BB-IS with an ELBO-trained VAE (Table
1). Therefore, we always use our McBits coders with models
trained on the corresponding variational bound.

We assessed BB-IS in a transfer learning setting. We trained
models on the standard EMNIST-Letters and EMNIST-
MNIST splits and evaluated compression performance on
the test sets. BB-IS achieved greater rate savings than BB-
ELBO when transferred to an out-of-distribution setting
(Table 2). This illustrates that BB-IS may be particularly
useful in more practical compression settings where the data
distribution is different from that of the training data.

Finally, we compared BB-IS and BB-CIS to other bench-
mark lossless compression schemes by measuring the total
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Table 3. BB-CIS achieves the best total bitrates compared to base-
lines on EMNIST test sets.

Method MNIST Letters

PNG 0.819 0.900
WebP 0.464 0.533
gzip 0.423 0.413
lzma 0.383 0.369
bz2 0.375 0.364

BB-ELBO 0.236 0.250
BB-ELBO-IF (50) 0.233 0.246
BB-IS (50) 0.230 0.241
BB-CIS (50) 0.228 0.239

Table 4. BB-SMC achieves the best net bitrates (bits/timestep) on
all piano roll test sets.

Musedata Nott. JSB Piano.

BB-ELBO 10.66 5.87 12.53 11.43
BB-IS (4) 10.66 4.86 12.03 11.38
BB-SMC (4) 9.58 4.76 10.92 11.20

Savings 10.1% 18.9% 12.8% 2.0%

bitrates on EMNIST test sets (without transferring). We
also compared with amortized-iterative inference, (Yang
et al., 2020) that optimizes the ELBO objective over local
variational parameters for each data example at the com-
pression stage. To roughly match the computation budget,
the number of optimization steps was set to 50 and this
method is denoted as BB-ELBO-IF (50). Both BB-IS and
BB-CIS outperformed all other baselines on both test sets,
and BB-CIS was better than BB-IS in terms of total bitrate
since it effectively reduces the initial bit cost. Additional
results can be found in in Appendix C.2.

5.3. Lossless Compression on Sequential Data

We quantified the performance of BB-SMC on sequen-
tial data compression tasks with 4 polyphonic music
datasets: Nottingham, JSB, MuseData, and Piano-midi.de
(Boulanger-Lewandowski et al., 2012). All datasets were
composed of sequences of binary 88-dimensional vectors
representing active notes. The sequence lengths were very
imbalanced, so we chunked the datasets to sequences with
maximum length of 100. We trained variational recurrent
neural networks (VRNN, Chung et al., 2015) on these chun-
ked datasets using code from Maddison et al. (2017). For
each dataset, 3 VRNN models were trained with the ELBO,
IWAE and FIVO objectives with 4 particles and were used
with their corresponding coders for compression.

We compared the net bitrates of all coders for compressing
each test set in Table 4. BB-SMC clearly outperformed BB-
ELBO and BB-IS with the same number of particles on all
datasets. We include the comparison with some benchmark
lossless compression schemes in Table 8 in Appendix C.3.
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Figure 8. The rate saving curve for lossy compression on the
EMNIST-MNIST test set. We measure the net bitrate savings
(%) relative to BB-ELBO for fixed distortion values.

5.4. Lossy Compression on Images

Current state-of-the-art lossy image compressors use hier-
archical latent VAEs with quantized latents that are loss-
lessly compressed with hyperlatents (Ballé et al., 2016;
2018; Minnen et al., 2018). Yang et al. (2020) observed
that the marginalization gap of jointly compressing the la-
tent and the hyperlatent can be bridged by bits-back. Thus,
our McBits coders can be used to further reduce the gap.

We experimented on a simplified setting where we used the
binarized EMNIST datasets and a modification of the VAE
model with 2 stochastic layers in Burda et al. (2015). The
major modifications were the following. The distributions
over the 1st stochastic layer (latent) were modified to sup-
port quantization in a manner similar to (Ballé et al., 2018).
We trained the model on a relaxed rate-distortion objective
with a hyperparameter λ controlling the trade-off, where the
distortion term was the Bernoulli negative log likelihood
and the rate term was the negative ELBO or IWAE that only
marginalized over the 2nd stochastic layer (hyperlatent).
Details are in Appendix C.4.

We evaluated the net bitrate savings of BB-IS compared to
BB-ELBO on the EMNIST-MNIST test set with different
λ values, as in Fig. 8. We found that BB-IS achieved more
than 15% rate savings in some setups, see also the rate-
distortion curves in Appendix C.4. The performance can be
further improved by applying amortized-iterative inference,
which is included in Appendix C.4. We also implemented
these experiments for the model in (Ballé et al., 2018), but
did not observe significant improvements. This may be due
to the specific and complex model architecture.

6. Conclusion
We showed that extended state space representations of
Monte Carlo estimators of the marginal likelihood can be
transformed into bits-back schemes that asymptotically re-
move the DKL gap. In our toy experiments, our coders
were ‘self-cleaning’ in the sense that they reduced the dirty
bits gap. In our transfer experiments, our coders had a
larger impact on compression rates when compressing out-
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of-distribution data. Finally, we demonstrated that the initial
bit cost incurred by naive variants can be controlled by cou-
pling techniques. We believe these coupling techniques may
be of value in other settings to reduce initial bit costs.
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A. Monte Carlo Bits-Back Coders
A.1. Notation

• I (A) is the indicator function of the event A, i.e., I (A) = 1 if A holds and 0 otherwise.

• P(A) is the probability of the event A.

A.2. Assumptions

• We assume that, if q(z |x) > 0, then p(x, z) > 0.

A.3. General Framework

Algorithm 2: Encode Procedure of McBits Coders

Procedure Encode(symbol x, message m)
decode Z with Q(Z |x)
encode x and Z with P (x,Z)
return m′

Algorithm 3: Decode Procedure of McBits Coders

Procedure Decode(message m)
decode x and Z with P (x,Z)
encode Z with Q(Z |x)
return x, m′

As discussed in the main body, given the extended space representation of an unbiased estimator of the marginal likelihood,
we can derive the general procedure of McBits coders as Alg. 2. The decode procedure could be easily derived from the
encode procedure by simply reverse the order and switch ‘encode’ with ‘decode’, as in Alg. 3. Therefore, we do not
tediously present the decode procedure for each McBits coder in the following subsections.

A.4. Bits-Back Importance Sampling (BB-IS)

Importance sampling (IS) samples N particles zi ∼ q(zi |x) i.i.d. and uses the average importance weight to estimate p(x).
The corresponding variational bound (IWAE, Burda et al., 2015) is the log-average importance weight which is given in
equation (3). For simplicity, we denote importance weight as wi = p(x, zi)/q(zi |x) and normalized importance weight as
w̃i = wi/

∑
i wi. The basic importance sampling estimator of p(x) is given by

N∑
i=1

wi
N

=

N∑
i=1

1

N

p(x, zi)

q(zi |x)
. (8)

Extended latent space representation The extended latent space representation of the importance sampling estimator is
presented in Alg. 1, from which we can derive the proposal and target distribution as followed:

Q({zi}Ni=1, j |x) = w̃j

N∏
i=1

q(zi |x) (9)

P (x, {zi}Ni=1, j) =
1

N
p(x, zj)

∏
i 6=j

q(zi |x). (10)

Now note,

P (x, {zi}Ni=1, j)

Q({zi}Ni=1, j |x)
=

1

N

∑N
i=1 wi
wj

p(x, zj)

q(zj |x)
=

N∑
i=1

wi
N
, (11)

which exactly gives us the IS estimator.

BB-IS Coder Based on the extended latent space representation, the Bits-Back Importance Sampling (BB-IS) coder is
derived in Alg. 4 and visualized in Fig. 4a. The expected net bit length for encoding a symbol x is:

−E{zi}Ni=1,j

[
log

P (x, {zi}Ni=1, j)

Q({zi}Ni=1, j |x)

]
= −E{zi}Ni=1

[
log

(
N∑
i=1

wi
N

)]
. (12)

Ignoring the dirty bits issue, i.e., zi ∼ q(zi |x) i.i.d., the expected net bit length exactly achieves the negative IWAE bound.
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Algorithm 4: Encode Procedure of BB-IS

Procedure Encode(symbol x, message m)
decode {zi}Ni=1 with

∏N
i=1 q(zi |x)

decode j with Cat (w̃j)
encode {zi}i 6=j with

∏
i 6=j q(zi |x)

encode x with p(x | zj)
encode zj with p(zj)
encode j with Cat(1/N)
return m′

A.5. Bits-Back Coupled Importance Sampling

The basic idea behind Bits-Back Coupled Importance Sampling is to couple the randomness that generates the particles zi.
We assume that q(z |x) has been discretized to precision r. In particular, we assume that for all z ∈ S′

q(z |x) =
qz
2r
, (13)

where qz is an integer. Note that this assumption is also required for ANS, so this is not an additional assumption. Assume
that S′ is totally ordered (any ordering works) and u ∈ {0 .. 2r − 1}. Define the unnormalized cumulative distribution
function Fq of q as well as the following related objects:

Fq(z) =
∑
z′≤z

qz′ (14)

F−1q (u) = arg min{z ∈ S′ : Fq(z) > u} (15)

U(z) = {u : F−1q (u) = z}. (16)

Notice that |U(z)| = qz . Thus, if u ∼ unif{0 .. 2r − 1}, then

P
(
F−1q (u) = z

)
= P (u ∈ U(z))

=
|U(z)|

2r

=
qz
2r
.

Therefore we can reparameterize the sampling process of z as uniform sampling over {0 .. 2r − 1} followed by the
deterministic mapping F−1q . This is a classical approach in non-uniform random variate generation, specialized to this
discrete setting. This is visualized in Fig. 5.

Coupled importance sampling (CIS) samples the latent variables by coupling their underlying uniforms. Let Ti : {0 .. 2r −
1} → {0 .. 2r − 1} be bijective functions. If u ∼ unif{0 .. 2r − 1}, then

P (Ti(u) = u′) = P
(
u = T−1i (u′)

)
=

I
(
T−1i (u′) ∈ {0 .. 2r − 1}

)
2r

=
1

2r
.

Thus, if u ∼ unif{0 .. 2r − 1}, then Ti(u)
d
= u and F−1q (Ti(u)) ∼ q(z |x). For example, simple bijective operators Ti can

be defined as applying fixed “sampling shift” ūi ∈ {0, 1, . . . , 2r − 1} to u:

Ti(u) = (u+ ūi) mod 2r

T−1i (u) = (u− ūi) mod 2r.
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Algorithm 5: Extended Latent Space Representation of Coupled Importance Sampling

Process Q(Z |x)
sample u1 ∼ unif{0, . . . , 2r − 1}
for i = 1, . . . , N do

assign ui = Ti(u1)
assign zi = F−1q (ui)

compute w̃i ∝ p(x, zi)/q(zi |x)
sample j ∼ Cat(w̃i)
return {zi}Ni=1, {ui}Ni=1, j

Process P (x,Z)
sample j ∼ Cat(1/N)
sample zj ∼ p(zj)
sample x ∼ p(x|zj)
sample uj ∼ unif{u : F−1q (u) = zj}
for i 6= j do

assign ui = Ti(T
−1
j (uj))

assign zi = F−1q (ui)

return x, {zi}Ni=1, {ui}Ni=1, j

For simplicity, we define T1 to employ the zero shift ū1 = 0, i.e., T1(u) = u. We now have the definitions that we
need to analyze the extended space construction for coupled importance sampling. Let u1 ∼ unif{0 .. 2−1}. As with IS,
we denote importance weight as wi = p(x, F−1q (Ti(u1)))/q(F−1q (Ti(u1)) |x) and the normalized importance weight as
w̃i = wi/

∑
i wi. The coupled importance sampling estimator of p(x) is given

N∑
i=1

wi
N

=

N∑
i=1

1

N

p(x, F−1q (Ti(u1)))

q(F−1q (Ti(u1)) |x)
. (17)

Extended latent space representation The extended latent space representations of the coupled importance sampling
estimator is presented in Alg. 5. The Q and P processes have the following probability mass functions. For convenience, let
U = {0 .. 2r − 1} and zi = F−1q (Ti(u1)).

Q({zi}Ni=1, {ui}Ni=1, j |x) =
I (u1 ∈ U)

2r

N∏
i=2

I (Ti(u1) = ui)

N∏
i=1

I
(
F−1q (ui) = zi

) wj∑N
i=1 wi

(18)

P (x, {zi}Ni=1, {ui}Ni=1, j) =
1

N
p(x, zj)

I (uj ∈ U(zj))

2rq(zj |x)

∏
i 6=j

I
(
Ti
(
T−1j (uj)

)
= ui

)
I
(
F−1q (ui) = zi

)
, (19)

where we used the fact that qzj = 2rq(zj |x) = |U(zj) | . Because each Ti is a bijection, we have that the range of Ti(u1)
is all of U, as u1 ranges over U. Thus,

I (u1 ∈ U)

2r

N∏
i=2

I (Ti (u1) = ui) =
I (uj ∈ U)

2r

∏
i 6=j

I
(
Ti
(
T−1j (uj)

)
= ui

)
. (20)

Moreover, for any (u, z) ∈ U× S′,

I (u ∈ U)

2r
I
(
F−1q (u) = z

)
=

I (u ∈ U(z))

2r
= q(z |x)

I (u ∈ U(z))

2rq(z |x)
. (21)

Thus,

Q({zi}Ni=1, {ui}Ni=1, j |x) =
I (u1 ∈ U)

2r

N∏
i=2

I (Ti(u1) = ui)

N∏
i=1

I
(
F−1q (ui) = zi

) wj∑N
i=1 wi

(22)

=
I (uj ∈ U)

2r

∏
i 6=j

I
(
Ti(T

−1
j (uj)) = ui

) N∏
i=1

I
(
F−1q (ui) = zi

) wj∑N
i=1 wi

(23)

= q(zj |x)
I (uj ∈ U(zj))

2rq(zj |x)

∏
i6=j

I
(
Ti(T

−1
j (uj)) = ui

)
I
(
F−1q (ui) = zi

) wj∑N
i=1 wi

. (24)
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Algorithm 6: Encode Procedure of BB-CIS

Procedure Encode(symbol x, message m)
decode u1 with unif{0, 1, . . . , 2r − 1}
assign ui = Ti(u) and zi = F−1q (ui) for i ∈ {1, . . . , N}
decode j with Cat (w̃j)
encode uj with unif{u : F−1q (u) = zj}
encode x with p(x | zj)
encode zj with p(zj)
encode j with Cat(1/N)
return m′

From this it directly follows that

P (x, {zi}Ni=1, {ui}Ni=1, j)

Q({zi}Ni=1, {ui}Ni=1, j |x)
=

1

N

∑N
i=1 wi
wj

p(x, zj)

q(zj |x)
=

N∑
i=1

wi
N

=

N∑
i=1

1

N

p(x, F−1q (Ti(u1)))

q(F−1q (Ti(u1)) |x)
, (25)

which is exactly the CIS estimator.

BB-CIS coder Based on the extended latent space representation, the Bits-Back Coupled Importance Sampling (BB-CIS)
coder is derived in Alg. 6 and visualized in Fig. 4b. The expected net bit length for encoding a symbol x is:

−Eu1,j

[
log

P (x, {zi}Ni=1, {ui}Ni=1, j)

Q({zi}Ni=1, {ui}Ni=1, j |x)

]
= −Eu1

[
log

(
N∑
i=1

wi
N

)]
= −Eu1

[
log

(
N∑
i=1

1

N

p(x, F−1q (Ti(u1)))

q(F−1q (Ti(u1)) |x)

)]
.

(26)

The convergence of BB-CIS’s net bitrate to − log p(x) will depend on the Ti. There are many possibilities, but one
consideration is that both sender and receiver must share the Ti (or a procedure for generating them). Another consideration
is that the number of particles should never exceed 2r, N ≤ 2r. This is because we can execute numerical integration with a
budget of 2r particles. Assuming Ti(u) = i for i ∈ {0 .. 2r − 1}:

N∑
i=1

1

N

p(x, F−1q (Ti(u1)))

q(F−1q (Ti(u1)) |x)
=

2r−1∑
u=0

1

2r
p(x, F−1q (u))

q(F−1q (u) |x)
=
∑
z∈S′

q(z |x)
p(x, z)

q(z |x)
= p(x). (27)

We briefly mention two possibilities:

1. Let Ti(u) = (u + ki) mod 2r where ki ∼ unif{0 .. 2r − 1} i.i.d. generated by a pseudorandom number generator
where the sender and receiver share the seed. This will enjoy a convergence rate similar to BB-IS, because {(u +
ki) mod 2r}Ni=1 will be i.i.d. uniform on {0 .. 2r − 1} for u ∼ unif{0 .. 2r − 1}.

2. Inspired by the idea of numerical integration, let Ti(u) = (u+ ki) mod 2r where ki is the ith element of a random
permutation of {0 .. 2r − 1}. With this scheme, BB-CIS is performing numerical integration on a random permutation
of {0 .. 2r − 1}. The rate at which the net bitrate converges to − log p(x) could clearly be made worse by inefficient
permutations. Randomizing the order may help avoid such inefficient permutations. We did not experiment with this.

A.6. Bits-Back Annealed Importance Sampling

Annealed importance sampling (AIS) generalizes importance sampling by introducing a path of intermediate distributions
between the tractable base distribution q(z |x) and the unnormalized target distribution p(x, z). For AIS with N steps, for
i ∈ {0, . . . , N}, define annealing distributions

πi(z) ∝ fi(z) = q(z |x)1−βip(x, z)βi (28)
βi ∈ [0, 1], β0 = 0, βi < βi+1, βN = 1. (29)
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Algorithm 7: Extended Latent Space Representation of Annealed Importance Sampling

Process Q(Z |x)
sample z1 ∼ q(z1 |x) = π0(z1)
for i = 1, . . . , N − 1 do

sample zi+1 ∼ Ti(zi+1 | zi)
return {zi}Ni=1

Process P (x,Z)
sample zN ∼ p(zN )
for i = N − 1, . . . , 1 do

sample zi ∼ T̃i(zi | zi+1)

sample x ∼ p(x | zN )
return x, {zi}Ni=1

Note that π0(z) = f0(z) = q(z |x). Then define the MCMC transition operator Ti that leave the intermediate distribution
πi invariant and its reverse T̃i: ∫

Ti(z′ | z)πi(z) dz = πi(z
′) (30)

T̃i(z′ | z) = Ti(z | z′)
πi(z

′)
πi(z)

= Ti(z | z′)
fi(z

′)
fi(z)

. (31)

Note, T̃i is a normalized distribution. AIS samples a sequence of latents {zi}Ni=1 from base distribution and the MCMC
transition kernels (see the Q process in Alg. 7) and obtains an unbiased estimate of p(x) as the importance weight over the
extended space.

p̂N (x) =
f1(z1)f2(z2) . . . fN (zN )

f0(z1)f1(z2) . . . fN−1(zN )
. (32)

The corresponding variational bound is the log importance weight:

− E{zi}Ni=1

[
log

f1(z1)f2(z2) . . . fN (zN )

f0(z1)f1(z2) . . . fN−1(zN )

]
≥ − log p(x). (33)

Extended latent space representation The extended space representation of AIS is derived in (Neal, 2001), as presented
in Alg. 7. The extended latent variables contain all the latents {zi}Ni=1. Briefly, given x, the distribution Q first samples
z1 from the base distribution q(z1 |x) and then sample {zi}Ni=2 sequentially from the transition kernel Ti(zi+1 | zi). The
distribution P first samples zN from the prior p(zN ), then samples {zi}1i=N−1 from the reverse transition kernel T̃i(zi | zi+1)
in the reverse order, and finally samples x from p(x | zN ). The proposal distribution and the target distribution can be
derived as followed:

Q({zi}Ni=1) = q(z1 |x)T1(z2 | z1)T2(z3 | z2) . . . TN−1(zN | zN−1) (34)
= f0(z1)T1(z2 | z1)T2(z3 | z2) . . . TN−1(zN | zN−1) (35)

P (x, {zi}Ni=1) = p(x, zN )T̃N−1(zN−1 | zN )T̃N−2(zN−2 | zN−1) . . . T̃1(z1 | z2) (36)

= fN (zN )T̃N−1(zN−1 | zN )T̃N−2(zN−2 | zN−1) . . . T̃1(z1 | z2). (37)

Now note

P (x, {zi}Ni=1)

Q({zi}Ni=1)
=
fN (zN )T̃N−1(zN−1|zN )T̃N−2(zN−2|zN−1) . . . T̃1(z1|z2)

f0(z1)T1(z2|z1)T2(z3|z2) . . . TN−1(zN |zN−1)
(38)

=
f1(z1)f2(z2) . . . fN (zN )

f0(z1)f1(z2) . . . fN−1(zN )
, (39)

which exactly gives us the AIS estimator. Note that we have used equation (31) above.
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Algorithm 8: Encode Procedure of BB-AIS

Procedure Encode(symbol x, message m)
decode z1 with q(z1 |x) = π0(z1)
for i = 1, . . . , N − 1 do

decode zi+1 with Ti(zi+1 | zi)
encode x with p(x | zN )
for i = 1, . . . , N − 1 do

encode zi with T̃i(zi | zi+1)

encode zN with p(zN )
return m′

Algorithm 9: Encode Procedure of BB-AIS with BitSwap

Procedure Encode(symbol x, message m)
decode z1 with q(z1 |x) = π0(z1)
for i = 1, . . . , N − 1 do

decode zi+1 with Ti(zi+1 | zi)
encode zi with T̃i(zi | zi+1)

encode x with p(x | zN )
encode zN with p(zN )
return m′

BB-AIS coder Based on the extended space representation of AIS, the Bits-Back Annealed Importance Sampling coder is
derived in Alg. 8 and visualized in Fig. 13a. The expected net bit length for encoding a symbol x is:

−E{zi}Ni=1

[
logP (x, {zi}Ni=1)

logQ({zi}Ni=1 |x)

]
= −E{zi}Ni=1

[
log

f1(z1)f2(z2) . . . fN (zN )

f0(z1)f1(z2) . . . fN−1(zN )

]
. (40)

Ignoring the dirty bits issue, i.e., {zi}Ni=1 ∼ Q({zi}Ni=1 |x), the expected net bit length exactly achieves the negative AIS
bound.

The BB-AIS coder has several practical issues. First is the computational cost. Since the intermediate distributions are
usually not factorized over the latent dimensions, it is very inefficient to encode and decode the latents with entropy coders
for high dimensional latents. Second is the increased initial bit cost as with BB-IS. More precisely, the initial bits that
BB-AIS requires is as followed:

− log q(z1 |x)−
N−1∑
i=1

log Ti(zi+1 | zi), (41)

which scales likeO(N). However, because the structure of BB-AIS is very similar to the hierarchical latent variable modelss
with Markov structure in (Kingma et al., 2019), the BitSwap trick can be applied with BB-AIS to reduce the initial bit cost.
The BB-AIS coder with BitSwap is derived in Alg. 9 and visualized in 13b. In particular, note that the latents {zi}Ni=1 in
BB-AIS are encoded and decoded both in the forward time order, we can interleave the encode/decode operations such
that zi are encoded with zi+1 as soon as zi+1 are decoded. Thus there are always at least − log T̃i(zi | zi+1) available for
decoding zi+2 at the next step, and the initial bit cost is bounded by:

− log q(z1 |x)− log T1(z2 | z1) +

N−2∑
i=1

max(0,− log Ti+1(zi+2 | zi+1) + log T̃i(zi | zi+1)). (42)

Although BitSwap helps to reduce the initial bit cost, we find that it suffers more from the dirty bits issue than the naive
implementation and affects the expected net bit length (see Fig. 6b for an empirical study). Therefore, using BB-AIS with
BitSwap leads to a trade-off between net bitrate distortion and inital bit cost that depends on the number of symbols to be
encoded.
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decode z1 with q(z1|x)

<latexit sha1_base64="6MOGo8j2Jxq8zOvzwjge1cGg6yo="></latexit>

decode z2 with T1(z2|z1)

<latexit sha1_base64="N1TzDsdtcP59xi4Uex43Py+mvuU="></latexit>

decode z3 with T2(z3|z2)

<latexit sha1_base64="p/vkWQDNCWZRZkH3IV9lLTnR1CE="></latexit>

encode x with p(x|z3)

<latexit sha1_base64="7THYVxmJTzeNXvykbln8GsOO4O0=">AAACFXicbVDJSgNBFHzjGuM26lGQxiBEkDDjgh4DXjwmYhZIQujpdJImPQvdPZo4Jjd/wIu/kosHRbwK3vwGf8LOImhiQUNR9R79qpyAM6ks69OYmZ2bX1iMLcWXV1bX1s2Nzbz0Q0FojvjcF0UHS8qZR3OKKU6LgaDYdTgtOK3zgV+4pkIy37tSnYBWXNzwWJ0RrLRUNQ/KLlZN4UbUI36NdlEZoTbq/ag3TDW7vSDZvrutHu1XzYSVsoZA08Qek0Qasl/3O/3LTNX8KNd8ErrUU4RjKUu2FahKhIVihNNuvBxKGmDSwg1a0tTDLpWVaJiqi/a0UkN1X+jnKTRUf29E2JWy4zp6cnCtnPQG4n9eKVT1s0rEvCBUOvXoo3rIkfLRoCJUY4ISxTuaYCKYvhWRJhaYKF1kXJdgT0aeJvnDlH2cOsnqNhCMEINt2IUk2HAKabiADOSAwAP04RlejEfjyXg13kajM8Z4Zwv+wHj/BkDIomM=</latexit>

encode z1 with T̃1(z1|z2)

<latexit sha1_base64="xe5Y4WjP4oDtPUEiahlaWf23TvM="></latexit>

encode z2 with T̃2(z2|z3)

<latexit sha1_base64="xmx2VMA5JRlvBXCynaF489Pvvp0="></latexit>

encode z3 with p(z3)

<latexit sha1_base64="0Jy4CqmHZTdc82GrJJFywLMzZUA=">AAACFXicbVDJSgNBFHwTtxi3qEdBGoMQQcKMC3oMePGYiFkgCUNPp5M06Vno7lHiMLn5A178lVw8KOJV8OY3+BN2FkETCxqKqvfoV+UEnEllmp9GYm5+YXEpuZxaWV1b30hvbpWlHwpCS8Tnvqg6WFLOPFpSTHFaDQTFrsNpxeleDP3KDRWS+d616gW04eK2x1qMYKUlO31Yd7HqCDeiHvGbNEZ1hO7sY9T/0W+Z6sT9IKvFAzudMXPmCGiWWBOSyUPx6353cFWw0x/1pk9Cl3qKcCxlzTID1YiwUIxwGqfqoaQBJl3cpjVNPexS2YhGqWK0r5UmavlCP0+hkfp7I8KulD3X0ZPDW+W0NxT/82qhap03IuYFodKpxx+1Qo6Uj4YVoSYTlCje0wQTwfStiHSwwETpIlO6BGs68iwpH+Wsk9xpUbeBYIwk7MAeZMGCM8jDJRSgBAQeYADP8GI8Gk/Gq/E2Hk0Yk51t+APj/RupcqID</latexit>

(a) Bits-Back Annealed Importance Sampling

decode z1 with q(z1|x)

<latexit sha1_base64="6MOGo8j2Jxq8zOvzwjge1cGg6yo="></latexit>

decode z2 with T1(z2|z1)

<latexit sha1_base64="N1TzDsdtcP59xi4Uex43Py+mvuU="></latexit>

decode z3 with T2(z3|z2)

<latexit sha1_base64="p/vkWQDNCWZRZkH3IV9lLTnR1CE="></latexit>

encode x with p(x|z3)

<latexit sha1_base64="7THYVxmJTzeNXvykbln8GsOO4O0=">AAACFXicbVDJSgNBFHzjGuM26lGQxiBEkDDjgh4DXjwmYhZIQujpdJImPQvdPZo4Jjd/wIu/kosHRbwK3vwGf8LOImhiQUNR9R79qpyAM6ks69OYmZ2bX1iMLcWXV1bX1s2Nzbz0Q0FojvjcF0UHS8qZR3OKKU6LgaDYdTgtOK3zgV+4pkIy37tSnYBWXNzwWJ0RrLRUNQ/KLlZN4UbUI36NdlEZoTbq/ag3TDW7vSDZvrutHu1XzYSVsoZA08Qek0Qasl/3O/3LTNX8KNd8ErrUU4RjKUu2FahKhIVihNNuvBxKGmDSwg1a0tTDLpWVaJiqi/a0UkN1X+jnKTRUf29E2JWy4zp6cnCtnPQG4n9eKVT1s0rEvCBUOvXoo3rIkfLRoCJUY4ISxTuaYCKYvhWRJhaYKF1kXJdgT0aeJvnDlH2cOsnqNhCMEINt2IUk2HAKabiADOSAwAP04RlejEfjyXg13kajM8Z4Zwv+wHj/BkDIomM=</latexit>

encode z1 with T̃1(z1|z2)

<latexit sha1_base64="xe5Y4WjP4oDtPUEiahlaWf23TvM="></latexit>

encode z2 with T̃2(z2|z3)

<latexit sha1_base64="xmx2VMA5JRlvBXCynaF489Pvvp0="></latexit>

encode z3 with p(z3)

<latexit sha1_base64="0Jy4CqmHZTdc82GrJJFywLMzZUA=">AAACFXicbVDJSgNBFHwTtxi3qEdBGoMQQcKMC3oMePGYiFkgCUNPp5M06Vno7lHiMLn5A178lVw8KOJV8OY3+BN2FkETCxqKqvfoV+UEnEllmp9GYm5+YXEpuZxaWV1b30hvbpWlHwpCS8Tnvqg6WFLOPFpSTHFaDQTFrsNpxeleDP3KDRWS+d616gW04eK2x1qMYKUlO31Yd7HqCDeiHvGbNEZ1hO7sY9T/0W+Z6sT9IKvFAzudMXPmCGiWWBOSyUPx6353cFWw0x/1pk9Cl3qKcCxlzTID1YiwUIxwGqfqoaQBJl3cpjVNPexS2YhGqWK0r5UmavlCP0+hkfp7I8KulD3X0ZPDW+W0NxT/82qhap03IuYFodKpxx+1Qo6Uj4YVoSYTlCje0wQTwfStiHSwwETpIlO6BGs68iwpH+Wsk9xpUbeBYIwk7MAeZMGCM8jDJRSgBAQeYADP8GI8Gk/Gq/E2Hk0Yk51t+APj/RupcqID</latexit>

(b) Bits-Back Annealed Importance Sampling with BitSwap

Figure 13. The encoding schemes of BB-AIS and BB-AIS with BitSwap both with N = 3 steps. Encoding a symbol x with BB-AIS
incurs a very large initial bit cost that scales like O(N). This can be significantly reduced by applying the BitSwap trick.

A.7. Bits-Back Sequential Monte Carlo

Sequential Monte Carlo (SMC) is a particle filtering method that combines importance sampling with resampling, and its
estimate of marginal likelihood typically converges faster than importance sampling for sequential latent variable models
(Cérou et al., 2011; Bérard et al., 2014). Suppose the observations are a sequence of T random variables xT ∈ ST , where
xt := x1:t. Sequential latent variable models introduce a sequence of T (unobserved) latent variables zT ∈ S′T associated
with xT , where zt := z1:t. We assume the joint distribution p(xT , zT ) can be factored as:

p(xT , zT ) =

T∏
t=1

f(zt |xt−1, zt−1)g(xt |xt−1, zt), (43)

where f and g are (generalized) transition and emission distributions, respectively. For the case t = 1, f(z1 | ∅, ∅) = µ(z1)
reduces to the prior distribution and g(x1 | ∅, z1) only conditions on z1. We also assume the approximate posterior q(zT |xT )
can be factorized as:

q(zT |xT ) =

T∏
t=1

q(zt |xt, zt−1). (44)

For the case t = 1, q(z1 |x1, ∅) only conditions on x1.

SMC maintains a population of particle states Zt := z1:N1:t . Here we use subscript for indexing timestep t and superscript for
indexing particle i. In this appendix we describe the version of SMC that resamples at every iteration. Adaptive resampling
schemes are possible (Doucet et al., 2001), but we omit them for clarity.

At each time step t, each particle independently samples an extension zit ∼ q(zit |xt, τ it−1) where τ it−1 is the ancestral
trajectory of the ith particle at timestep t (will be described in details later). The sampled extension zit is appended to τ it−1
to form the trajectory of ith particle as (τ it−1, z

i
t). Then the whole population is resampled with probabilities in proportion

to importance weights defined as followed:

wit =
f(zit |xt−1, τ it−1)g(xt |xt−1, (τ it−1, zit))

q(zit |xt, τ it−1)
(45)

w̃it =
wit∑N
i=1 w

i
t

. (46)

In particular, each particle samples a ‘parent’ index Ait ∼ Cat(w̃it). At the next timestep t+ 1, the ith particle ‘inherits’ the
ancestral trajectory of the Aitth particle. More precisely,

τ it = (τ
Ai

t
t−1, z

Ai
t

t ). (47)
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Algorithm 10: Tracing Back the Ancestral Trajectory τ it−1 for the ith Particle at Timestep t

Procedure TraceBack(Zt−1,At−2, Ait−1)
assign Bit−1 = Ait−1
for k = t− 2, . . . , 1 do

assign Bik = A
Bi

k+1

k

assign τ it−1 = (z
Bi

1
1 , z

Bi
2

2 , . . . , z
Bi

t−1

t−1 )
return τ it−1

<latexit sha1_base64="ZUbYK2UYOOCh3R1DVU/1FkE2WQ0=">AAACFXicbVC7TsMwFHXKq5RXgZHFokViQFVSicdYxMJYJPqQmhA5jtOaOnZkO0hR1J9g4VdYGECIFYmNv8F9DNByJNtH59wr33uChFGlbfvbKiwtr6yuFddLG5tb2zvl3b22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC8GvudByIVFfxWZwnxYtTnNKIYaSP55ZNLjonSEjFornuCtZAZrLqBYKHKYvPkrkbpyD+9c6p+uWLX7AngInFmpAJmaPrlLzcUOI0J15ghpXqOnWgvR1JTzMio5KaKJAgPUZ/0DOUoJsrLJ1uN4JFRQhgJaQ7XcKL+7shRrMYjmsoY6YGa98bif14v1dGFl1OepJpwPP0oSk0AAo4jgiGVJgeWGYKwpGZWiAdIIqxNkCUTgjO/8iJp12vOWc2+qVcacBZHERyAQ3AMHHAOGuAaNEELYPAInsEreLOerBfr3fqYlhasWc8++APr8wev+58E</latexit>

Ancestral trajectory ⌧ 1
5

z3
2

<latexit sha1_base64="u/LK1cisOIS423G2DKbwj27bi9o=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5pYkTvQaEliY4kJByRwkr1lDzbs7V1290zwgn/BxkJjLPUH2dn4OyxdPgoFXzLJy3szmZnnx5wpbdufVmZpeWV1Lbue29jc2t7J7+7VVZRIQl0S8Ug2fawoZ4K6mmlOm7GkOPQ5bfiDy7HfuKVSsUjU9DCmXoh7ggWMYG0k965Tuil38gW7aE+AFokzI4UKHNW+7t++q538R7sbkSSkQhOOlWo5dqy9FEvNCKejXDtRNMZkgHu0ZajAIVVeOjl2hI6N0kVBJE0JjSbq74kUh0oNQ990hlj31bw3Fv/zWokOLryUiTjRVJDpoiDhSEdo/DnqMkmJ5kNDMJHM3IpIH0tMtMknZ0Jw5l9eJPVS0Tktnl2bNBBMkYUDOIQTcOAcKnAFVXCBAIMHeIJnS1iP1ov1Om3NWLOZffgD6/0HIoaR2w==</latexit>

z1
3

<latexit sha1_base64="tA7M6mugYEelvXu3PkUPli+EUFo=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5pYkTs/oiWJjSUmHJDASfaWPdiwt3fZ3TPBC/4FGwuNsdQfZGfj77B04SgUfMkkL+/NZGaeH3OmtG1/WrmFxaXllfxqYW19Y3OruL1TV1EiCXVJxCPZ9LGinAnqaqY5bcaS4tDntOEPLsd+45ZKxSJR08OYeiHuCRYwgrWR3LvOyY3TKZbssj0BmifOlJQqcFD7un/7rnaKH+1uRJKQCk04Vqrl2LH2Uiw1I5yOCu1E0RiTAe7RlqECh1R56eTYETo0ShcFkTQlNJqovydSHCo1DH3TGWLdV7PeWPzPayU6uPBSJuJEU0GyRUHCkY7Q+HPUZZISzYeGYCKZuRWRPpaYaJNPwYTgzL48T+rHZee0fHZt0kCQIQ97sA9H4MA5VOAKquACAQYP8ATPlrAerRfrNWvNWdOZXfgD6/0HIQSR2g==</latexit>

z4
4

<latexit sha1_base64="HbPOXeNvJ+D5Ea/Lm4Qo/mbZoW0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFqNgFe7kRMuAjWWEXBJIzrC32UuW7O0du3tCPOJfsLFQxFJ/kJ2Nv8PSzUehiQ8GHu/NMDMvSDhT2rY/rdzS8srqWn69sLG5tb1T3N2rqziVhHok5rFsBlhRzgT1NNOcNhNJcRRw2ggGl2O/cUulYrGo6WFC/Qj3BAsZwdpI3l3HvXE7xZJdtidAi8SZkVIFjmpf92/f1U7xo92NSRpRoQnHSrUcO9F+hqVmhNNRoZ0qmmAywD3aMlTgiCo/mxw7QsdG6aIwlqaERhP190SGI6WGUWA6I6z7at4bi/95rVSHF37GRJJqKsh0UZhypGM0/hx1maRE86EhmEhmbkWkjyUm2uRTMCE48y8vkvpp2XHLZ9cmDQRT5OEADuEEHDiHClxBFTwgwOABnuDZEtaj9WK9Tltz1mxmH/7Aev8BJxaR3g==</latexit>

<latexit sha1_base64="iqOYQb5cOq8qmDbZwAluRahIvQk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5pYkTsSP0oSG0tMOCCBk+wte7Bhb++yu2eCF/wLNhYaY6k/yM7G32HpclAo+JJJXt6bycw8P+ZMadv+tHJLyyura/n1wsbm1vZOcXevoaJEEuqSiEey5WNFORPU1Uxz2oolxaHPadMfXk785i2VikWirkcx9ULcFyxgBGsjuXfd05tKt1iyy3YGtEicGSlV4aj+df/2XesWPzq9iCQhFZpwrFTbsWPtpVhqRjgdFzqJojEmQ9ynbUMFDqny0uzYMTo2Sg8FkTQlNMrU3xMpDpUahb7pDLEeqHlvIv7ntRMdXHgpE3GiqSDTRUHCkY7Q5HPUY5ISzUeGYCKZuRWRAZaYaJNPwYTgzL+8SBqVsnNWtq9NGgimyMMBHMIJOHAOVbiCGrhAgMEDPMGzJaxH68V6nbbmrNnMPvyB9f4DJKKR2g==</latexit>

z2
5

<latexit sha1_base64="TqsdGW7fTJNtEgRqfFwgP/fbRdw=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFqNgFe4s1DJgYxkhlwSSM+xt9pIlu3vH7p4Qj/gXbCwUsdQfZGfj77B081Fo4oOBx3szzMwLE860cd1PJ7e0vLK6ll8vbGxube8Ud/fqOk4VoT6JeayaIdaUM0l9wwynzURRLEJOG+Hgcuw3bqnSLJY1M0xoIHBPsogRbKzk33W8G69TLLlldwK0SLwZKVXgqPZ1//Zd7RQ/2t2YpIJKQzjWuuW5iQkyrAwjnI4K7VTTBJMB7tGWpRILqoNscuwIHVuli6JY2ZIGTdTfExkWWg9FaDsFNn09743F/7xWaqKLIGMySQ2VZLooSjkyMRp/jrpMUWL40BJMFLO3ItLHChNj8ynYELz5lxdJ/bTsnZXda5sGginycACHcAIenEMFrqAKPhBg8ABP8OxI59F5cV6nrTlnNrMPf+C8/wAdBpHV</latexit>

z1
1

<latexit sha1_base64="kJSoJZU+zg5HjUwMjEOlFPKMikI=">AAAB+XicbVBLSwMxGMz6rPW16k0vwSJ4KruCj5sFPXisYB/YLks2m21Ds8mSZAtl6T/x4kERrx79Fx4Ef4d6N9v2oK0DIcPM95HJBAmjSjvOhzU3v7C4tFxYKa6urW9s2lvbdSVSiUkNCyZkM0CKMMpJTVPNSDORBMUBI42gd5H7jT6Rigp+owcJ8WLU4TSiGGkj+bbdDgQL1SA2V3Y79I99u+SUnRHgLHEnpHT++f59+br7VfXtt3YocBoTrjFDSrVcJ9FehqSmmJFhsZ0qkiDcQx3SMpSjmCgvGyUfwgOjhDAS0hyu4Uj9vZGhWOXhzGSMdFdNe7n4n9dKdXTmZZQnqSYcjx+KUga1gHkNMKSSYM0GhiAsqckKcRdJhLUpq2hKcKe/PEvqR2X3pOxcO6UKBGMUwB7YB4fABaegAq5AFdQABn1wBx7Ao5VZ99aT9TwenbMmOzvgD6yXH5LAmK0=</latexit>

Z5

<latexit sha1_base64="VIbjIYGo/zMzidvelOrES+vrrAk=">AAACGnicbZDLSgMxFIYz9VbrrerSzcFWqFDKzHjdCC1uXFawF2hryaSZNjSTGZKMUEqfw42v4saFIu7EjW9jello6w+Bj/+cw8n5vYgzpW3720osLa+sriXXUxubW9s76d29qgpjSWiFhDyUdQ8rypmgFc00p/VIUhx4nNa8/vW4XnugUrFQ3OlBRFsB7grmM4K1sdpppyQIVVpiDkx0mGHI5tw8nOTBycPpcRZ8GQaQLbXP7h24AjfbTmfsgj0RLIIzgwyaqdxOfzY7IYkDKjThWKmGY0e6NcRSM8LpKNWMFY0w6eMubRgUOKCqNZycNoIj43TAD6V5QsPE/T0xxIFSg8AznQHWPTVfG5v/1Rqx9i9bQyaiWFNBpov8mIMOYZwTdJikRPOBAUwkM38F0sMSE23STJkQnPmTF6HqFpzzgn3rZoowiyOJDtAhyiEHXaAiukFlVEEEPaJn9IrerCfrxXq3PqatCWs2s4/+yPr6ATDNm8g=</latexit>

Ancestral indices (2, 3, 1, 4) from A1
5 = 2

<latexit sha1_base64="S4FquHkRXUhUdT1BdZLzjJlV8lg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PFi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q0HGqGPosFrFqhVSj4BJ9w43AVqKQRqHAZji6nfrNJ1Sax/LBjBMMIjqQvM8ZNVbyb7oXj163XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6q3mXVvT+v1EgeRxGO4BhOwYMrqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/AHzucP2fiN8w==</latexit>

A1
5

2

<latexit sha1_base64="W8jEO6hgTwADZVuEpJ7g918c/5Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozoujNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFfx7MN48+ib2FkOmvhDw8f/V9FV5cWCK23bX1ZmYXFpeSW7mltb39jcym/v1FSUSIZVFolINjyqUPAQq5prgY1YIg08gXWvfznK63coFY/CGz2I0Q1oN+Q+Z1Qbq3Lczhfsoj0WmQdnCoWL9/vvq4+9tNzOf7Y6EUsCDDUTVKmmY8faTanUnAkc5lqJwpiyPu1i02BIA1RuOh50SA6N0yF+JM0LNRm7vztSGig1CDxTGVDdU7PZyPwvaybaP3dTHsaJxpBNPvITQXRERluTDpfItBgYoExyMythPSop0+Y2OXMEZ3bleagdF52T4mnFLpQITJSFfTiAI3DgDEpwDWWoAgOEB3iCZ+vWerRerNdJacaa9uzCH1lvP4KwkFo=</latexit>

4

<latexit sha1_base64="B7cLNvuc+dsF8HHohfClrsIApUU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozEtGbAQ96TMAskAyhp1OTtOlZ6O4R4pAn8OJBEa/i2Yfx5tE3sbMcNPpDw8f/V9FV5cWCK23bn1ZmYXFpeSW7mltb39jcym/v1FWUSIY1FolINj2qUPAQa5prgc1YIg08gQ1vcDHOG7coFY/Caz2M0Q1oL+Q+Z1Qbq1rq5At20Z6I/AVnBoXzt7uvy/e9tNLJf7S7EUsCDDUTVKmWY8faTanUnAkc5dqJwpiyAe1hy2BIA1RuOhl0RA6N0yV+JM0LNZm4PztSGig1DDxTGVDdV/PZ2PwvayXaP3NTHsaJxpBNP/ITQXRExluTLpfItBgaoExyMythfSop0+Y2OXMEZ37lv1A/Ljql4knVLpQJTJWFfTiAI3DgFMpwBRWoAQOEe3iEJ+vGerCerZdpacaa9ezCL1mv34W4kFw=</latexit>

1

<latexit sha1_base64="iNC0sw4z1nDiZ5bt2sPDIRRFqcs=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozoujNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFfx7MN48+ib2FkOmvhDw8f/V9FV5cWCK23bX1ZmYXFpeSW7mltb39jcym/v1FSUSIZVFolINjyqUPAQq5prgY1YIg08gXWvfznK63coFY/CGz2I0Q1oN+Q+Z1Qbq+K08wW7aI9F5sGZQuHi/f776mMvLbfzn61OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkkPjdIgfSfNCTcbu746UBkoNAs9UBlT31Gw2Mv/Lmon2z92Uh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV15HmrHReekeFqxCyUCE2VhHw7gCBw4gxJcQxmqwADhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbD4EskFk=</latexit>

3

<latexit sha1_base64="T7yWk0+gw5IVLGnOolqndbhITtU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozLujNgAc9JmAWSIbQ06lJWnsWunuEOOQJvHhQxKt49mG8efRN7CwHTfyh4eP/q+iq8mLBlbbtLyszN7+wuJRdzq2srq1v5De3aipKJMMqi0QkGx5VKHiIVc21wEYskQaewLp3ezHM63coFY/Ca92P0Q1oN+Q+Z1Qbq3LUzhfsoj0SmQVnAoXz9/vvy4+dtNzOf7Y6EUsCDDUTVKmmY8faTanUnAkc5FqJwpiyW9rFpsGQBqjcdDTogOwbp0P8SJoXajJyf3ekNFCqH3imMqC6p6azoflf1ky0f+amPIwTjSEbf+QnguiIDLcmHS6RadE3QJnkZlbCelRSps1tcuYIzvTKs1A7LDrHxZOKXSgRGCsLu7AHB+DAKZTgCspQBQYID/AEz9aN9Wi9WK/j0ow16dmGP7LefgCENJBb</latexit>

1

<latexit sha1_base64="iNC0sw4z1nDiZ5bt2sPDIRRFqcs=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozoujNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFfx7MN48+ib2FkOmvhDw8f/V9FV5cWCK23bX1ZmYXFpeSW7mltb39jcym/v1FSUSIZVFolINjyqUPAQq5prgY1YIg08gXWvfznK63coFY/CGz2I0Q1oN+Q+Z1Qbq+K08wW7aI9F5sGZQuHi/f776mMvLbfzn61OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkkPjdIgfSfNCTcbu746UBkoNAs9UBlT31Gw2Mv/Lmon2z92Uh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV15HmrHReekeFqxCyUCE2VhHw7gCBw4gxJcQxmqwADhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbD4EskFk=</latexit>

<latexit sha1_base64="xOFPsrzllx16s8C5ID1oz7MuK2I=">AAAB+XicbVBLSwMxGMz6rPW16k0vwSJ4Krsi6s2KHjxWsA9olyWbzbah2WRJsoWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hkgoRRpR3nw5qbX1hcWi6sFFfX1jc27a3tuhKpxKSGBROyGSBFGOWkpqlmpJlIguKAkUbQu8z9Rp9IRQW/1YOEeDHqcBpRjLSRfNtuB4KFahCbK7sY+se+XXLKzghwlrgTUjr/fP++et39qvr2WzsUOI0J15ghpVquk2gvQ1JTzMiw2E4VSRDuoQ5pGcpRTJSXjZIP4YFRQhgJaQ7XcKT+3shQrPJwZjJGuqumvVz8z2ulOjrzMsqTVBOOxw9FKYNawLwGGFJJsGYDQxCW1GSFuIskwtqUVTQluNNfniX1o7J7UnZunFIFgjEKYA/sg0PgglNQAdegCmoAgz64Aw/g0cqse+vJeh6PzlmTnR3wB9bLD2sNmJM=</latexit>

A4

Figure 14. Trace back the ancestral trajectory τ i
t−1 for the particle i = 1 at timestep t = 6.

Thus, at timestep t + 1, given the parent index Ait, as well as the collection of particle states Zt and previous ancestral
indicesAt−1 := A1:N

1:t−1, one can trace back the whole ancestral trajectory τ it by recursively applying equation (47).

For brevity and consistency, we provide the pseudocode (Alg. 10) and visualization (Fig. 14) for tracing back the ancestral
trajectory τ it−1 for the ith particle at timestep t. In particular, we first obtain the ancestral index Bik at each previous timestep
k by using the fact

Bik = A
Bi

k+1

k . (48)

Thus we can obtain a series of ancestral indices (Bi1, . . . , B
i
t−1) in the backward time order and then obtain the ancestral

trajectory by indexing Zt−1. Note that Alg. 10 is only for helping understand the SMC algorithm, in practice, typically the
ancestral trajectories are book-kept and updated along the way using equation (48).

SMC obtains an unbiased estimate of p(xT ) using the intermediate importance weights (Del Moral, 2004, Proposition
7.4.1):

p̂N (xT ) =

T∏
t=1

(
1

N

N∑
i=1

wit

)
. (49)

The corresponding variational bound (FIVO, Maddison et al., 2017; Naesseth et al., 2018; Le et al., 2018) is

− EZT ,AT−1

[
T∑
t=1

log

(
1

N

N∑
i=1

wit

)]
≥ − log p(xT ). (50)

Extended latent space representation The extended space representation of SMC is derived in (Andrieu et al., 2010), as
presented in Alg. 11. The extended latent space variables contain the particle states ZT , ancestral indices AT−1, and a
particle index j used to pick one special particle trajectory. Briefly, the Q distribution samples ZT andAT−1 in the same
manner as SMC, with an additional step that samples the particle index j with probability proportional to the importance
weight wT . The P distribution selects the ancestral indices of the special particle (B1, . . . , BT ) uniformly, and samples the
special particle trajectory z∗T = (zB1

1 , . . . , zBT

T ) and the observations xT jointly with the underlying model distribution.
The remaining particle states and ancestral indices are sampled with the same distribution as Q. Note that the special particle
trajectory z∗T = TraceBack(ZT ,AT−1, j).



Monte Carlo Bits-Back Coding

Algorithm 11: Extended Latent Space Representation of Sequential Monte Carlo

Process Q(Z |xT )
for t = 1, . . . , T do

if t 6= 1 then
for i = 1, . . . , N do

sample Ait−1 ∼ Cat(w̃t−1)

assignAt−1 =
[
At−2, A1:N

t−1
]

for i = 1, . . . , N do
assign τ it−1 = TraceBack(Zt−1,At−2, Ait−1)
sample zit ∼ q(zit |xt, τ it−1)

assign Zt =
[
Zt−1, z1:Nt

]
sample j ∼ Cat(w̃T )
return ZT ,AT−1, j

Process P (xT ,Z)
for t = 1, . . . , T do

sample Bt ∼ Cat(1/N)
if t 6= 1 then

assign ABt
t−1 = Bt−1

for i 6= Bt do
sample Ait−1 ∼ Cat(w̃t−1)

assignAt−1 =
[
At−2, A1:N

t−1
]

assign τBt
t−1 = TraceBack(Zt−1,At−2, Bt−1)

sample zBt
t ∼ f(zBt

t |xt−1, τBt
t−1)

sample xt ∼ g(xt |xt−1, (τBt
t−1, z

Bt
t ))

for i 6= Bt do
assign τ it−1 = TraceBack(Zt−1,At−2, Ait−1)
sample zit ∼ q(zit |xt, τ it−1)

assign Zt =
[
Zt−1, z1:Nt

]
assign j = BT
return xT ,ZT ,AT−1, j

From Alg. 11, the proposal distribution and the target distribution and be derived as followed:

Q(ZT ,AT−1, j |xT ) = w̃jT

N∏
i=1

q(zi1|x1)

T∏
t=2

N∏
i=1

w̃
Ai

t−1

t−1 q(zit |xt, τ it−1) (51)

P (xT ,ZT ,AT−1, j) =
1

NT
µ(zB1

1 )g(x1|zB1
1 )

T∏
t=2

f(zBt
t |xt−1, τBt

t−1)g(xt |xt−1, (τBt
t−1, z

Bt
t ))

∏
i 6=B1

q(zi1|x1)

T∏
t=2

∏
i 6=Bt

w̃
Ai

t−1

t−1 q(zit |xt, τ it−1) (52)

=
1

NT
p(xT , z

∗
T )
∏
i 6=B1

q(zi1|x1)

T∏
t=2

∏
i 6=Bt

w̃
Ai

t−1

t−1 q(zit |xt, τ it−1). (53)
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Algorithm 12: Encode Procedure of BB-SMC

Procedure Encode(symbol xT , message m)
for t = 1, . . . , T do

if t 6= 1 then
for i = 1, . . . , N do

decode Ait−1 with Cat(w̃t−1)

assignAt−1 =
[
At−2, A1:N

t−1
]

for i = 1, . . . , N do
assign τ it−1 = TraceBack(Zt−1,At−2, Ait−1)
decode zit with q(zit |xt, τ it−1)

assign Zt =
[
Zt−1, z1:Nt

]
decode j with Cat(w̃T )

set the ancestral lineage BT = j and Bt = A
Bt+1

t for t = T − 1, . . . , 1
for t = T, . . . , 1 do

for i 6= Bt do
encode zit with q(zit |xt, τ it−1)

encode xt with g(xt |xt−1, (τBt
t−1, z

Bt
t ))

encode zBt
t with f(zBt

t |xt−1, τBt
t−1)

if t 6= 1 then
for i 6= Bt do

encode Ait−1 with Cat(w̃t−1)

encode Bt with Cat(1/N)

return m′

Now note,

P (xT ,ZT ,AT−1, j)
Q(ZT ,AT−1, j |xT )

=
1

NT w̃jT

p(xT , z
∗
T )

q(zB1
1 |x1)

∏T
t=2 w̃

A
Bt
t−1

t−1 q(zBt
t |xt, τBt

t−1)

(54)

=
1

NT w̃jT

p(xT , z
∗
T )

q(zB1
1 |x1)

∏T
t=2 w̃

Bt−1

t−1 q(zBt
t |xt, τBt

t−1)
(55)

=
1

NT
∏T
t=1 w̃

Bt
t

µ(zB1
1 )g(x1|zB1

1 )
∏T
t=2 f(zBt

t |xt−1, τBt
t−1)g(xt |xt−1, (τBt

t−1, z
Bt
t ))

q(zB1
1 |x1)

∏T
t=2 q(z

Bt
t |xt, τBt

t−1)
(56)

=

∏T
t=1 w

Bt
t

NT
∏T
t=1 w̃

Bt
t

(57)

=

T∏
t=1

(
1

N

N∑
i=1

wit), (58)

which exactly gives us the SMC estimator. Note that we have used equation (48) and BT = j in the above derivation.

BB-SMC coder Based on the extended space representation of SMC, the Bits-Back Sequential Monte Carlo coder
is derived in Alg. 12 and visualized in Fig. 15. Intuitively, BB-SMC first decodes all the extended latent variables
Z = {ZT ,AT−1, j} in the forward time order. Then it picks a special particle and traces its trajectory z∗T backward in
time. The distribution of the special trajectory can be seen as a non-parametric approximation of the true posterior. The
special trajectory z∗T is used to encode the sequential observations xT and is itself encoded with with the model distribution.
The special trajectory’s ancestral indices are encoded using a uniform distribution. All other extended latent variables
are encoded back with the same distribution as decoding and in the backward time order. The expected net bit length for
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<latexit sha1_base64="vdCwYoHLAXEtQRUGJqXjNUjBzmI="></latexit>

Get the special particle trajectory z⇤
T = TraceBack(ZT , AT�1, j)

<latexit sha1_base64="YoqYz7JI8EMI/BJLetEWNLZOkLQ="></latexit>

Decode all extended latents {AT�1, ZT , j} with Q distribution

T

<latexit sha1_base64="VKv5eec8npVsvkyQKCQat944wCE=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozoujNgAc9JpANkiH0dGqSNj0L3T1CHPIEXjwo4lU8+zDePPomdpaDRn9o+Pj/KrqqvFhwpW3708osLC4tr2RXc2vrG5tb+e2duooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOENLsd54xal4lFY1cMY3YD2Qu5zRrWxKtVOvmAX7YnIX3BmULh4u/u6et9Ly538R7sbsSTAUDNBlWo5dqzdlErNmcBRrp0ojCkb0B62DIY0QOWmk0FH5NA4XeJH0rxQk4n7syOlgVLDwDOVAdV9NZ+Nzf+yVqL9czflYZxoDNn0Iz8RREdkvDXpcolMi6EByiQ3sxLWp5IybW6TM0dw5lf+C/XjonNSPK3YhRKBqbKwDwdwBA6cQQmuoQw1YIBwD4/wZN1YD9az9TItzViznl34Jev1G7Y4kHw=</latexit>

T � 1

<latexit sha1_base64="fbVe4iCQIFPyRxIYA+yykuuEu+4=">AAAB6nicbZC7SgNBFIbPqNEYb1FLm8Eg2Bh2RdHOgI1lxNwgWcLsZDYZMju7zMwKYUlrZ2OhiJaWPo2dL+Ab2Du5FJr4w8DH/5/DnHP8WHBtHOcTLSwuZZZXsqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/cpTXb5nSPJIVM4iZF5Ku5AGnxFjrpnLktvMFp+iMhefBnULh4uv1W77fZcrt/EerE9EkZNJQQbRuuk5svJQow6lgw1wr0SwmtE+6rGlRkpBpLx2POsQH1ungIFL2SYPH7u+OlIRaD0LfVobE9PRsNjL/y5qJCc69lMs4MUzSyUdBIrCJ8Ghv3OGKUSMGFghV3M6KaY8oQo29Ts4ewZ1deR5qx0X3pHh67RRKGCbKwh7swyG4cAYluIIyVIFCF+7hEZ6QQA/oGb1MShfQtGcX/gi9/QBeo5GH</latexit>

N

<latexit sha1_base64="3k0tPua0/9zIDZp1SpSlJDIc0Yo=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozoujNgAc9SQJmgWQIPZ2apLVnobtHiEOewIsHRbyKZx/Gm0ffxM5y0MQfGj7+v4quKi8WXGnb/rIyc/MLi0vZ5dzK6tr6Rn5zq6aiRDKsskhEsuFRhYKHWNVcC2zEEmngCax7t+fDvH6HUvEovNb9GN2AdkPuc0a1sSpX7XzBLtojkVlwJlA4e7//vvjYScvt/GerE7EkwFAzQZVqOnas3ZRKzZnAQa6VKIwpu6VdbBoMaYDKTUeDDsi+cTrEj6R5oSYj93dHSgOl+oFnKgOqe2o6G5r/Zc1E+6duysM40Riy8Ud+IoiOyHBr0uESmRZ9A5RJbmYlrEclZdrcJmeO4EyvPAu1w6JzVDyu2IUSgbGysAt7cAAOnEAJLqEMVWCA8ABP8GzdWI/Wi/U6Ls1Yk55t+CPr7QetIJB2</latexit>

j

<latexit sha1_base64="kyf7UpMrYg7h6iYdJwQRpGwQCIY=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIFhLuRNHOgI1lAuYByRH2NnPJJnsPdveEcKS2sLFQxNY/yc7e0n/Azs2j0MQPFn583ww7M14suNK2/WFllpZXVtey67mNza3tnfzuXk1FiWRYZZGIZMOjCgUPsaq5FtiIJdLAE1j3BtfjvH6HUvEovNXDGN2AdkPuc0a1sSr9dr5gF+2JyCI4Myhcfd/zr5NPLLfz761OxJIAQ80EVarp2LF2Uyo1ZwJHuVaiMKZsQLvYNBjSAJWbTgYdkSPjdIgfSfNCTSbu746UBkoNA89UBlT31Hw2Nv/Lmon2L92Uh3GiMWTTj/xEEB2R8dakwyUyLYYGKJPczEpYj0rKtLlNzhzBmV95EWqnReeseF6xCyUCU2XhAA7hGBy4gBLcQBmqwADhAZ7g2epbj9aL9TotzViznn34I+vtB+LMkVk=</latexit>

ZT

<latexit sha1_base64="xWnEPMoNQTuB8z5zYWnAadlQh8U=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/YLks2m7ah2WRJsoWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hkgphRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX2Z+Y0CkooJX9TAmXoS6nHYoRtpIvm23A8FCNYzMld6O/KpvF52SMwacJ+6UFC8+37+vXve+Kr791g4FTiLCNWZIqZbrxNpLkdQUMzIqtBNFYoT7qEtahnIUEeWl4+QjeGiUEHaENIdrOFZ/b6QoUlk4Mxkh3VOzXib+57US3Tn3UsrjRBOOJw91Ega1gFkNMKSSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP8KumM8=</latexit>

xT

<latexit sha1_base64="qhkw1o4bW6dL5E13bR/5ksuMHq4=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/QliWbzbah2WRJssWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hk/JhRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZ9JEijHJS01Qz0owlQZHPSMPvX2Z+Y0CkooJX9TAmnQh1OQ0pRtpInm23fcECNYzMld6OvKpnF52SMwacJ+6UFC8+37+vXve+Kp791g4ETiLCNWZIqZbrxLqTIqkpZmRUaCeKxAj3UZe0DOUoIqqTjpOP4KFRAhgKaQ7XcKz+3khRpLJwZjJCuqdmvUz8z2slOjzvpJTHiSYcTx4KEwa1gFkNMKCSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP/CAmO0=</latexit>

j

<latexit sha1_base64="kyf7UpMrYg7h6iYdJwQRpGwQCIY=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIFhLuRNHOgI1lAuYByRH2NnPJJnsPdveEcKS2sLFQxNY/yc7e0n/Azs2j0MQPFn583ww7M14suNK2/WFllpZXVtey67mNza3tnfzuXk1FiWRYZZGIZMOjCgUPsaq5FtiIJdLAE1j3BtfjvH6HUvEovNXDGN2AdkPuc0a1sSr9dr5gF+2JyCI4Myhcfd/zr5NPLLfz761OxJIAQ80EVarp2LF2Uyo1ZwJHuVaiMKZsQLvYNBjSAJWbTgYdkSPjdIgfSfNCTSbu746UBkoNA89UBlT31Hw2Nv/Lmon2L92Uh3GiMWTTj/xEEB2R8dakwyUyLYYGKJPczEpYj0rKtLlNzhzBmV95EWqnReeseF6xCyUCU2XhAA7hGBy4gBLcQBmqwADhAZ7g2epbj9aL9TotzViznn34I+vtB+LMkVk=</latexit>

ZT

<latexit sha1_base64="xWnEPMoNQTuB8z5zYWnAadlQh8U=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/YLks2m7ah2WRJsoWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hkgphRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX2Z+Y0CkooJX9TAmXoS6nHYoRtpIvm23A8FCNYzMld6O/KpvF52SMwacJ+6UFC8+37+vXve+Kr791g4FTiLCNWZIqZbrxNpLkdQUMzIqtBNFYoT7qEtahnIUEeWl4+QjeGiUEHaENIdrOFZ/b6QoUlk4Mxkh3VOzXib+57US3Tn3UsrjRBOOJw91Ega1gFkNMKSSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP8KumM8=</latexit>

xT

<latexit sha1_base64="qhkw1o4bW6dL5E13bR/5ksuMHq4=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/QliWbzbah2WRJssWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hk/JhRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZ9JEijHJS01Qz0owlQZHPSMPvX2Z+Y0CkooJX9TAmnQh1OQ0pRtpInm23fcECNYzMld6OvKpnF52SMwacJ+6UFC8+37+vXve+Kp791g4ETiLCNWZIqZbrxLqTIqkpZmRUaCeKxAj3UZe0DOUoIqqTjpOP4KFRAhgKaQ7XcKz+3khRpLJwZjJCuqdmvUz8z2slOjzvpJTHiSYcTx4KEwa1gFkNMKCSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP/CAmO0=</latexit>

j

<latexit sha1_base64="kyf7UpMrYg7h6iYdJwQRpGwQCIY=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIFhLuRNHOgI1lAuYByRH2NnPJJnsPdveEcKS2sLFQxNY/yc7e0n/Azs2j0MQPFn583ww7M14suNK2/WFllpZXVtey67mNza3tnfzuXk1FiWRYZZGIZMOjCgUPsaq5FtiIJdLAE1j3BtfjvH6HUvEovNXDGN2AdkPuc0a1sSr9dr5gF+2JyCI4Myhcfd/zr5NPLLfz761OxJIAQ80EVarp2LF2Uyo1ZwJHuVaiMKZsQLvYNBjSAJWbTgYdkSPjdIgfSfNCTSbu746UBkoNA89UBlT31Hw2Nv/Lmon2L92Uh3GiMWTTj/xEEB2R8dakwyUyLYYGKJPczEpYj0rKtLlNzhzBmV95EWqnReeseF6xCyUCU2XhAA7hGBy4gBLcQBmqwADhAZ7g2epbj9aL9TotzViznn34I+vtB+LMkVk=</latexit>

ZT

<latexit sha1_base64="xWnEPMoNQTuB8z5zYWnAadlQh8U=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/YLks2m7ah2WRJsoWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hkgphRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX2Z+Y0CkooJX9TAmXoS6nHYoRtpIvm23A8FCNYzMld6O/KpvF52SMwacJ+6UFC8+37+vXve+Kr791g4FTiLCNWZIqZbrxNpLkdQUMzIqtBNFYoT7qEtahnIUEeWl4+QjeGiUEHaENIdrOFZ/b6QoUlk4Mxkh3VOzXib+57US3Tn3UsrjRBOOJw91Ega1gFkNMKSSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP8KumM8=</latexit>

xT

<latexit sha1_base64="qhkw1o4bW6dL5E13bR/5ksuMHq4=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/QliWbzbah2WRJssWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hk/JhRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZ9JEijHJS01Qz0owlQZHPSMPvX2Z+Y0CkooJX9TAmnQh1OQ0pRtpInm23fcECNYzMld6OvKpnF52SMwacJ+6UFC8+37+vXve+Kp791g4ETiLCNWZIqZbrxLqTIqkpZmRUaCeKxAj3UZe0DOUoIqqTjpOP4KFRAhgKaQ7XcKz+3khRpLJwZjJCuqdmvUz8z2slOjzvpJTHiSYcTx4KEwa1gFkNMKCSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP/CAmO0=</latexit>

Encode the ancestral indices of z⇤
T with uniform distribution

<latexit sha1_base64="LbUTAx5EtkK1v6TSR9QDN3fq794="></latexit>

j

<latexit sha1_base64="kyf7UpMrYg7h6iYdJwQRpGwQCIY=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIFhLuRNHOgI1lAuYByRH2NnPJJnsPdveEcKS2sLFQxNY/yc7e0n/Azs2j0MQPFn583ww7M14suNK2/WFllpZXVtey67mNza3tnfzuXk1FiWRYZZGIZMOjCgUPsaq5FtiIJdLAE1j3BtfjvH6HUvEovNXDGN2AdkPuc0a1sSr9dr5gF+2JyCI4Myhcfd/zr5NPLLfz761OxJIAQ80EVarp2LF2Uyo1ZwJHuVaiMKZsQLvYNBjSAJWbTgYdkSPjdIgfSfNCTSbu746UBkoNA89UBlT31Hw2Nv/Lmon2L92Uh3GiMWTTj/xEEB2R8dakwyUyLYYGKJPczEpYj0rKtLlNzhzBmV95EWqnReeseF6xCyUCU2XhAA7hGBy4gBLcQBmqwADhAZ7g2epbj9aL9TotzViznn34I+vtB+LMkVk=</latexit>

ZT

<latexit sha1_base64="xWnEPMoNQTuB8z5zYWnAadlQh8U=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/YLks2m7ah2WRJsoWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hkgphRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX2Z+Y0CkooJX9TAmXoS6nHYoRtpIvm23A8FCNYzMld6O/KpvF52SMwacJ+6UFC8+37+vXve+Kr791g4FTiLCNWZIqZbrxNpLkdQUMzIqtBNFYoT7qEtahnIUEeWl4+QjeGiUEHaENIdrOFZ/b6QoUlk4Mxkh3VOzXib+57US3Tn3UsrjRBOOJw91Ega1gFkNMKSSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP8KumM8=</latexit>

xT

<latexit sha1_base64="qhkw1o4bW6dL5E13bR/5ksuMHq4=">AAAB+XicbVBLSwMxGMzWV62vVW96CRbBU9kVRW8W9OCxQl/QliWbzbah2WRJssWy9J948aCIV4/+Cw+Cv0O9m2170NaBkGHm+8hk/JhRpR3nw8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZ9JEijHJS01Qz0owlQZHPSMPvX2Z+Y0CkooJX9TAmnQh1OQ0pRtpInm23fcECNYzMld6OvKpnF52SMwacJ+6UFC8+37+vXve+Kp791g4ETiLCNWZIqZbrxLqTIqkpZmRUaCeKxAj3UZe0DOUoIqqTjpOP4KFRAhgKaQ7XcKz+3khRpLJwZjJCuqdmvUz8z2slOjzvpJTHiSYcTx4KEwa1gFkNMKCSYM2GhiAsqckKcQ9JhLUpq2BKcGe/PE/qxyX3pHR64xTLEEyQB/vgABwBF5yBMrgGFVADGAzAHXgAj1Zq3VtP1vNkNGdNd3bBH1gvP/CAmO0=</latexit>

Encode other extended latents with the same distributions as Q

<latexit sha1_base64="cbRp2i2V6/sBSTh3TQFxh5u0iig=">AAACKXicbVBNSwMxEM3W7/pV9ehlsBU8ld2i6LEggscWrC3UUrLZqQ1mN0syq5bi3/HiX/GioKhX/4hp7UGtA4HHezOZeS9MlbTk++9ebmZ2bn5hcSm/vLK6tl7Y2Dy3OjMCG0IrbVoht6hkgg2SpLCVGuRxqLAZXh2P9OY1Git1ckaDFDsxv0xkTwpOjuoWqieJ0BGCpj4awFvCJMIIFHeALNxI6oOTwPIYIXL3GBlmo1EL3EKpXuoWin7ZHxdMg2ACimxStW7h+SLSIovd/0Jxa9uBn1JnyA1JofAuf5FZTLm44pfYdjBxi21nOHZ6B7uOiaCnjXsJwZj9OTHksbWDOHSdMae+/auNyP+0dka9o85QJmnmjIvvRb1MAWkYxeasGxSkBg5wYaS7FUSfGy7IhZt3IQR/LU+D80o52C8f1CvFKkziWGTbbIftsYAdsio7ZTXWYILds0f2wl69B+/Je/M+vltz3mRmi/0q7/MLXd6mjg==</latexit>

Encode z⇤
T and xT with the model distribution

<latexit sha1_base64="QJBObYIYkxPBIESznyVvV79YwA4="></latexit>

<latexit sha1_base64="Gd432vyCDbn3lehNf70/LbO3z/g=">AAAB/XicbVDNS8MwHE39nPOrfty8BIfgxdF6UPHixIvHCfuCrZQ0TbewNC1JKsxSxP/Ei6AiXvXv8Obdv0NMtx1080HI473fj7w8L2ZUKsv6NGZm5+YXFgtLxeWV1bV1c2OzIaNEYFLHEYtEy0OSMMpJXVHFSCsWBIUeI02vf5H7zWsiJI14TQ1i4oSoy2lAMVJacs3tjhcxXw5CfaXnmZvWDuzMNUtW2RoCThN7TEpn33fvwdfpY9U1Pzp+hJOQcIUZkrJtW7FyUiQUxYxkxU4iSYxwH3VJW1OOQiKddJg+g3ta8WEQCX24gkP190aKQpkH1JMhUj056eXif147UcGJk1IeJ4pwPHooSBhUEcyrgD4VBCs20ARhQXVWiHtIIKx0YUVdgj355WnSOCzbR2XryipVIBihAHbALtgHNjgGFXAJqqAOMLgB9+AJPBu3xoPxYryORmeM8c4W+APj7QfGp5nJ</latexit>

AT�1

<latexit sha1_base64="Gd432vyCDbn3lehNf70/LbO3z/g=">AAAB/XicbVDNS8MwHE39nPOrfty8BIfgxdF6UPHixIvHCfuCrZQ0TbewNC1JKsxSxP/Ei6AiXvXv8Obdv0NMtx1080HI473fj7w8L2ZUKsv6NGZm5+YXFgtLxeWV1bV1c2OzIaNEYFLHEYtEy0OSMMpJXVHFSCsWBIUeI02vf5H7zWsiJI14TQ1i4oSoy2lAMVJacs3tjhcxXw5CfaXnmZvWDuzMNUtW2RoCThN7TEpn33fvwdfpY9U1Pzp+hJOQcIUZkrJtW7FyUiQUxYxkxU4iSYxwH3VJW1OOQiKddJg+g3ta8WEQCX24gkP190aKQpkH1JMhUj056eXif147UcGJk1IeJ4pwPHooSBhUEcyrgD4VBCs20ARhQXVWiHtIIKx0YUVdgj355WnSOCzbR2XryipVIBihAHbALtgHNjgGFXAJqqAOMLgB9+AJPBu3xoPxYryORmeM8c4W+APj7QfGp5nJ</latexit>

AT�1

<latexit sha1_base64="Gd432vyCDbn3lehNf70/LbO3z/g=">AAAB/XicbVDNS8MwHE39nPOrfty8BIfgxdF6UPHixIvHCfuCrZQ0TbewNC1JKsxSxP/Ei6AiXvXv8Obdv0NMtx1080HI473fj7w8L2ZUKsv6NGZm5+YXFgtLxeWV1bV1c2OzIaNEYFLHEYtEy0OSMMpJXVHFSCsWBIUeI02vf5H7zWsiJI14TQ1i4oSoy2lAMVJacs3tjhcxXw5CfaXnmZvWDuzMNUtW2RoCThN7TEpn33fvwdfpY9U1Pzp+hJOQcIUZkrJtW7FyUiQUxYxkxU4iSYxwH3VJW1OOQiKddJg+g3ta8WEQCX24gkP190aKQpkH1JMhUj056eXif147UcGJk1IeJ4pwPHooSBhUEcyrgD4VBCs20ARhQXVWiHtIIKx0YUVdgj355WnSOCzbR2XryipVIBihAHbALtgHNjgGFXAJqqAOMLgB9+AJPBu3xoPxYryORmeM8c4W+APj7QfGp5nJ</latexit>

AT�1

<latexit sha1_base64="Gd432vyCDbn3lehNf70/LbO3z/g=">AAAB/XicbVDNS8MwHE39nPOrfty8BIfgxdF6UPHixIvHCfuCrZQ0TbewNC1JKsxSxP/Ei6AiXvXv8Obdv0NMtx1080HI473fj7w8L2ZUKsv6NGZm5+YXFgtLxeWV1bV1c2OzIaNEYFLHEYtEy0OSMMpJXVHFSCsWBIUeI02vf5H7zWsiJI14TQ1i4oSoy2lAMVJacs3tjhcxXw5CfaXnmZvWDuzMNUtW2RoCThN7TEpn33fvwdfpY9U1Pzp+hJOQcIUZkrJtW7FyUiQUxYxkxU4iSYxwH3VJW1OOQiKddJg+g3ta8WEQCX24gkP190aKQpkH1JMhUj056eXif147UcGJk1IeJ4pwPHooSBhUEcyrgD4VBCs20ARhQXVWiHtIIKx0YUVdgj355WnSOCzbR2XryipVIBihAHbALtgHNjgGFXAJqqAOMLgB9+AJPBu3xoPxYryORmeM8c4W+APj7QfGp5nJ</latexit>

AT�1

Figure 15. The visualization of the encode procedure of BB-SMC.
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Algorithm 13: Encode Procedure of BB-CSMC

Procedure Encode(symbol xT , message m)
for t = 1, . . . , T do

if t 6= 1 then
decode vt−1 with unif{0, · · · , 2r − 1}
assign pt−1 = Cat(w̃t−1)
for i = 1, . . . , N do

assign vit−1 = Rit−1(vt−1)
assign Ait−1 = F−1pt−1

(vit−1)

assignAt−1 =
[
At−2, A1:N

t−1
]

decode ut with unif{0, · · · , 2r − 1}
for i = 1, . . . , N do

assign τ it−1 = TraceBack(Zt−1,At−2, Ait−1)
assign uit = T it (ut), qit = q(zit |xt, τ it−1)

assign zit = F−1
qit

(uit)

assign Zt =
[
Zt−1, z1:Nt

]
decode j with Cat(w̃T )

set the ancestral lineage BT = j and Bt = A
Bt+1

t for t = T − 1, . . . , 1
for t = T, . . . , 1 do

encode uBt
t with unif{u : F−1

q
Bt
t

(u) = zBt
t }

encode xt with g(xt |xt−1, (τBt
t−1, z

Bt
t ))

encode zBt
t with f(zBt

t |xt−1, τBt
t−1)

if t 6= 1 then
encode vBt

t−1 with unif{v : F−1pt−1
(v) = ABt

t−1}
encode Bt with Cat(1/N)

return m′

encoding a symbol xT is:

−EZT ,AT−1,j

[
logP (xT ,ZT ,AT−1, j)
logQ(ZT ,AT−1, j |xT )

]
= −EZT ,AT−1

[
T∑
t=1

log

(
1

N

N∑
i=1

wit

)]
. (59)

Ignoring the dirty bits issue, the expected net bit length exactly achieves the negative FIVO bound.

Note that our BB-SMC scheme can be easily extended to adaptive resampling setting where the particles are only resampled
when a certain resampling criteria is satisfied. In adaptive schemes, the importance weights accumulate multiplicatively over
time (between resampling events). One typical adaptive resampling criteria is applying resampling if the effective sample
size (ESS) of the particles drops below N/2. Details can be found in (Doucet et al., 2001).

Adaptive resampling is possible, because the same resampling decisions made at encode time by the sender can be exactly
recovered by the receiver. The encoding process of the sender produces the SMC state in the forward direction of time.
The receiver also reconstructs the the SMC state in the forward direction of time. Thus, if the receiver has the same
resampling criteria as the sender, they can recover exactly the SMC forward pass of the sender. Thus, we can make two
major modifications to incorporate adaptive resampling to BB-SMC. First is that the parent indices Ait−1 are only decoded
(and then encoded back) when the resampling criteria is satisfied at each timestep t, otherwise each particle inherits itself,
i.e., set Ait−1 = i. Second is that when resampling is not performed, the importance weights need to be accumulated and
used for resampling next time. After resampling, the accumulated importance weights are reset to uniform for all particles.

BB-CSMC coder As with BB-IS, BB-SMC also suffers from a increased initial bits cost equal to − logQ(ZT ,AT−1, j)
that scales like O(NT ), in contrast to the O(T ) initial bit cost of BB-ELBO. Similarly, we can derive a coupled variant of
BB-SMC which is called Bits-Back Coupled Sequential Monte Carlo (BB-CSMC).
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BB-CSMC reparameterizes the particle states zit as deterministic functions of uniform random variables uit which are
coupled by a common uniform ut. At each timestep t, instead of directly decoding zit with their approximate posterior
qit, BB-CSMC first decodes ut and then obtain uit with bijective functions T it , i.e., uit = T it (ut). Then the particle states
zit are obtained as zit = F−1

qit
(uit), where the functions F−1

qit
are defined as equation (4). This is not enough to sufficiently

reduce the O(NT ) initial bit cost since the parent indices Ait−1 are also decoded (and thus require some initial bits) for each
particle. Therefore, similarly for Ait−1, we also need to introduce the common uniform vt−1 and the bijective functions
Rit−1 to obtain vit−1 = Rit−1(vt−1). Ait−1 are obtained as Ait−1 = F−1pt−1

(vit−1) where pt−1 is the categorical distribution
defined by normalized importance weights w̃t−1. This reduces the initial bit cost to (2T − 1)r − log(w̃T ). Note that r is
lower bounded by logN because 2r should be larger than N , the initial bit cost roughly scales like O(T logN).

The encoding process of BB-CSMC should also be calibrated to match the modified decoding process, as with BB-CIS. In
particular, after decoding the special particle index j, BB-CSMC only encodes (xt, Bt, v

Bt
t−1, u

Bt
t , zBt

t ) associated with the
special particle trajectory. The uniform vBt

t−1 and uBt
t are encoded using uniform distributions over restricted sets mapped

from ABt
t−1 = Bt−1 and zBt

t , respectively.

One can easily compute the net bitrate of BB-CSMC is:

− E{ut}Tt=1,{vt}T−1
t=1

[
T∑
t=1

log

(
1

N

N∑
i=1

wit

)]
(60)

which is comparable to BB-SMC but uses only O(T logN) initial bits.

B. Computational Cost
The computational complexity of our McBits coders can be distilled into 2 components: codec building and encod-
ing/decoding operations. The former encompasses the operations of calculating the encoding/decoding distributions (which
usually involves neural network computation) and constructing the data structure used to perform the latter. The number of
times a codec is built is equal to the number of different PMFs involved in that particular coding scheme. For example,
in BB-IS, the codec for the approximate posterior only needs to be built once for each encoded symbol as it is shared
over particles, while the codecs involving the conditional likelihood are built N times for N particles. The codec for the
categorical distribution is also built once for each encoded symbol. The latent prior codec is fixed and shared over encoded
symbols, and therefore is built only once.

For most of our McBits coders (e.g., BB-IS and BB-AIS), the computational complexity scales like O(N), where N is the
number of particles or AIS steps. In BB-SMC, we are required to decode/encode N times from a categorical distribution of
alphabet size N at each timestep. Naively implemented, this has computational complexity O(TN2) (in contrast to the
O(T ) computational complexity of BB-ELBO), but we believe that this can be reduced to O(TN) by applying the alias
method (Walker, 1974). In short, given any PMF of alphabet size N , the alias method pre-computes a data structure inO(N)
that allows efficient sampling in O(1). Therefore, we could potentially use the alias method for decoding/encoding the
ancestral indices from the categorical distribution that is shared over particles, which reduces the computational complexity
to O(TN). In our experiments, we did not implement the alias method since the computational cost of decoding/encoding
ancestral indices only accounted for a small fraction of the overall computational cost.

Furthermore, the computational costs of BB-IS and BB-SMC can be reduced by parallelizing over particles. To illustrate,
the computation of neural networks to obtain the conditional likelihood codec can be easily batched over particles on
GPUs. For the encoding/decoding operations of ANS, the computation is also parallelizable over particles by using a GPU
implementation of ANS (Krajcevski et al., 2016). However, BB-AIS is not easily parallelizable due to its sequential nature.

Compressing with BB-IS on an Intel Xeon Processor (Skylake, IBRS) with a Tesla P100 GPU, we compressed the CIFAR-10
dataset at a rate of 10 images/second with N = 64 using the vectorized rANS implementation (CPU-based) Craystack
(Townsend et al., 2020).
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C. Experimental Details
C.1. Lossless Compression on Synthetic Data

Mixture Model We used a mixture model with 1-dimensional observation and latent variables. The alphabet sizes of the
observation and the latent were 64 and 256 respectively. The data generating distribution (prior and conditional likelihood
distributions) counts were i.i.d. sampled random integers from the range [1, 20] and then normalized. All the coders got
access to the true data generating distribution of the model and used a uniform approximate posterior distribution. All
coders were evaluated using a message consisting of 5000 symbols i.i.d. sampled from the model to compute the total and
net bitrates. The ideal bitrate of each coder was computed by its corresponding (empirical) negative variational bound by
resampling the N particle system 100 times and averaging (except for the ELBO bound, which can be computed exactly).

Hidden Markov Model We used a hidden Markov model (HMM) with 1-dimensional observation and latent variables.
The alphabet sizes of the observation and the latent were 16 and 32 respectively. The number of timesteps was set to 10.
The data generating distribution (prior/transition/emission distributions) counts were i.i.d. sampled random integers from
the range [1, 20] and then normalized. All the coders got access to the true data generating distribution of the model and
used a uniform approximate posterior distribution. All coders were evaluated using a message consisting of 5000 sequences
i.i.d. sampled from the model to compute the total and net bitrates. The ideal bitrate of each coder was computed by its
corresponding (empirical) negative variational bound of the sampled message, as with the mixture model. The entropy of
the model was also computed empirically by the negative marginal likelihood of the sampled message which was computed
by the forward algorithm.

Additional Results We include the cleanliness plots of all evaluated coders on the toy mixture and the toy HMM model
in Fig. 10.
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Figure 10. (a) & (b): The cleanliness plots of all evaluated coders on the toy mixture model and the toy hidden Markov model. The
experimental setups were the same as with Fig. 6b. and Fig, 7, respectively.

C.2. Lossless Compression on Images

Datasets We used two datasets for benchmarking lossless image compression: EMNIST (Cohen et al., 2017) and CIFAR-
10. EMNIST dataset extends the MNIST dataset to handwritten digits. There are 6 different splits provided in the dataset
and we used two of them in our experiments: MNIST and Letters. The EMNIST-MNIST split mimics the original MNIST
dataset which contains 60,000 training and 10,000 test examples. The EMNIST-Letters split contains 124800 training and
20800 test examples. Both two splits were dynamically binarized following Salakhutdinov & Murray (2008). Specifically,
the observations were randomly sampled from the Bernoulli distribution with expectations equal to the real pixel values. For
the CIFAR-10 dataset, no additional preprocessing was applied.
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Model For the EMNIST datasets, we used the VAE model with 1 stochastic layer as in Burda et al. (2015). The VAE model
had 50 latents with a standard Gaussian prior and factorized Gaussian approximate posterior. The conditional likelihood
distribution was modeled by the Bernoulli distribution which fit with the binarized observations. The training procudure was
the same as Burda et al. (2015). For the CIFAR-10 dataset, we used the VQ-VAE model (Oord et al., 2017) with discrete
latent variables. Categorical distributions were used for both the latents and the observations. We followed the experimental
setup in Sønderby et al. (2017) and used the VQ-VAE model with 8 latent vairables per spatial dimension. The VQ-VAE
model was trained with Gumbel-Softmax (Jang et al., 2016; Maddison et al., 2016) relaxation with a tempreture of 0.5
and a minibatch size of 32. The ADAM optimizer was used for training the model and the learning rate was tuned over
{1× 10−4, 5× 10−4, 1× 10−3}.

Discretization To perform bits-back coding with continuous latent variables, we need to discretize the latent space and
approximate the continuous prior and the approximate posterior with their discretized variants using the same set of bins. In
MacKay (2003) and Townsend et al. (2019), they showed that the continuous latents could be discretized up to an arbitrary
precision δz without affecting the net bitrate as we could also get those extra bits due to discretization “back”. The notable
effect is for the total bitrate since the initial bit cost would scale with the − log δz , which means that we prefer to use a
reasonably small precision in practice. In our EMNIST experiments, continuous latent variables were used for the VAE
model and need to be discretized for compression. We used the maximum entropy discretization in Townsend et al. (2019)
and discretized the latent space into bins that had equal mass under the standard Gaussian prior for all the coders.

Baselines We included amortized-iterative inference method (Yang et al., 2020) which also improved the compression rate
by bridging the gap of the ELBO bound and the marginal likelihood as a baseline in our experiments. When compressing
a data example, it first initializes the local variational parameters (e.g., the mean and variance for factorized Gaussian
approximate posterior in our experiments) from the trained VAE inference model. Then it optimizes the ELBO objective
over the local variational parameters with stochastic gradient decent and uses the optimized variational parameters for
compression. This method introduces expensive computation at the compression stage. In our experiments, we kept the
number of optimization steps equal to the number of particles N to roughly match the computation budget in terms of
the number of quries to the VAE model. However, even so the computation cost of this method is more expensive than
our BB-IS/BB-CIS coders because 1) BB-IS/BB-CIS coders with N particles introduce N queries to the VAE generative
model and 1 query to the VAE inference model, while amortized-iterative inference with N optimization steps requires
N quiries to the whole VAE model and N back-propagation steps; 2) the computation of the BB-IS/BB-CIS coders can
be potentially parallelized over the particles, but the computation of amortized-iterative inference needs to be done in N
sequential optimization steps. In our experiments, we used ADAM optimizer for optimizing the local variational parameters
and the learning rate was tuned in the range {5× 10−4, 1× 10−3, 5× 10−3, 1× 10−2, 5× 10−2}.

Additional Results We include some additional results for lossless compression on images here.

To study the potential trade-off of applying our BB-CIS coder, we compared the compression performance of BB-IS and
BB-CIS with 50 particles on EMNIST datasets in Table 5. Although the BB-CIS coder adopts a near-random sampling
strategy, its ideal bitrate and net bitrate match those of the BB-IS coder. And it is effective for reducing the initial bit cost,
as the gap between the total bitrate and the net bitrate is much smaller than that of the BB-IS coder. These observations
illustrate that we can use BB-CIS as a drop-in replacement for BB-IS nearly for free. The compression performance of our

Table 5. BB-CIS is better than BB-IS in terms of total bitrate while matching the ideal and net bitrates. Comparison was done on the
EMNIST-MNIST and EMNIST-Letters test sets. All bitrates were measured in bits/dim.

Method MNIST Letters

Ideal Net Total Ideal Net Total

BB-IS (50) 0.227 0.228 0.230 0.238 0.239 0.241
BB-CIS (50) 0.227 0.228 0.228 0.238 0.239 0.239

BB-IS coder can be further improved by applying amortized-iterative inference at the compression stage. Similar to the
original amortized-iterative inference, one can initialize the local variational parameters from the trained VAE inference
model and optimize the IWAE objective with N particles (as opposed to the ELBO objective) over them. In Table 6, we
compared the net bitrate of combining the BB-IS coder and the amortized-iterative inference method. We observed that the
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amortized-iterative inference method could further boost the compression rate of our BB-IS coder.

Table 6. The compression performance of BB-IS can be improved by combining with amortized-iterative inference method. The net
bitrates (bits/dim) are shown in the table.

MNIST Letters

w/ IF w/o IF w/ IF w/o IF

BB-IS (1) 0.236 0.233 0.250 0.246
BB-IS (5) 0.231 0.229 0.243 0.241
BB-IS (50) 0.228 0.226 0.239 0.237

C.3. Lossless Compression on Sequential Data

Datasets We used 4 polyphonic music datasets to evaluate the compression performance of the BB-SMC coder on
sequential datasets: Nottingham folk tunes, the JSB chorales, the MuseData library of classical piano and orchestral music,
and the Piano-midi.de MIDI archive (Boulanger-Lewandowski et al., 2012). All datasets were composed of sequences
of binary 88-dimensional vectors representing active musical notes at one timestep. For all datasets, we imitated the
experimental setup presented in Maddison et al. (2017). We used the same train/validation/test split and echoed their data
preprocessing. The only difference was that we used a chuncked version of these datasets where each sequence was chunked
to sub-sequences with maximum length of 100. We found it slightly improved the model performance and significantly
reduced the initial bit cost (as the original maximum sequence length was very large).

Models All models were based on the variational RNN architecture (Chung et al., 2015). All distributions over latent
variables were factorized Gaussians, and the output distributions were factorized Bernoullis for binary observations on
4 polyphonic music datasets. JSB models were trained with 32 hidden units, Muse-data with 256, and all other models
with 64 units. For each aforementioned dataset, there was one model trained with the ELBO, IWAE, and FIVO objectives,
respectively. All models were trained with 4 particles, a batch size of 4 and the Adam optimizer with learning rate 3× 10−5.
All models were initially evaluated on the validation set, which allowed for early stopping. In Table 7, we present our
models’ performance in nats and bits to allow for easy comparison of generative modelling and compression literature.

Table 7. Sequential model evaluation: we trained VRNN models on the Nottingham, JSB, Musedata and piano-midi.de datasets. For each
dataset, we trained 3 VRNN models with the ELBO, IWAE and FIVO objectives, respectively. All models were trained with 4 particles.
Our models were trained in an identical fashion as with Table 5 in Maddison et al. (2017). For comparison, we include the estimated data
log-likelihood as model evaluation metric. We estimated the log-likelihood by computing the maximum of the ELBO, IWAE and FIVO
bound with 128 particles. We include this metric for better comparison to other work. However for this work, this bound is not relevant.
Relevant metrics include the respective bounds in nats or bits per time step.

Training Evaluation Unit Notingham JSB Musedata Piano-midi.de

Objective Metric Train Test Train Test Train Test Train Test

ELBO
− log p(x) nats/step 3.49 4.06 8.05 8.67 6.50 7.33 7.30 7.92
−ELBO nats/step 3.50 4.07 8.07 8.67 6.53 7.38 7.31 7.93
−ELBO bits/step 5.05 5.87 11.64 12.51 9.41 10.65 10.55 11.44

IWAE
− log p(x) nats/step 2.51 3.03 7.50 8.13 6.40 7.33 7.25 7.88
−IWAE nats/step 2.63 3.24 7.65 8.36 6.42 7.38 7.89 7.89
−IWAE bits/step 3.79 4.67 11.04 12.06 9.26 10.65 11.38 11.38

FIVO
− log p(x) nats/step 2.50 3.02 6.41 7.24 5.82 6.46 6.94 7.70
−FIVO nats/step 2.60 3.20 6.59 7.50 5.97 6.64 6.99 7.76
−FIVO bits/step 3.75 4.62 9.51 10.82 8.61 9.58 10.08 11.20

Additional Results We include some additional results for lossless compression on sequential data here.

We compared our coders with benchmark lossless compression schemes in Table 4. Our coders were comparable with those
baselines and the BB-SMC coder outperformed all the baselines on the JSB dataset. Note that the compression performance
of our coders is bottlenecked by the simple VRNN architecture that we used in our experiments. And we suppose that
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with more powerful and better trained VRNN models, our coders could outperform those benchmark schemes. However,
our main focus is to compare the compression performance of our BB-SMC coder and the BB-ELBO/BB-IS coders with
the same VRNN architectures to show the effectiveness of BB-SMC for compressing sequential data, and this is clearly
illustrated by the results.

Table 8. The comparison of net bitrate (bits/timestep) with benchmark lossless compression schemes on sequential data benchmarks.

Method Musedata Nottingham JSB Piano-midi.de

gzip 11.01 3.86 13.94 9.46
bz2 11.25 2.95 11.97 10.67

lzma 8.44 3.12 12.78 7.27

BB-ELBO 10.66 5.87 12.53 11.43
BB-IS (4) 10.66 4.86 12.03 11.38

BB-SMC (4) 9.58 4.76 10.92 11.20

Discussion of Initial Bit Cost The initial bit cost of compressing sequential data using (Monte Carlo) bits-back algorithms
scales linearly with both the sequence length and the number of particles, i.e., O(NT ). The original four polyphonic music
datasets have a special characteristic that the average and maximum sequence lengths are large but the number of sequences
is small, which means that the initial bit cost is huge but cannot be sufficiently amortized. Thus, if we compress the original
datasets without chunking sequences, the total bitrate will be much larger than the net bitrate. For example, there are only
124 sequences in the Musedata test set but the average length is 519 and the maximum length is 4273. As a result, the
total bitrates of the BB-ELBO coder and the BB-SMC coders for compressing the original dataset are 136.81 and 544.40
bits/timestep respectively and much larger than their net ones. Therefore, we chose to chunk long sequences to short ones of
a predefined maximum length (100) and compress them independently, which could effectively decrease and amortize the
initial bit cost. When compressing the chunked dataset, the total bitrates of BB-ELBO and BB-SMC reduce to 12.83 and
21.39 bits/timestep respectively. As for the initial bit cost caused by the particles, we can also use the coupled variant of
BB-SMC (aka BB-CSMC) for compressing sequential data.

C.4. Lossy Compression on Images

Lossy Compression Setup We used the binarized EMNIST datasets to benchmark the lossy compression performance. We
considered the lossy compression setup with hierarchical VAE models (Ballé et al., 2018; Minnen et al., 2018). Specifically,
the compressing data x is transformed by trained hierarchical inference models fl and fh with parameters φl and φh to
produce discretized latent y and hyperlatent z as y = bµfye and z = bµfz e, where µfy = fl(x;φl) and µfz = fl(y;φh) are
their continuous representations. In our experiments, the latent is rounded to the nearest integer and the hyperlatent is
discretized by the maximum entropy discretization scheme introduced in C.2 for lossless compression. Then the latent y
and the hyperlatent z are compressed with bits-back coding as in lossless compression. On the decoder side, both y and z
can be losslessly recovered and the reconstructed data x̂ is transformed from y using the generative models gl and gh with
parameters θl and θh.

Model We used the VAE model with 2 stochastic layers in Burda et al. (2015) with several modifications based on Ballé
et al. (2018) for adapting to the lossy compression setup. Specifically, the approximate posterior distribution of the latent was
a uniform distribution centered at µy , i.e., q(y|x) = unif(µfy − 1

2 , µ
f
y + 1

2 ), which is a differentiable substitute for rounding
during training. The conditional likelihood distribution of the latent should also support quantization which was a factorized
Gaussian distribution convolved with a standard uniform p(y|z) = N (µgy, σ

g
y
2) ∗ unif(− 1

2 ,
1
2 ), where (µgy, σ

g
y) = gh(z; θh).

The convolved distribution agrees with the discretized distribution on all integers (Ballé et al., 2016; 2018). This is important
because the discretization of the latent would affect the compression rate which should be taken into account during training.
In contrast, the disretization of the hyperlatent does not affect the compression rate as a result of getting bits back (see
the discussion in C.2), we kept the distribution over the hyperlatent unchanged as in Burda et al. (2015). Specifically, its
approximate posterior distribution q(z|y) was a factorized Gaussian distribution centered at µfz and its prior distribution p(z)
was a standard Gaussian. The conditional likelihood distribution was kept as a factorized Bernoulli for binary observations.
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Training The loss function of training the hierarchical VAE model is a relaxed rate-distortion objective:

Lλ(θl, θh, φl, φh) = Eq(y|x)q(z|y)

−λ log(x|y)︸ ︷︷ ︸
weighted distortion

− log
p(y, z)

q(z|y)︸ ︷︷ ︸
rate as ELBO

+�����log q(y|x)︸ ︷︷ ︸
0

 (61)

The distortion is measured as the negative log likelihood of the Bernoulli observations and the rate is measure as the negative
ELBO marginalized over the hyperlatent. λ is the hyperparameter that controls the rate-distortion trade-off. The last term is
measured as 0 since q(y|x) is a uniform distribution. The above rate-distortion objective is very similar to the objective
function in β-VAE (Higgins et al., 2016) and can be optimized with the reparameterization trick. Note that the ELBO rate
term can be changed to the IWAE objective with multiple particles.

In our experiments, we trained the models on the binarized EMNIST-MNIST dataset and evaluated on both EMNIST-MNIST
and EMNIST-Letters test sets (for evaluating the performance in the transfer setting). we trained the model with the above
loss function using the IWAE objective with M ∈ {1, 5, 50} particles as the rate term. For each setup, we trained models
with different λ values in the range {1.0, 1.5, 2.0, 2.5, 3.0, 4.0, 5.0, 6.0, 7.0, 7.5, 8.0, 9.0, 10.0, 12.5, 15.0, 17.5, 20.0}. For
training each model, we tuned the learning rate in the range {5× 10−3, 2.5× 10−3, 1× 10−3, 7.5× 10−4, 5× 10−4}.

Additional Results We include some additional results for lossy image compression here.

We include the rate-distortion curve and the rate saving curve evaluated on the EMNIST-MNIST test set in Fig. 11a and Fig.
11b, respectively. We found that BB-IS achieved better rate-distortion trade-off than BB-IS and achieved more than 15 %
rate savings in some setups.

We also evaluated the performance of applying amortized -iterative inference (Yang et al., 2020) in lossy compression in Fig.
11c & 11d. The main purposes were to: 1) compare the amortized-iterative inference and our BB-IS coder with similar
computation budget; 2) illustrate the potential of combining amortized-iterative inference with our BB-IS coder. Specifically,
we used 50 optimization steps for amortized-iterative inference to roughly match the computation budget (see discussion in
C.2) with our BB-IS coder with 50 particles (denoted as BB-IS (50)). We used a 2-stage amortized-iterative inference similar
to Yang et al. (2020) and each stage contained 25 optimization steps. In the first stage, both the local variational parameters
of the latent and the hyperlatent were optimized with the rate-distortion objective. In the second stage, the local variational
parameters of the latent were fixed while those of the hyperlatent were optimized with the rate term (i.e., negative ELBO) of
the rate-distortion objective. The learning rate was tuned in the range {1 × 10−2, 5 × 10−3, 1 × 10−3}. This method is
denoted as BB-ELBO-IF (50). We observed that BB-ELBO-IF (50) improved over BB-ELBO but underperformed our BB-IS
(50) in terms of rate-distortion trade-off. We also combined BB-IS (50) with 50 optimization steps of amortized-iterative
inference using negative IWAE as the rate term (denoted as BB-IS (50)-IF (50)), which we found to further improve the
performance and achieved more than 20% rate savings in some setups.

We also evaluated the lossy compression performance in a transfer setting where we used models trained on the EMNIST-
MNIST to compress EMNIST-Letters test set, as in Fig. 12. We observed that the improvement of BB-IS was not as
significant as on the EMNIST-MNIST test set. This might be due to that although BB-IS could improve the rate term over
BB-ELBO more on the EMNIST-Letters test set (as shown in Table 2 for lossless compression), the distortion term of the
model trained with IWAE might not generalize well on the dataset of a slightly different distribution.
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Figure 11. The lossy compression performance on EMNIST-MNIST test set with models trained on EMNIST-MNIST training set. (a)
& (b): The rate-distortion curve and the rating saving curve for comparing BB-IS and BB-ELBO. Our BB-IS coder achieves better
rate-distortion trade-off than BB-ELBO. (c) & (d): The rate-distortion curve and the rating saving curve with amortized-iterative inference.
With fixed computation budget, BB-IS outperforms amortized-iterative inference and can be combined with it to further improve the
performance. We measure the rate savings (%) relative to BB-ELBO for fixed distortion values.
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Figure 12. The lossy compression performance on EMNIST-Letters test set with models trained on EMNIST-MNIST training set. We
observe similar results as Fig. 11, but the improvement of BB-IS is not as significant as Fig. 11 in this transfer setting. (a) & (b): The
rate-distortion curve and the rating saving curve for comparing BB-IS and BB-ELBO. (c) & (d): The rate-distortion curve and the rating
saving curve with amortized-iterative inference.


